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PREFACE. 


The  Instruction  and  Question  Papers  which  are  furnished 
to  the  students  of  The  International  Correspondence 
Schools  become  so  badly  worn  and  soiled  that,  when  a  student 
has  completed  his  Course,  he  has  worn  out  his  Instruction 
Papers,  and  they  are  no  longer  suitable  for  reference  or  re- 
view. Since  the  Instruction  Papers  are  very  valuable,  es- 
pecially to  those  who  have  studied  them,  there  has  grown 
up  a  demand  for  Sets  of  the  Instruction  and  Question 
Papers,  indexed  for  convenient  reference,  and  durably  bound 
for  preservation.  Again,  many  of  our  students  can  spare 
but  little  time  for  study,  and  are,  therefore,  a  long  while 
>  passing  through  their  Courses.  These  students  also  desire 
the  Papers  in  bound  volumes  to  use  for  reference.  Other 
students  begin  Courses,  but  for  various  reasons  are  unable 
to  complete  them,  and  feel  that,  having  paid  for  their  Scholar- 
ships, they  ought  to  have  the  text-books,  even  though  they 
-^       can  not  finish  their  Courses. 

SX  For   these    reasons,  we  have  decided  to  publish  all  of  the 

K       Instruction  and  Question  Papers  of  our  different  Technical 

"^       Courses  in  volumes  bound  in  Half  Leather,  to  make  a  small 

^       advance  in  our  prices,  and  to  furnish  a  set  to  each  student  as 

'^       soon  as  his  Scholarship  is  paid  for,  whether  he  has  completed 

his  studies  or  not. 

The   volumes  for  the   present  course,   the  Railroad  En- 
^      gineering,  are  five  in  number: 

Volume   I   contains  the  Instruction  and  Question  Papers 
on  Arithmetic,  Algebra,  Logarithms,  Geometry  and  Trigo- 
nometry,   Mechanics,    Hydromechanics,    Pneumatics,     and 
Q^  Strength  of  Materials. 
(P  Volume  IT  contains  the  Instruction  and  Question  Papers 
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on  Surveying,  Land  Surveying,  Mapping,  Railroad  Loca- 
tion, Railroad  Construction,  Track  Work,  and  Railroad 
Structures. 

Volume  III  contains  the  Plates  and  the  instructions  for 
drawing  them.  It  forms  a  very  complete  Course  in  Me- 
chanical Drawing. 

Volume  IV  contains  the  Tables  and  Formulas  in  common 
use.  The  student  who  has  finished  his  Course  will  find 
these  Tables  of  great  service.  All  the  principal  formulas, 
with  the  definitions  of  the  letters  used  in  them,  are  conven- 
iently arranged  for  reference,  so  that  the  student  can  save 
the  labor  and  time  of  hunting  them  out  in  the  Instruction 
Paj)ers. 

Volume  V  contains  the  answers  to  the  (juestions  in  the 
Question  Papers. 

These  Instruction  Papers  are  written  from  a  practical 
standpoint,  and  contain  only  such  information  as  the  student 
requires  in  order  to  obtain  a  good  working  knowledge  of 
the  subjects  which  form  the  groundwork  of  a  course  in 
the  elements  of  Railroad  Engineering.  There  is  no  padding, 
and  the  student  gets  in  a  clear  and  concise  form  the  exact 
information  which  he  desires. 

To  keep  the  student  always  interested  in  his  work,  we  do 
not  give  him  half  a  dozen  ways  of  doing  the  same  thing; 
neither  do  we  enter  into  speculative  discussions  t)f  different 
subjects,  all  of  which  tend  to  confuse  the  student  and  leave 
him  in  doubt  as  to  which  one  (or  anyone)  is  correct;  we 
give  him  the  best  or  most  suitable  rule,  formula,  or  method 
that  we  know  of,  without  mentioning  any  of  the  others.  In 
short,  the  Papers  are  written  for  practical  men,  and  all  the 
difficulties  encountered  by  a  student  studying  by  himself, 
particularly  those  which  are  due  to  a  definition  or  explanation 
being  too  technical,  abstract,  or  not  clear  enough  to  be 
readily  understood,  have  been  carefully  considered  and 
overcome. 
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ARITHMETIC 


DEFINITIONS. 

1.  Arithtnetic  is  the  art  of  reckoning^  or  the  study  of 
numbers. 

2.  A  unit  is  one,  or  a  single  thing,  as  one,  one  boy,  one 
horse,  one  dozen. 

3.  A  number  is  a  unit  or  a  collection  of  units,  as  one, 
three  apples,  jive  boys. 

4.  The  unit  of  a  number  is  one  of  the  collection  of 
units  which  constitutes  the  number.  Thus,  the  unit  of 
twelve  is  one,  of  twenty  dollars  is  one  dollar. 

5.  A  concrete  number  is  a  number  applied  to  some 
particular  kind  of  object  or  quantity,  as  three  horses,  five  dol- 
lars, ten  pounds. 

6.  An  abstract  number  is  a  number  that  is  not  ap- 
plied to  any  object  or  quantity,  as  three,  Jive,  ten. 

7.,  Like  numbers  are  numbers  which  express  units  of 
the  same  kind,  as  6  days  and  10  days,  2  feet  and  5  feet. 

8.  Unlike  numbers  are  numbers  which  express  units 
of  different  kinds,  as  ten  months  and  eight  miles,  seven  dollars 
and  ^\&feet. 

NOTATION   AND  NUMERATION. 

9.  Numbers  are  expressed  in  three  ways:  (1)  by  words; 
(2)  by  figures;  (3)  by  letters. 

10.  Notation  is  the  art  of  expressing  numbers  by 
figures  or  letters. 

11.  Numeration  is  the  art  of  reading  the  numbers 
which  have  been  expressed  by  figures  or  letters. 
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12.  The  Arabic  notation  is  the  method  of  expressing 
numbers  by  figures.  This  method  employs  ten  different 
figures  to  repre.sent  numbers,  viz.: 

Figures         0  133456789 

naught,    one      two     three    four     five       six     seven   eight    nine 
Names        cipher, 
or  zero. 

The  first  character  (0)  is  called  nau^lit,  cipher,  or  zero, 

and,  when  standing  alone,  has  no  value. 

The  other  nine  figures  are  called  di)j:its,  and  each  one 
has  a  value  of  its  own. 

Any  whole  number  is  called  an  inte^^er. 

13.  As  there  are  only  ten  Jigiircs  used  in  expressing 
numbers,  ^^q\\  figure  must  express  a  different  value  at  differ- 
ent times. 

14.  The  value  of  a  figure  depends  upon  \X.'&  position  in 
relation  to  others. 

15.  Figures  have  simple  values  and  local  or  relative 

values. 

1(5.  The  simple  value  of  a  figure  is  the  value  it  ex- 
presses when  standing  alone. 

17.     The  local  or  relative  value  is  the  increased  value 

it  expresses  by  having  other  figures  placed  on  its  right. 

For  instance,  if  we  see  the  figure  (5  standing  alone, 
thus G 

we  consider  it  as  six  units^  or  simply  six. 

Place  another  0  to  the  left  of  it;  thus 66 

The  original  figure  is  still  six  units,  but  the  second 

one  is  ten  times  6,  or  0  tens. 

If  a  third  0  be  now  placed  still  one  place  further  to 

the  left,  it  is  increased  in  value  ten  times  more,  thus 

making  it  G  hundreds 6G6 

A  fourth  (i  would  be  0  thousiinds 6666 

A  fifth  C,  would  be  G  tens  of  thousands,  or  sixty 

thousand 66666 

A  sixth  6  would  be  G  hundreds  of  thousands  .      GGG666 

A  seventh  6  would  be  6  millions G6GG666 

The  entire  line  of  seven  figures  is  read  six  millions,  six 

hundred  sixty-six  thousands,  six  hundred  sixty-six. 
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18.  The  increased  value  of  each  of  these  figures  is  its 
local  or  relative  value.  Each  figure  is  ten  times  greater  in 
value  than  the  one  immediately  on  its  right. 

19.  The  cipher  (0)  has  no  value  itself,  but  it  is  useful  in 
determining  the  place  of  other  figures.  To  represent  the 
number  four  hundred  five,  two  digits  only  are  necessary,  one 
to  represent  four  hujidred,  and  the  other  to  represent  five 
units ;  but  if  these  two  digits  are  placed  together,  as  45,  the 
4  (being  in  the  second  place)  will  mean  4  te?is.  To  mean  4 
hundreds,  the  4  should  have  two  figures  on  its  right,  and  a 
cipher  is  therefore  inserted  in  the  place  usually  given  to  tens, 
to  show  that  the  number  is  composed  of  hundreds  and  units 
only,  and  that  there  are  no  te?is.  Four  hundred  five  is  there- 
fore expressed  as  405.  If  the  number  were  four  thousand 
and  five,  two  ciphers  would  be  inserted;  thus,  4005.  If  it 
were  four  hundred  fifty,  it  would  have  the  cipher  at  the  right- 
hand  side  to  show  that  there  were  no  units,  and  only  hu)i- 
dreds  and  tens  ;  thus,  450.  Four  thousand  and  fifty  would  be 
expressed  4050,  the  first  cipher  indicating  that  there  are  no 
hundreds  and  the  second  that  there  are  no  units. 

Note. — When  speaking  of  the  figures  of  a  number  by  referring  to 
them  as  first  figure,  second  figure,  etc.,  always  begin  to  count  at  tlie 
left.  Thus,  in  the  number  41,625,  4  is  tlie  first  figure,  6  the  third 
figure,  5  the  fiftli  or  last  figure,  etc. 

20.  In  reading  figures,  it  is  usual  to  point  off  the  num- 
ber into  groups  of  three  figures  each,  beginning  with  the 
right-hand  or  units  column,  a  comma  (,)  being  used  to 
point  off  these  groups. 
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In  pointing  off  ihc^c  figures,  begin  at  the  right-hand  figure 
and  count — units,  tens,  liiindrcds ;  the  next  group  of  three 
figures  is  thousands,  therefore,  we  insert  a  comma  (,)  before 
beginning  with  them.  Beginning  at  the  figure  5,  we  say 
thousands,  tens  of  thousands,  hundreds  of  thousands,  and  in- 
sert another  comma;  we  next  read  mi/lions,  tens  of  millions, 
hundreds  of  millions,  and  insert  another  comma;  we  then 
read  billions,  tens  of  billions,  hundreds  of  billions. 

The  entire  line  of  figures  would  be  read:  Four  hundred 
thirty-two  billions,  one  hundred  ninety-eight  millions,  seven 
hundred  sixty-five  thousands,  four  hundred  thirty-two.  Wiien 
we  thus  read  St.  line  of  figures  it  is  called  numeration,  and 
if  the  nunicrcition  be  changed  back  to  figures^  it  is  called 
notation. 

For  instance,  the  writing  of  the  figures, 

72,584,023, 
would  be   the   notation,  and  the  numeration  would  be 
seventy-tzvo  millions,  five  hundred  eighty-four  thousands,  six- 
hundred  twenty-three. 

21 .  Note. — It  is  customary  to  leave  the  s  off  the  words  millions, 
thousands,  etc.,  in  cases  like  the  above,  both  in  speaking  and  writing; 
hence,  the  above  would  usually  be  expressed,  seventy-two  million,  five 
hundred  eighty-four  thousand,  six  hundred  twenty-three. 

22.  The  four  fundamental  processes  of  Arithmetic  are 
addition,  sulitraction,  multiplication,  and   division. 

They  are  called  fundamental   processes,  because  all  opera- 
tions in  Arithmetic  are  based  upon  them. 


ADDITION. 

23.  Addition  is  the  process  of  finding  the  sum  of  two  or 
more  numbers.  The  sign  of  addition  is  -f-  .  It  is  v^Tid  plus, 
and  means  more.  Thus,  5  -{-  G  is  read  5  plus  G,  and  means 
that  5  and  G  are  to  be  added. 

24.  The  sign  of  equality  is  =  .  It  is  read  equals  or  is 
equal  to.     Thus,  5  -f  6  =  11  may  be  read  5  plus  G  equals  11. 

25.  Like  nuvners  can  be  added,  but  unlike  Jiumbers  can- 
not. Thus,  G  dollars  can  be  added  to  7  dollars,  and  the  sum 
will  be  13  dollars,  but  G  dollars  cannot  be  added  to  1  feet. 
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26.     The  following  table  gives  the  sum  of  any  two  num- 
bers from  1  to  12 : 

TABLE    1. 


1  and    1  are    2 

2  and    1  are    3 

3  and    1  are    4 

4  and    1  are    5 

land    2  are    3 

2  and    2  are    4 

3  and    2  are    5 

4  and    2  are    6 

1  and    3  are    4 

2  and    3  are    5 

3  and    3  are    6 

4  and    3  are    7 

1  and    4  are    5 

2  and    4  are    6 

3  and    4  are    7 

4  and    4  are    8 

1  and    5  are    6 

2  and    5  are    7 

3  and    5  are    8 

4  and    5  are    9 

1  and    6  are    7 

2  and    6  are    8 

3  and    6  are    9 

4  and    6  are  10 

1  and    7  are    8 

2  and    7  are    9 

3  and    7  are  10 

4  and    7  are  11 

1  and    8  are    9 

2  and    8  are  10 

3  and    8  are  11 

4  and    8  are  12 

1  and    9  are  10 

2  and    9  are  11 

3  and    9  are  12 

4  and    9  are  13 

1  and  10  are  11 

2  and  10  are  12 

3  and  10  are  13 

4  and  10  are  14 

1  and  11  are  12 

2  and  11  are  13 

3  and  11  are  14 

4  and  11  are  15 

1  and  12  are  13 

2  and  12  are  14 

3  and  12  are  15 

4  and  12  are  16 

5  and    1  are    6 

6  and    1  are    7 

7  and    1  are    8 

8  and    1  are    9 

5  and    2  are    7 

6  and    2  are    8 

7  and    2  are    9 

8  and    2  are  10 

5  and    3  are    8 

6  and    3  are    9 

7  and    3  are  10 

8  and    3  are  11 

5  and    4  are    9 

6  and    4  are  10 

7  and    4  are  11 

8  and    4  are  12 

5  and    5  are  10 

6  and    5  are  11 

7  and    5  are  12 

8  and    5  are  13 

5  and    6  are  11 

6  and    6  are  12 

7  and    6  are  13 

8  and    6  are  14 

5  and    7  are  12 

6  and    7  are  13 

7  and    7  are  14 

8  and    7  are  15 

5  and    8  are  13 

6  and    8  are  14 

7  and    8  are  15 

8  and    8  are  16 

5  and    9  are  14 

6  and    9  are  15 

7  and    9  are  16 

8  and    9  are  17 

5  and  10  are  15 

6  and  10  are  16 

7  and  10  are  17 

8  and  10  are  18 

5  and  11  are  16 

6  and  11  are  17 

7  and  11  are  18 

8  and  11  are  19 

5  and  12  are  17 

6  and  12  are  18 

7  and  12  are  19 

8  and  12  are  20 

9  and    1  are  10 

10  and    1  are  11 

11  and    1  are  12 

12  and    1  are  13 

9  and    2  are  11 

10  and    2  are  12 

11  and    2  are  13 

12  and    2  are  14 

9  and    3  are  12 

10  and    3  are  13 

11  and    3  are  14 

12  and    3  are  15 

9  and    4  are  13 

10  and    4  are  14 

11  and    4  are  15 

12  and    4  are  16 

9  and    5  are  14 

10  and    5  are  15 

11  and    5  are  16 

12  and    5  are  17 

9  and    6  are  15 

10  and    6  are  16 

11  and    6  are  17 

12  and    6  are  18 

9  and    7  are  16 

10  and    7  are  17 

11  and    7  are  18 

12  and    7  are  19 

9  and    8  are  17 

10  and    8  are  18 

11  and    8  are  19 

12  and    8  are  20 

9  and    9  are  18 

10  and    9  are  19 

Hand    9  are  20 

12  and    9  are  21 

9  and  10  are  19 

10  and  10  are  20 

11  and  10  are  21 

12  and  10  are  22 

9  and  11  are  20 

10  and  11  are  21 

11  and  11  are  22 

12  and  11  are  23 

9  and  12  are  21 

10  and  12  are  22 

11  and  12  are  23 

12  and  12  are  24 

This  table  should  be  carefully  committed  to  memory.  Since  0  has 
no  value,  the  sum  of  any  number  and  0  is  the  number  itself;  thus,  17 
and  0  are  17. 

27.  For  addition,  place  the  numbers  to  be  added  directly 
under  each  other,  taking  care  to  place  units  under  units,  tens 
under  tens,  hundreds  under  Jinndreds,  and  so  on. 

When  the  numbers  are  thus  written,  the  right-hand  figure 
of  one  number  is  placed  directly  under  the  right-hand  figure 
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of  the  number  above  it,  thus  brinjrinjr  the  unit  figures  of  all 
the  numbers  to  be  added  in  the  same  vertical  line.  Proceed 
as  in  the  following  examples: 

28.      P:.x AMPLE.— What  is  the  sum  of  131,  222,  21,  2,  and  413  ? 

Solution. —  1  3  1 

322 

21 

2 

413 


sum     7  H  {)     Ans. 

Explanation. — After  placing  the  numbers  in  proper 
order,  begin  at  the  bottom  of  the  right-hand  or  units 
column,  and  add,  mentally  repeating  the  different  sums. 
Thus,  three  and  two  are  five  and  one  are  si.x  and  two  are 
eight  and  one  are  nine,  the  sum  of  the  numbers  in  units 
column.  Place  the  9  directly  beneath  as  the  first  or  units 
figure  in  the  sum. 

The  sum  of  the  numbers  in  the  next  or  tens  column  equals 
8  tcns^  which  is  the  second  or  tens  figure  in  the  sum. 

The  sum  of  the  numbers  in  the  next  or  hundreds  column 
equals  7  hundreds,  which  is  the  third  or  hundreds  figure  in 
the  sum. 

The  sum  or  answer  is  789. 

29.     ExAMPLic— What  is  the  sum  of  425.  36.  9,215,  4,  and  907  ? 

Solution. —  4  2  5 

36 

9315 

4 

907 


60 
1500 
9000 


sum     10  5  8  7    Ans. 
Explanation. — The  sum  of   the   numbers  in  the  first  or 
units  column   is  seven  and  four  are  eleven  and  five  are  six- 
teen and  six  are  twenty-two  and  five  are  twenty-seven,  or 
27  units;  i.  e.,  two  tens  and  seven  units.   Write  37  as  shown. 
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The  sum  of   the  numbers  in  the  second  or  tens  column  is 

six  tens,  or  GO.     Write  60  underneath   27    as   shown.     The 

sum  of  the  numbers  in  the  third  or  hundreds  column  is  15 

hundreds,    or  1,500.     Write   1,500  under  the  two  preceding 

results  as  shown.     There  is  only  one  number  in  the  fourth 

or  thousands  column,  nine,  which  represents  9,000.     Write 

9,000  under  the  three  preceding  results.     Adding  these  four 

results,  the  sum  is  10,587,  which    is   the    sum   of   435,    30, 

9,215,  4,  and  907. 

Note. — It  frequently  happens,  when  adding  a  long  column  of  fig- 
ures, that  the  sum  of  two  numbers,  one  of  which  does  not  occur  in  the 
addition  table,  is  required.  Thus,  in  the  first  column  above,  the  sum  of 
16  and  6  was  required.  We  know  from  the  table  that  6+  6  =  12; 
hence,  the  first  figure  of  the  sum  is  2.  Now,  the  sum  of  any  number  less 
than  20  and  of  any  number  less  than  10  must  be  less  than  thirty,  since 
20  +  10  =  30;  therefore,  the  sum  is  22.  Consequently,  in  cases  of  this 
kind,  add  the  first  figure  of  the  larger  number  to  the  smaller  number 
and,  if  the  result  is  greater  than  9,  increase  the  second  figure  of  the  larger 
number  by  1.     Thus,  44  +  7  =  ?    4+ 7  =  H;  hence,  44  +  7  =  51. 

30.     The  addition  may  also  be  performed  as  follows: 

425 

36 

9215 

4 

907 


sunt    10  5  8  7    Ans. 

Explanation. — The  sum  of  the  numbers  in  units  column 
—  27  units,  or  2  tms  and  7  units.  Write  the  7  units  as  the 
first  or  right-hand  figure  in  the  sum.  Reserve  the  two  tens 
and  add  them  to  the  figures  in  tens  column.  The  sum  of 
the  figures  in  the  tens  column,  plus  the  2  tens  reserved  and 
carried  from  the  units  column  =  8,  which  is  written  down  as 
the  second  figure  in  the  sum.  There  is  nothing  to  carry  to 
the  next  column,  because  8  is  less  than  10.  The  sum  of  the 
numbers  in  the  next  column  is  15  hundreds,  or  1  thousand 
and  5  hundreds.  Write  down  the  5  as  the  third  or  Jiundreds 
figure  in  the  sum  and  carry  the  1  to  the  next  column.  1  -f- 
9  =  10,  which  is  written  down  at  the  left  of  the  other 
figures. 

The  second  method  saves  space  and  figures,  but  the  first 
is  to  be  preferred  when  adding  a  long  column. 
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li  1  .         KXAMPLE. 

— Add  the  numbers  in  the  column  below 

Solution.— 

890 

82 

90 

393 

281 

80 

770 

83 

492 

80 

383 

84 

191 

sum     ;J  H  9  9     Ans. 

Explanation. — The  sum  of  the  digits  in  the  first  column 
equals  19  units,  or  1  dn  and  0  units.  Write  down  the  9  and 
carry  1  to  the  next  column.  The  sum  of  the  digits  in  the 
second  column  +  1  =  109 /^v/j-,  or  10  Jiundrcds  and  9  tens. 
Write  down  the  9  and  carry  the  10  to  the  next  column.  The 
sum   of   the  digits  in  this  column  plus  the  10  reserved  =  38. 

The  entire  sum  is  3,899. 

32.  Rule. — I.  Begin  at  the  right,  add  eaeh  column 
separately,  and  write  the  sum,  if  it  be  only  one  figure,  under 
the  column  added. 

II.  If  the  sum  of  any  column  consists  of  two  or  more  fig- 
ures, put  the  right-hand  figure  of  the  sum  under  that  column, 
and  add  the  remaining  figure  or  figures  to  the  next  column. 

33.  Proof. —  To  prove  addition,  add  each  column  from 
top  to  bottom.  If  you  obtain  the  same  result  as  by  adding 
from  bottom  to  top,  the  work  is  probably  correct. 


EXAMPLKS   FOR    PRACTICE. 

34.      Find  the  sum  of 

(a)  104  +  203  +  613  +  214. 

ijb)  1.875  +  3,143  +  5,826  +  10.832.  ^^^^ 

(r)  4.865  +  2.145  +  8,173  +  40,084. 

(//)  14.204  +  8. 173  +  1.065  +  10,042. 


{a)  1,134 
{b)   21,676. 
(t)    55,267. 
(^)  33,484 
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(e)    10,832  +  4,145  +  3,133  +  5,873.  f"  (e)    23,982. 

(/)    214  +  1,231  +  141  +  5,000.  ^^^     I    (/)  6,586. 
(£■)   123  +  104  +  425  +  126  +  327.  '    j  (^)    1,105. 

(/t)    6,354  +  2,145  +  3,042+1,111  +  3,333.  [  {/t)   14,985. 


SUBTRACTION. 

35.  In  Arithmetic,  subtraction  is  the  process  of  find- 
ing how  much  greater  one  number  is  than  another. 

The  greater  of  the  two  numbers  is  called  the  miiiuend. 
The  smaller  of  the  two  numbers  is  called  the  subtrahend. 
The  number  left  after  subtracting  the  snbtraliend  from  the 
minuend  is  called  the   difference,  or  remainder. 

36.  The  sign  of  subtraction  is  —  .  It  is  read  minus, 
and  means  less.  Thus,  12  —  7  is  read  12  minus  7,  and  means 
that  7  is  to  be  taken  from  12. 

37.  Example.— From  7,568  take  3,425. 

Solution. —  minuend  7  5  6  8 

subtrahend  8  4  2  5 


remainder  414  3    Ans. 

Explanation. — Begin  at  the  right-hand  or  iinits  column 
and  subtract  in  succession  each  figure  in  the  subtrahend  from 
the  one  directly  above  it  in  the  minuend,  and  write  the  re- 
mainders below  the  line.     The  result  is  the  entire  remainder. 

38.  When  there  are  more  figures  in  the  minuend  than  in 
the  subtrahend,  and  when  some  figures  in  the  minuend  are 
less  than  the  figures  directly  under  them  in  the  subtraJiend^ 
proceed  as  in  the  following  example : 

Example. — From  8,453  take  844. 

Solution. —  minuend  8  4  5  3 

subtrahend     8  4  4 


remainder  7  6  0  9    Ans. 

Explanation. — Begin  to  subtract  at  the  right-hand   or 
units  column.    We  cannot  take  4  from  3,  and  must,  therefore 
borrow  1   from   5  in  tens  column  and  annex   it  to  the  3  in 
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units  column.  The  1  fin  =  10  units,  which  added  to  the  3 
in  units  cohimn  =  i:}  units.  4  from  13  =  '.>,  the  first  or  units 
figure  in  the  remainder. 

Since  we  borrowed  I  from  the  5,  only  4  remains;  4  from  4  = 
0,  the  second  or  tins  figure.  We  cannot  take  8  from  4,  and 
must,  therefore,  borrow  1  from  8  in  thousands  cohimn.  Since 
1  thousand ^^\0  hundreds^  10  hundreds -\- \  hundnds^W^ 
hundreds,  and  8  from  14  =  (!,  the  third  or  hundreds  figure  in 
the  remainder. 

Since  we  borrowed  1  from  S,  only  7  remains,  from  which 
there  is  nothing  to  subtract ;  therefore,  7  is  the  next  figure 
in  the  remainder  or  answer. 

The  operation  of  borrowing  is  placing  1  before  the  figure 
following  the  one  from  which  it  is  borrowed.  In  the  above 
example  the  1  borrowed  from  5  is  placed  before  3,  making  it 
13,  from  which  we  subtract  4.  The  1  borrowed  from  8  is 
placed  before  4,  making  14,  from  which  8  is  taken. 

r^f).      E.XAMPLE. — Find  the  difference  between  10,000  and  8,763. 

Solution. —  vtinucnd  10  0  0  0 

subtrahend    87  63 


remainder  12  3  7  Ans. 
■  Explanation. — In  the  above  example  we  borrow  1  from 
the  second  column  and  place  it  before  (>,  making  10;  3  from 
10  =  7.  In  the  same  way  we  borrow  1  and  place  it  before 
the  next  cipher,  making  10;  but  as  we  have  borrowed  1  from 
this  column  and  taken  it  to  the  units  column,  only  1>  remains, 
from  which  to  subtract  C;  c  from  '.»  =  :).  For  the  same 
reason  we  subtract  7  from  ;»  and  s  fr<>m  \)  for  the  next  two 
figures,  and  obtain  a  total  remainder  of  1,237. 

4( ),  W  u  Ic. — Place  the  subtrahend  or  smaller  number  under 
the  minuend  or  larger  number,  in  the  same  manner  as  for 
addition,  and  proceed  as  in  Arts.  37,  38,  and  39.^ 

4 1 ,  Proof. —  To  prove  an  example  in  subtraction,  add  the 
remainder  to  the  subtrahend.  The  sum  should  equal  the  min- 
uend. If  it  docs  not,  a  mistake  lias  been  made,  and  the  work 
should  be  done  over. 
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Proof  of  the  above  example: 

subtrahend    8  7  6  3 
remainder    12  3  7 


minuend  10  0  0  0 


EXAMPLES   FOR   PRACTICE 
42.      From 

{a)  94,278  take  63,574. 

(/;)    53,714  take  25,824. 

\c)    71,832  take  58,109. 

{d)  20,804  take  10,408. 

{e)    310,465  take  102,141. 
(/)  (81,043  +  1,041)  take  14,831. 
{g)  (20,482  +  18,216)  take  21,214. 

(Ji)   (2,040  +  1,213  +  542)  take  3,791. 


Ans. 


(rt)  31,704. 

{b)  27,890. 

{c)  13,723. 

{d)  10,396. 

{e)  208,324. 

(/)  67,253. 

{g)  17,484. 

ih)  4. 


MULTIPLICATION. 

43.  To  multiply  a  number  is  to  add  it  to  itself  a  cer- 
tain number  of  times. 

44.  Multiplication  is  the  process  of  multiplying  one 
number  by  another. 

The  niiinbcr  thus  added  to  itself,  or  the  number  to  be 
multiplied,  is  called  the  multiplicand. 

The  miniber  which  shows  how  many  times  the  multipli- 
cand is  to  be  taken,  or  the  number  by  which  we  multiply^  is 
called  the  multiplier. 

The  result  obtained  by  multiplying  is  called  the  product. 

45.  The  sign  of  multiplication  is  X .  It  is  read  times 
or  multiplied  by.  Thus,  9  X  6  is  read  9  times  6.  or  9  multi- 
plied by  G. 

46.  It  matters  not  in  what  order  the  numbers  to  be 
multiplied  together  are  placed.  Thus,  6  X  9  is  the  same  as 
9  X  6. 

47.  In  the  following  table,  the  product  of  any  two  num- 
bers (neither  of  which  exceeds  twelve)  may  be  found: 
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TAIJLi:    2. 


1  times 

lis 

1 

2  times 

1  are 

2 

3  times 

1  are 

8 

1  times 

2  are 

2 

2  times 

2  are 

4 

3  times 

2  are 

6 

1  times 

3  are 

3 

2  times 

3  are 

6 

3  times 

3  are 

9 

1  times 

4  are 

4 

2  times 

4  are 

8 

3  times 

4  are 

12 

1  times 

5  are 

5 

2  times 

5  are 

10 

3  times 

5  are 

15 

1  times 

(J  are 

6 

2  times 

6  are 

12 

3  times 

6  are 

18 

1  times 

7  are 

7 

2  times 

7  are 

14 

3  times 

7  are 

21 

1  times 

8  are 

8 

2  times 

8  are 

16 

3  times 

8  are 

24 

1  times 

»  are 

9 

2  times 

9  are 

18 

3  times 

9  are 

27 

1  times 

10  are 

10 

2  times 

10  are 

20 

3  times 

10  are 

30 

1  times 

11  are 

11 

2  times 

11  are 

22 

3  times 

11  are 

33 

1  times 

12  are 

12 

2  times  12  are 

24 

3  times 

12  are 

36 

4  times 

1  are 

4 

5  times 

1  are 

5 

6  times 

1  are 

6 

4  times 

2  are 

8 

5  times 

2  are 

10 

6  times 

2  are 

12 

4  times 

3  are 

12 

5  times 

3  are 

15 

6  times 

3  are 

18 

4  times 

4  are 

16 

5  times 

4  are 

20 

6  times 

4  are 

24 

4  times 

5  are 

20 

5  times 

5  are 

25 

6  times 

5  are 

30 

4  times 

6  are 

24 

5  times 

6  are 

30 

6  times 

6  are 

86 

4  times 

7  are 

28 

5  times 

7  are 

35 

6  times 

7  are 

42 

4  times 

Hare 

32 

5  times 

8  are 

40 

6  times 

8  are 

48 

4  times 

!)  are 

36 

5  times 

9  are 

45 

6  times 

9  are 

54 

4  times 

10  are 

40 

5  times  10  are 

50 

6  times 

10  are 

60 

4  times 

11  are 

44 

5  times  11  are 

55 

6  times 

11  are 

66 

4  times  12  are 

48 

5  times  12  are 

60 

6  times 

12  are 

72 

7  times 

1  are 

7 

8  times 

1  are 

8 

9  times 

1  are 

9 

7  times 

2  are 

14 

8  times 

2  are 

16 

9  times 

2  are 

18 

7  times 

3  are 

21 

8  times 

3  are 

24 

9  times 

3  are 

27 

7  times 

4  are 

28 

8  times 

4  are 

32 

9  times 

4  are 

36 

7  times 

5  are 

35 

8  times 

5  are 

40 

9  times 

5  are 

45 

7  times 

6  are 

42 

8  times 

6  are 

48 

9  times 

6  are 

54 

7  times 

7  are 

49 

8  times 

Tare 

56 

9  times 

7  are 

63 

7  times 

8  are 

56 

8  times 

8  are 

64 

9  times 

Hare 

72 

7  times 

9  are 

63 

8  times 

9  are 

72 

9  times 

9  are 

81 

7  times 

10  are 

70 

8  times 

10  are 

80 

9  times 

10  are 

90 

7  times 

11  are 

77 

8  times 

11  are 

88 

9  times 

11  are 

99 

7  times 

12  are 

84 

8  times 

12  arc 

96 

9  times 

12  are 

108 

10  times 

1  are 

10 

11  times 

1  are 

11 

12  times 

1  are 

12 

10  times 

2  are 

20 

11  times 

2  are 

22 

12  times 

2  are 

24 

10  times 

3  are 

30 

11  times 

3  are 

33 

12  times 

3  are 

36 

10  times 

4  are 

40 

11  times 

4  are 

44 

12  times 

4  are 

48 

10  times 

5  are 

50 

11  times 

5  arc 

55 

12  times 

5  are 

60 

10  times 

6  are 

60 

11  times 

6  are 

66 

12  times 

6  are 

72 

10  times 

7  are 

70 

11  times 

7  are 

77 

12  times 

7  are 

84 

10  times 

8  are 

80 

11  times 

8  are 

88 

12  times 

8  are 

96 

10  times 

9  are 

90 

11  times 

9  are 

99 

12  times 

9  are 

108 

10  times 

10  arc 

KM) 

11  times 

10  are 

110 

12  times 

10  are 

120 

10  times 

11  are 

110 

11  times 

11  are 

121 

12  times 

11  are 

132 

10  times 

12  are 

120 

11  times 

12  are 

132 

12  times 

12  are 

144 

This  table  should  be  carefully  committed  to  memory. 
Since  0  has  no  value,  the  product  of  0  and  any  number  is  0. 
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48.     To  multiply  a  number  by  one  figure  only : 

Example. — Multiply  425  by  5. 

Solution. —  multiplicand        42  5 

mtiliiplier  5 

product    2  12  5    Ans. 

Explanation. — For  convenience,  the  multiplier  is  gener- 
ally written  under  the  right-Jiand  figure  of  the  mult  ip  lie  and. 
On  looking  in  the  multiplication  table,  we  see  that  5x5  are  25. 
Multiplying  the  first  figure  at  the  rigJit  of  the  multiplieand., 
or  5,  by  the  multiplier  5,  it  is  seen  that  5  times  5  units  are  25 
units,  or  2  tens  and  5  units.  Write  the  5  units  in  units  place 
in  the  product.,  and  reserve  the  2  tens  to  add  to  the  product  of 
tens.  Looking  in  the  multiplication  table  again,  we  see  that 
5x2  are  10.  Multiplying  the  second  figure  of  the  multipli- 
cand by  the  multiplier  5,  we  see  tJiat  5  times  2  tens  are  10 
tens,  plus  the  2  tens  reserved,  are  12  tens,  or  1  hundred  plus 
2  tens.  Write  the  2  tens  in  tens  place,  and  reserve  the  1  hun- 
dred to  add  to  the  product  of  Jiundreds.  Again,  we  see  by 
the  multiplication  table  that  5x4  are  20.  Multiplying  the 
tJiird  or  last  figure  of  the  inultiplica^id  by  the  multiplier  5,  we 
see  that  5  times  4  hundreds  are  20  hundreds,////.?  the  1  hun- 
dred reserved.,  are  21  hundreds,  or  2  thousands ////i'  1  hundred, 
which  we  write  in  tJiousands  and  hundreds  places.,  respectively. 

Hence,  the  product  is  2,125. 

This  result  is  the  same  as  adding  425  five  times.     Thus, 

425 

425 
425 
425 
425 


sujn    212  5    Ans. 


EXAMPLES  FOR  PRACTICE. 

49.      Find  the  product  of 
(a)     61,483x6. 

{b)     12,375  X  5.  ^^, 

{c)     10,426  X  7. 
id)    10,835X3.. 


(a)  368,898. 

{b)  61,875. 

{c)  72,982. 

id)  32,505. 


14  ARITHMETIC. 

(f)  9S,li~,ii  X  4. 

(/)  lO.yTHxH. 

(^)  71.543X9.  ^^^-  ^ 

(//)  218,734x2. 


{g)  893.r>04. 

(/)  8G,»H4. 

(iO  (i43.8«7. 

(A)  437,468. 


r>0.      To   iiiiiltiply  a  nuiiil>cr   l>y  two  or   more   flK- 
urcs  : 

Example.— Multiply  475  by  234. 

Solution. —       muliiplicaHd  4  75 

multiplier  2  3  4 

11)00 
14  2  5 
950 


product    11115  0     Ans. 

Explanation. — For  convenience,  the  multiplier  is  gener- 
ally written  under  the  uiultiplicand,  placing  units  under 
units,  tens  under  tens,  etc. 

We  cannot  multiply  by  2;]4  at  one  operation;  we  must, 
therefore,  multiply  by  the  parts  and  then  add  the  partial 
protlucts. 

The  parts  by  which  we  are  to  multiply  are  4  units,  3  tens, 
and  2  hundreds.  4  times  475  =  l,tJOU,  the  first  partial prod- 
'  net ;  3  times  475  =  1,425,  the  seeond  partial  produet,  the 
right-liand  fii^ure  of  which  is  turitten  direetly  under  the  fig- 
ure multiplied  by,  or  3 ;  2  times  475  =  050,  the  third  partial 
product,  the  rigJit-hand  figure  of  which  is  written  directly 
under  the  figure  multiplied  by,  or  2. 

The  sum  of  these  three  partial  products  is  111,150,  which 
is  the  entire  product. 

61.  Hulc. — I.  Write  the  multiplier  under  the  multipli- 
cand, so  that  units  are  under  units,  tens  under  tens,  etc. 

II.  Begin  at  the  right  and  multiply  each  figure  of  the  multi- 
plicand by  each  successive  figure  of  the  multiplier,  placing  the 
right-hand  figure  of  each  partial  product  directly  under  the 
figure  used  as  a  multiplier. 

III.  The  sum  of  the  partial  products  will  equal  the  required 
product. 
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52.  Proof. — Rcviciv  the  work  carefully,  or  multiply  the 
multiplier  by  the  multiplicand ;  if  the  results  agree,  the  zvork 
IS  correct. 

53.  When  there  is  a  cipher  in  the  multiplier,  multiply 
the  entire  multiplicand  by  it ;  since  the  result  will  be  zero, 
place  a  cipher  under  the  cipher  in  the  multiplier.     Thus, 

(«)      iP)  {c)  {d) 

0       2       15       708 

XO      XO      X  0      X   0 

0  Ans.   0  Ans.    0  Ans. 


3114 
303 

9342 
62380 

6  3  314  3  Ans. 


(/) 
4008 
305 

30040 
130340 

13  2  3  4  4  0  Ans. 


0  Ans. 

ig) 
31364 

1003 

6  3  5  3  8 
3136400 

313  3  6538  Ans. 


In  examples  {e),  (/"),  and  (^),  we  multiply  by  0  as  directed 
above;  then  multiply  by  the  next  figure  of  the  multiplier 
and  place  the  first  figure  of  the  product  alongside  the  0,  as 
shown. 


EXAMPLES  FOR  PRACTICE. 


.4. 

Find  the  product  of 

(a) 

3,843  X  26. 

i.b) 

3,716x45. 

{c) 

1,817  X  134. 

<<d) 

675  X  38. 

W 

1,875  X  33. 

(/) 

4,836  X  47. 

(^) 

5,682  X  543. 

(//) 

8,357  X  246. 

(0 

3,875  X  303. 

U) 

17,819  X  1,004 

{k) 

38,674  X  205. 

(/) 

18,304  X  100. 

(w) 

7,834  X  10. 

(«) 

87,543  X  1,000. 

id) 

48,763  X  100. 

Ans. 


(«) 

99,893. 

ib) 

167,330. 

if) 

335,308. 

{d) 

35,650. 

i.e) 

61,875. 

if) 

337,393. 

ig) 

3,085,336 

{h) 

801,333. 

(0 

868,350. 

(.;) 

17,890,376. 

(/&) 

7,928,170. 

(/) 

1,830,400. 

(;;/) 

78,340. 

in) 

87,543,000. 

io) 

4,876,300. 
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DIVISIOX. 

55.  Division  is  the  ])roccss  of  findinjr  how  many  times 
one  number  is  contained  in  another  of  the  same  kind. 

The  number  to  be  dividai  is  called  the  dividend. 
The  number  by  which  we  divide  is  called  the  divisor. 
The  number  which  s/ickcs  how  many  times  the  divisor  is 
contained  \n  the  dividend  is,  called  the  quotient. 

56.  The  sign  of  division  is   -^  .      It  is  read  divided  by. 
54-4-9  is  read  54  divided  by  1).     Another  way  to  write  54 

divided  by  9  is  ^.     Thus,  54  -^  9  =  r,,  or  -^  =  6. 

In  both  of  these  cases  54  is  the  dividend  and  9    is   the 
divisor. 

DivlHlon  is  the  reverse  of  multiplicxition. 

57.  To  divide  wlien  tlie  divisor  consists  of  l>ut 
one  figure,  proceed  as  in  the  following  example: 

Example. — What  is  the  quotient  of  875  ^  7  ? 

divisor  dividend  quotient 

Solution.—  7)875(125    Ans. 

7 

T? 

14 


35 
35 

remainder        0 

Explanation. — 7  is  contained  in  8  Jiundreds  1  hundred 
times.  Place  the  one  as  the  first  or  left-hand  figure  of  the 
quotient.  Multiply  the  divisor  7  by  the  1  hundred  oi  the 
quotient,  and  place  the  product  7  hundreds  under  the  8 
hundreds  in  the  dividend,  and  subtract.  Beside  the  remain- 
der 1,  bring  down  the  next  or  tens  figure  of  the  quotient, 
in  this  case  7,  making  17  tens ;  7  is  contained  in  17,  2  times. 
Write  the  2  as  the  second  figure  of  the  quotient.  Multiply 
the  divisor  7  by  the  2  in  the  quotient,  and  subtract  the 
product  from  17.  Beside  the  remainder  3,  bring  down  the 
next  or  units  figure  of  the  dividend,  in  this  case  5,  making 
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35  units.  7  is  contained  in  35,  5  times,  which  is  placed  in 
the  quotient.  Multiplying  the  divisor  by  the  last  figure  of 
the  quotient,  5  times  7  =  35,  which  subtracted  from  35, 
under  which  it  is  placed,  leaves  0.  Therefore,  the  quotient 
is  125.      This  method  is  called  long  division. 

58.  In  sliort  division,  only  the  divisor,  dividend,  and 
quotient  are  written,  the  operations  being  performed  men- 
tally. 

dividend 
divisor    7)81735 


quotient    12    5     Ans. 

The  mental  operation  is  as  follows :  7  is  contained  in  8, 
once  and  one  remainder;  1  placed  before  7  makes  17;  7  is 
contained  in  17,  2  times  and  3  over;  the  3  placed  before  5 
makes  35 ;  7  is  contained  in  35,  5  times.  These  partial  quo- 
tients placed  in  order  as  they  are  found,  make  the  entire 
quotient  125. 

The  small  figures  are  placed  in  the  example  given  to  better 
illustrate  the  explanation;  they  are  never  written  when 
actually  performing  division  in  this  way. 

59.  If  the  divisor  consists  of  2  or  more  figures,  proceed 
as  in  the  following  example : 

Example.— Divide  2,702,826  by  63. 

divisor  dividend         ■  quotient 

Solution.—  63)2702826(42902   Ans. 

252 


182 
126 


568 

567 


126 
126 

0 


Explanation. — As  G3  is  not  contained  in  the  first  two  fig- 
ures, 27,  we  must  use  the  first  three  figures,  270.  Now,  by 
trial,  we  must  find  how  many  times  63  is  contained  in  270; 
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G  is  contained  in  the  first  two  figures  of  270,  4  times.  Place 
the  4  as  the  first  or  left-hand  figure  in  the  quotient.  Multi- 
ply the  divisor  03  by  4,  and  subtract  the  product  252  from 
270.  The  remainder  is  18,  beside  which  we  write  the  ne.vt 
figure  of  the  dividend,  2,  making  1S2.  Now,  (i  is  contained 
in  the  first  two  figures  of  182,  '.i  times,  but  on  multiplying 
03  by  3,  we  see  that  the  product  189  is  too  great,  so  we  try 
2  as  the  second  figure  of  the  quotient.  Multiplying  the 
divisor  03  by  2,  and  subtracting  the  product  120  from  182, 
the  remainder  is  50,  beside  which  we  bring  down  the  next 
figure  of  the  dividend,  making  508;  0  is  contained  in  50 
about  n  times.  Multiply  the  divisor  03  by  '.)  and  subtract 
the  product  507  from  508.  The  remainder  is  1,  and  bringing 
down  the  next  figure  of  the  dividend,  2,  gives  12.  As  12  is 
smaller  than  03,  we  write  0  in  the  qucjtient  and  bring  down 
the  next  figure,  0,  making  120.  03  is  contained  in  120,  2 
times,  without  a  remainder.  Therefore,  42,902  is  the  quo- 
tient. 

60.  Kulc— I.  ll'n'/i-  ihc  divisor  at  the  left  of  the  divi- 
dend, ivitli  a  line  hetu'een  them. 

II.  l-i)id  hoii'  many  times  the  divisor  is  eontained  in  the 
lowest  nnndnr  of  the  left-hand  figures  of  the  dividend 
that  will  eontain  it,  and  xurite  the  result  at  the  right  cf  the 
dividend,  with  a  line  between,  for  the  first  figure  of  the 
quotient. 

III.  Multiply  the  divisor  by  this  quotient ;  write  the  product 
under  the  partial  dividend  used,  and  subtraet,  annexing  to  the 
remainder  the  next  figure  of  the  dividend.  Divide  as  before, 
and  thus  eontinue  until  all  the  figures  of  the  dividend  have 
been  used. 

IV.  If  any  partial  dividend  will  not  eontain  the  divisor ^ 
write  a  cipher  in  the  quotient,  annex  the  next  fit^ure  of  the 
dividend  and  proceed  as  before. 

"V.  If  there  be  a  remainder  at  last,  write  it  after  the  quo- 
tient, with  the  divisor  underneath. 
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61 .  Proof. — Multiply  the  quotient  by  the  divisor,  and  add 
the  remainder,  if  there  be  any,  to  the  product.  The  result  will 
be  the  dividend. 

divisor  dividend  quotient 
Thus,  63)4235(07^1    Ans. 

378 


455 

441 

remainder 

14 

Proof,                  quotient 

67 

divisor 

63 

201 
402 

4221 

remainder 

14 

dividetid 

42  3  5 

EXAMPLES   FOR 

PRACTICE. 

62«      Divide  the  following: 

{a)    126,498  by  58. 

r    {a)   2,181. 

{b)    3,207,594  by  767. 

{b)   4,182. 

{c)    11,408,202  by  234. 

{c)    48,753 

{d)  2,100,315  by  581. 

Ans.  ■> 

{d)  3,615. 

{e)    969,936  by  4,008. 

{e)    242. 

if)   7,481,888  by  1,021. 

(/)  7,328. 

{g)  1,525,915  by  5,003. 

{g)  305. 

{h)    1,646,301  by  381. 

{h)   4,321. 

CANCELATION. 

63.  Cancelation  is  the  process  of  shortening  opera- 
tions in  division  by  casting  out  equal  factors  from  both 
dividend  and  divisor. 

64.  The  factors  of  a  number  are  those  numbers  which, 
when  Diultiplicd  together,  will  equal  that  number.  Thus,  5 
and  3  are  factors  of  15,  since  5  X  3  =  15.  Likewise,  8  and  7 
are  the  factors  of  56,  since  8  X  7  =  56. 

65.  A  prime  number  is  one  which  cannot  be  divided 
by  any  number  except  itself  and  1.  Thus,  2,  3,  11,  29, etc., 
are  prime  numbers. 
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(><>.  A  prime  factor  is  any  factor  that  is  a  prime 
number. 

Any  number  that  is  not  a  prime  is  called  a  composite 
number,  and  may  be  produced  by  multiplying^  together  its 
prime  factors.  Thus,  OO  is  a  composite  number,  and  is  equal 
to  the  product  of  its  prime  factors,  2  X  2  X  3  X  •'>. 

Numbers  are  said  to  be  prime  to  each  otiicr  when  no 
two  of  them  can  be  divided  by  any  number  except  1 ;  the 
numbers  themselves  may  be  cither  prime  or  comix)site. 
Thus,  the  numbers  3,  5,  and  11  are  prime  to  each  other,  so 
also  are  22,  25,  and  21  —  all  composite  numbers. 

07.  Canceling  equal  factors  from  both  dividnid and  divi- 
sor does  not  change  the  quotient. 

The  ca)hrli)igoi  ?i  factor  in  both  dividend  and  divisor  is  the 
same  as  dividing  them  both  by  the  same  nutnber,  which,  by 
the  principle  of  division,  docs  not  change  the  quotient. 

Write  the  numbers  which  make  the  dii'idcnd a.h*3\i^  the  /ine, 
and  those  which  make  the  divisor  below  it. 

68.     Example.— Divide  4  X  45  x  60  by  9  x  24. 

Solution. — Placing  the  dividend  over  the  divisor,  and  canceling 

5       10 

?Xiii      -  1  -^'    ^"^ 

1 

Explanation. — The  4  in  the  dividend  and  24  in  the  divisor 

are  both  divisible  by  4,  since  4  divided  by  4  equals  1,  and  24 

divided  by  4  equals  6.     Cross  off  the  four  and  write  the  1 

over  it ;  also,  cross  off  the  24  and  write  the  G  under  it.  Thus, 

1 
^  X  45  X  60 

yx24    • 

GO  in  the  dividend  and  G  in  the  divisor  are  divisible  by  6, 

since  GO  divided  by  6  equals  10,  and  G  divided  by  G  equals  1. 

Cross  off  the  GO  and  write  10  over  it ;  also,  cross  off  the  G  and 

write  1  under  it.     Thus, 

1  10 

^  X  45  X  ?9 
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Again,  45  in  the  dividend  and  9  in  the  divisor  are  divisible 
by  9,  since  45  divided  by  9  equals  5,  and  9  divided  by  9  equals 
1.  Cross  off  the  45  and  write  the  5  over  it ;  also,  cross  off  the 
9  and  write  the  1  under  it.     Thus, 

1      5      10      ^ 


1       ^ 
1 

Since  there  are  no  two  remaining  numbers  (one  in  the  divi- 
dend and  one  in  the  divisor'i  divisible  by  any  number  except 
1,  without  a  remainder,  it  is  impossible  to  cancel  further. 

Multiply  all  the  uncanceled  numbers  in  the  dividend 
together,  and  divide  their  product  by  the  product  of  all  the 
uncanceled  numbers  in  the  divisor.  The  result  will  be  the 
quotient.  The  product  of  all  the  uncanceled  numbers  in 
the  dividend  equals  5  X  1  X  10  =  50;  the  product  of  all  the 
uncanceled  numbers  in  the  divisor  equals  1x1  =  1. 
1  5  10 
iX^^Xm     1  X  5  X  10       ra       A 

^^"^^'      ^XH      =      IXl       =  "^-     ^''^^ 
1        ^ 
1 

It  is  usual  to  omit  the  I's  when  canceling  them,  instead 
of  writing  them  as  above. 

69.  Rule. — I.  Cancel  the  common  factors  from  both  the 
dividend  and  divisor. 

II.  Then  divide  the  product  of  the  remaining  factors  of  the 
dividend  by  the  product  of  the  remaining  factors  of  the  divisor, 
and  the  result  zvill  be  the  quotient. 


EXAMPLES  FOR   PRACTICE. 
70.      Divide 

{a)  14  X  18  X  16  X  40  by  7  X  8  X  6  X  5  X  3. 
{b)    3  X  65  X  50  X  100  X  60  by  30  X  60  X  13  X  10. 
(0    8  X  4  X  3  X  9  X  11  by  11  X  9  X  4  X  3  X  8. 
{d)   164x321x6x7x4  by  83X321X7. 
{e)    50  X  100  X  200  X  72  by  1,000  X  144  X  100.  ^ 

If)   48  X  63  X  55  X  49  by  7  X  21  X  H  X  48. 
(g)  110  X  150  X  84  X  32  by  11  X  15  X  100  X  64. 
(/5)    115  X  120  X  400  X  1,000  by  23  X  1,000  X  60  X  800. 


{a)  32. 
(^)  250. 

(0  1- 
{d)  48. 

(.')  5. 
(/)  105. 
{g)  42. 

{/i)  5. 


22  ARITHMETIC. 

I  WACI  IONS. 

71.  A  friictioii  is  a  f^art  of  a  xvliolc  uuinbtr:  Onr-half^ 
pue-tlilrd^  two-Jift/is  are  fractions. 

72.  T'lCO  nuniluTs  arc  rcciuired  to  express  a  fraction, 
one  called  the  numerator,  and  the  other  the  dcnonii- 
iiiitor. 

73.  The  miiiurator  is  placed  above  the  (icno)ninator^ 
with  a  line  between  them;  as,  |.  3  is  the  denominator,  and 
shows  into  how  many  equal  parts  the  unit  or  one  is  divided. 
The  numerator  2  shows  how  many  of  these  equal  parts  are 
taken  or  considered.  The  denominator  also  indicates  the 
names  of  the  parts. 

\  is  read  one-half. 

\  is  read  three-fourths. 

■|  is  read  three-eighths. 

-j^  is  read  five-sixteenths. 

14  i^  read  twenty-nine-forty-sevenths. 

74.  In  the  expression  "  f  of  an  apple,"  the  denominator 
4  shows  that  the  apple  is  to  be  (or  has  been)  cut  into  4  equal 
parts,  and  the  numerator  3  shows  that  tliree  of  these  parts, 
ox  fourths,  are  taken  or  considered. 

If  each  of  the  parts,  or  fourths,  of  the  apple  were  cut  in 
t^vo  equal  pieees,  there  would  then  be  twice  as  many  pieces 
as  before,  or  4x2  =  8  pieces  in  all;  one  of  these  pieces  would 
be  called  one-eightii,  and  would  be  expressed  in  figures  as  \. 
Three  <>f  these  pieces  would  be  called  three-eighths,  and 
written  \.  The  words  three-fourths,  three-eighths,  five- 
sixteenths,  etc.,  are  abbreviations  of  three  one-fourths,  three 
one-eighths,  five  one-sixteenths,  etc.  It  is  evident  that  the 
larger  the  denominator,  the  greater  is  the  number  of  parts 
into  which  anything  is  divided;  consequently,  the  parts 
themselves  are  smaller,  and  the  value  of  the  fraction  is  less 
for  the  same  number  of  parts  taken.  In  other  words,  \,  for 
example,  is  smaller  than  \,  because  if  an  object  be  divided 
into  9  parts,  the  parts  are  smaller  than  if  the  same  object 
had  been  divided  into  8  parts;  and,  since  \  is  smaller  than  ^, 
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it  is  clear  that  7  one-ninths  is  a  smaller  amount  than  7  one- 
eighths.      Hence,  also,  |  is  less  than  |. 

75.  The  value  of  a  fraction  is  the  numerator  divided  by 
the  denominator;  as,  4  =  2,  f  =  3. 

76.  The  line  between  the  numerator  and  denominator 
means  divided  by,  or  -^ . 

I"  is  equivalent  to  3  -^  4. 
|-  is  equivalent  to  5  -^  8. 

77.  The  7iumerator  and  denominator  of  a  fraction,  when 
considered  together,  are  called  the  terms  of  a.fraction. 

78.  The  value  of  a  fraction  whose  numerator  and  denomi- 
nator are  equal  is  1. 

|-,  or  four-fourths,  =  1. 

•|,  or  eight-eighths,  =  1. 

-||-,  or  sixty-four-sixty-fourths,  =  1. 

79.  A  proper  fraction  is  a  fraction  whose  numerator 
is  less  than  its  denominator.     Its  value  is  less  than  1 ;  as,  f, 

5       1 

80.  An  improper  fraction  is  a  fraction  whose  numer- 
ator equals  or  is  greater  tJian  the  denominator.  Its  value  is 
one  or  more  than  one;  as,  |-,  -|,  |-f . 

81.  A  mixed  number  is  a  ivhole  number  and  a  frac- 
tion united.  4|-  is  a  mixed  number,  and  is  equivalent  to 
4  -f-  f .      It  is  read  four  and  two-thirds. 


REDUCTION    OF    FRACTIONS. 

82.  Reduction  of  fractions  is  the  process  of  chan- 
ging their  form  without  changing  their  value. 

83.  A  fraction  is  reduced  to  higher  terms  by  multiplying 
both  terms  of  the  fraction  by  the  same  number.  Thus,  f  is 
reduced  to  |  by  multiplying  both  terms  by  2. 

3  X  2_6 

4  X  2~8' 

The  value  is  not  changed,  since  \  —  \.  For,  suppose  that 
an  object,  say  an  apple,  is  divided  into  8  eqwal  parts.     If 
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these  parts  bearrangcd  into  -i  piles,  each  containinjj  2  parts, 
it  is  evident  tliat  each  pile  will  be  composed  of  the  same 
amount  of  the  entire  apple  as  would  have  been  the  case  had 
the  apple  been  originally  cut  into  -4  equal  parts.  Now,  if 
one  of  these  piles  (containing  2  parts)  be  removed,  there 
will  be  3  piles  left,  each  containing  2  equal  parts,  or  G  equal 
parts  in  all,  i.  e.,  si.x-eighths.  But,  since  one  pile,  or  one 
quarter,  was  removed,  there  are  three-quarters  left.  Hence, 
J  =  |.  The  same  course  of  reasoning  may  be  applied  to 
any  similar  case.  Therefore,  multiplying  both  terms  of  a 
fraction  by  the  same  number  does  not  alter  its  value. 

84.  To  reduce  ii  friiction  to  atx  eqiKtl  friiction 
liaviiijr  ii  )riven  deiioiiiinator  : 

Example. — Reduce  J  to  an  equal  fraction  having  96  for  a  denomi- 
nator. 

Solution. — Both  the  numerator  and  the  denominator  must  be  multi- 
plied by  the  same  number  in  order  not  to  change  the  value  of  the  frac- 
tion. The  dent)minator  must  be  multiplied  by  stime  number  which 
will,  in  this  case,  make  the  product  96;  this  number  is  evidently  96 -f- 

7  V  12      84 
8  =  12,  since  8  X  12  =  96.     Hence.  ^  ^  ,*  =~.     Ans. 

85.  Hule. — Divide  tJic  gii'cn  denominator  by  the  denomi- 
nator of  the  given  fraction^  and  multiply  both  terms  of  the 
fraction  by  the  result. 

Example. — Reduce  \  to  lOOths. 

Solution.—    1()0  -5-  4  =  25 ;  hence,  ^Q  ~_  =  r— .     Ans. 

86.  A  fraction  is  reduced  to  lower  terms  by  dividing 
both  terms  by  the  same  number.  Thus,  jV  is  reduced  to  | 
by  dividing  both  terms  by  2. 

10  -^  2  ""  5  * 
That  -j''j5-  =  \  is  readily  seen  from  the  explanation  given  in 
Art.  83 ;  for,  multiplying  both  terms  of  the  fraction  \  by  2, 
ix|  =  A-,  and,  if  \  -  ^\-,  -fV  must  equal  f  Hence,  dividing 
both  terms  of  a  fraction  by  the  same  number  does  not  alter 
its  value. 

87.  A  fraction  is  reduced  io  hncest  terms  when  its  numer 
ator  and  denominator  cannot  both  be  divided  by  the  same 
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number  without  a  remainder;  as,  |,  |,  ^,  -^.  In  other 
words,  the  numerator  and  denominator  are  prime  to  each 
other.  

EXAMPLES  FOR   PRACTICE. 

88.     Reduce  the  following: 


(«) 

iV  to  128ths. 

r  («) 

TS^' 

ip) 

■^  to  its  lowest  terms. 

kb) 

A- 

{f) 

■jff^  to  its  lowest  terms. 

Ans.  - 

(^-) 

xfr. 

id) 

f  to  49ths. 

ici) 

if- 

(^) 

^  to  lO.OOOths. 

L  {e) 

812 
TTTTT 

89.  To  reduce  a  ivhole  number  or  mixed  num- 
ber to  an  improper  fraction  : 

Example. — How  xmxiy  fourths  in  5  ?    ■ 

Solution. — Since  there  are  ^fourths  in  1  (|  =  1),  in  5  there  will  be 
5x4  fourths,  or  20  fourths ;  i.  e. ,  5  X  |  =  t^-     Ans. 
Example. — Reduce  8f  to  an  improper  fraction. 
Solution.— 8  x|  =  -y^.     ^  +  1  =  ^-     Ans. 

90.  Rule. — Multiply  the  whole  number  by  the  denomi- 
nator of  the  fraction^  add  the  numerator  to  the  product,  and 
place  the  denominator  under  the  result.  If  it  is  desired  to  re- 
duce a  wJiole  number  to  a  fractioji,  imiltiply  the  ivhole  jium- 
ber  by  the  denominator  of  the  given  fraction^  and  write  the 
result  over  the  denominator. 


EXAMPLES  FOR  PRACTICE. 

91.     Reduce  to  improper  fractions: 


(a) 

^' 

{b) 

5^ 

(c) 

lOA- 

{d) 

37f. 

Ans. 


{e)    50t. 

(/)    Reduce  7  to  a  fraction  whose  denominator  is  16. 


{b) 

ic) 
{d) 

i.e) 


S3 
46 

~r' 
1  oa 

"TO"- 
151 


854 
5  - 

118 


92.  To  reduce  an  improper  fraction  to  a  whole 
or  mixed  number : 

Example. — Reduce  ^  to  a  mixed  number. 

Solution. — 4  is  contained  in  21,  5  times  and  1  remaining  (see  Art. 
75) ;  as  this  is  also  divided  by  4,  its  value  is  J.  Therefore,  5  +  ^,  or  5^, 
is  the  number.     Ans. 
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93.     Rule. — Divide  the  numerator  by  the  detiominator, 
the  quotient  tcill  be   the  whole   number ;  the  remainder^    if 
there  be  any,  will  be  the  numerator  of  the  fractional  part  of 
'which  the  denominator  is  the  same  as  the  denominator  of  the 
improper  fraction. 


EXAMPLES  FOR  PRACTICE. 
9-4.      Reduce  to  whole  or  mixed  numbers: 


(") 

M"- 

i.b) 

i^s. 

W 

xja. 

id^ 

H*. 

W 

H- 

r  ('0  24i. 

(^)    61j. 


Ans.  . 


0)  116J. 

('/)  49|. 

(^)  4. 

IC/)  5. 


95.  A  coimnon  denominator  of  tiuo  or  -nore  frac- 
tions is  a  number  which  will  contain  ( i.  e.,  which  may  be 
divided  by)  all  of  the  denominators  of  the  fractions  without 
a  remainder.      The   least   common   denominator  is  the 

least  number  that  will  contain  all  of  the  denominators  of 
the  fractions  without  a  remainder. 

9t>.     To  find  tlie  least  common  denominator: 

Example. — Find  the  least  common  denominator  of  \,  \,  J,  and  -^. 
Solution. — We  first  place  the  denominators  in  a  row,  separated  by 
commas.  2)4,     3.     9.  16 

2)2,     3.     9.     8 

8)1,     3,     9,     4 

1,     1.     3.     4 

2x2x3x3x4=  144,  the  least  common  denominator.     Ans. 

Explanation. — Divide  the  numbers  by  some  prime  num- 
ber that  will  divide  at  least  two  of  them  without  a  remain- 
der (if  possible),  bringing  down  to  the  row  below  those 
denominators  which  will  not  contain  the  divisor  without  a 
remainder.  Dividing  each  of  the  numbers  by  2,  the  second 
row  becomes  2,  3,  9,  8,  since  2  will  not  divide  3  and  9  with- 
out a  remainder.     Dividing  again  by  2,  the  result  is  1,  3,  9,  4. 
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Dividing  the  third  row  by  3,  the  result  is  1,  1,  3,  4.  Since 
the  remaining  numbers  are  prime  to  each  other,  we  cease 
dividing  further.  The  product  of  all  the  divisors  and  of 
the  numbers  prime  to  each  other,  is  2x2x3x3x4=144, 
which  is  the  required  least  common  denominator. 

97.  Example. — Find  the  least  common  denominator  of  f,  -j^j,  -j^^. 
Solution.—  3  )  9,  12,  18 

3)3.     4.     6 
2)1,     4.     2 
1,     2,     1 
3X3X2X2  =  36.     Ans. 

98.  To  reduce  two  or  more  fractions  to  frac- 
tions having  a  common  denominator  : 

Example. — Reduce  |,  f,  and  |  to  fractions  having  a  common 
denominator. 

Solution. — The  common  denominator  is  any  number  which  will 
contain  3,  4,  and  2.  The  least  common  denominator  is  12,  because  it  is 
the  smallest  number  which  can  be  divided  by  3,  4,  and  2  without  a 
remainder.  2.  —   s .      »  =  A      4  —  A 

Reducing  f  (see  Art.  84),  3  is  contained  in  12,  4  times.  By  multi- 
plying both  numerator  and  denominator  of  f  by  4,  we  find 

—       ,  =  -— .     In  the  same  way  we  find  f  =  X  and  i  =  X. 
3x4      12  ^  4       12  .i       18 

99.  Rule.  —  Divide  the  common  denominator  by  the 
denominator  of  the  given  fraction^  and  multiply  both  terms  of 
the  fraction  by  the  quotient. 


EXAMPLES  FOR  PRACTICE. 

100.      Reduce  to  fractions  having  a  common  denominator: 

(«)  f .  1. 1-  r  («) 


(P)     JL     3     JL 


T6>  T'  TTJ 
7        7_      10 


(r\  7       7       10 

y-)  Si  55'  Ti-  Ans. 

(A)  I'  f '  W- 

1 1>\        4         S         9, 

W  TC>  TTJ'  Fir- 


id) 
if) 


f. 

f' 

1- 

6 
85' 

24 

35' 

/5 

77 
55' 

55> 

f§ 

24 

25 

TiJ' 

11 

44 
TIT' 

TiT' 

i! 

?7J' 

77r> 

f^ 
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ADDITION    OF    FRACTIONS. 

101,  Fractions  cannot  be  added  unless  t /icy  have  a  com- 
mon denominator.  Wc  cannot  add  \  to  \  as  they  now  stand, 
since  the  denominators  represent  parts  of  different  sizes. 
Fourths  cannot  be  added  to  eighths. 

Suppose  we  divide  an  apple  into  4  equal  parts,  and  then 
divide  2  of  these  parts  into  two  equal  parts.  It  is  evident 
that  wc  shall  have  2  one-fourths  and  4  one-eighths.  Now, 
if  we  add  these  parts,  the  result  is  2  -[-  4  =  G  something.  But 
what  is  this  something  ?  It  is  not  fourths,  for  si.x  fourths 
are  li,  and  we  had  only  1  apple  to  begin  with  ;  neither  is  it 
eighths,  for  six  eighths  are  -|,  which  is  less  than  1  apple. 
By  reducing  the  quarters  to  eighths,  we  have  f  =  |,  and 
adding  the  other  4  eighths,  4-^-4  =  8  eighths.  This  result 
is  correct,  since  -|  =  1.  Or,  we  can,  in  this  case,  reduce 
the  eighths  to  quarters.  Thus,  |=  j;  whence,  adding 
2  -j-  2  =  4  quarters,  a  correct  result  since  ^  =  1. 

Before  adding,  fractions  should  be  reduced  to  a  common 
denominator,  preferably  the  least  common  denominator. 

102.  Example. — Find  the  sum  of  \,  \,  and  f. 

Solution. — The  least  common  denominator,  or  the  least  number 
which  will  contain  all  the  denominators,  is  8. 

i  =  |.  i  =  h  1  =  1- 
Explanation. — As  the  denominator  tells  or  indicates  the 
names  of  X.\\e  parts,  the  numerators  only  are  added  in  order 
to  obtain  the  total  number  of /^r/.f  indicated  by  the  denomi- 
nator. Thus,  4  one-eighths  plus  G  one-eighths  plus  5  one- 
eighths  = 


+  5+^=-*-|^  =  V  =  12-     Ans. 


1 03.     Example.— What  is  the  sum  of  12f ,  14J,  and  7^,  ? 

Solution. — The  least  common  denominator  in  this  case  is  16. 

121  =  12H 
14|  =  14iJ 


sum  =  33  -h  f  J  =  33  +  IH  =  34^.     Ana. 
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The  sum  of  the  fractions  =  f|  or  1|^,  which  added  to  the  sum  of  the 
whole  numbers  =  34|^. 

Example. — What  is  the  sum  of  17,  IS^^,  •^,  and  3^  ? 
Solution. — The    least  common  denominator    is  32.      13^^  =  13^, 
3i  =  3^.  17 

9 

sum  33||.     Ans. 

104.  Rule  I. — Reduce  the  given  fractiorts  to  fractions 
having  the  least  common  denoinifiator,  and  write  the  sum  of 
the  numerators  over  the  common  denominator. 

II.  When  there  are  mixed  numbers  land  zvJiole  numbers, 
add  the  fractions  first,  and  if  their  sum  is  an  improper  frac- 
tion, reduce  it  to  a  mixed  number,  and  add  the  whole  number 
with  the  other  whole  numbers. 


EXAMPLES  FOR  PRACTICE. 


105.      Find  the  sum  of 


{a) 
(^) 

id) 
(^) 
(/) 

ih) 


4  7  5 
^»  ■??>  %• 
2        5       84 

13       6 
^'  ?■>  TS'* 

5  11      13 

10        6       33 
TT>    3  3'   Tff* 
23      11      14 
T5>   T?>  3T* 
4         7       14 
TT»  ■^^»  ITS' 
8      14      2 


Ans.  - 


(a)    1^. 


ib) 

1^- 

(^) 

lA- 

{d) 

151 

Its* 

(^) 

Iff. 

(/) 

If. 

(yj)    1. 


SUBTRACTION    OF    FRACTIONS. 
106.     Fractions  cannot  be  subtracted  without  first  re- 
ducing them  to  a  common  denominator.     This  can  be  shown 
in  the  same  manner  as  in  the  case  of  addition  of  fractions. 

Example. — Subtract  %  from  ^f. 
Solution. — The  common  denominator  is  16. 

13-6 


8  « 

^  — T^- 


13 


6     — 

Tir  — 


16 


—  Tff- 


Ans. 


107.      Example. — From  7  take  f. 


Solution.- 

5    _  AS 

g  —  "»• 


1=1;    therefore,    since   7  =  6  +  1,  7  =  6  +  |  =  6f ,   or 


Ans. 
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lOS.      Example. — What  is  the  difference  between  17^g  and  OJI  ? 
Solution. — The  common  denominator  of  the  fractions  is  32.     17^,  = 

mm  u  etui      l<st 
subtrahend        OJ^f 

difference        8^     Ans. 

1  09.      i:.XAMPLE.— From  9}  take  4,V 

Solution. — The  common  denominator  of  the  fractions  is  16.     9J  = 

minuend    9,*j  or  %\% 
subtrahend    4y"j       4]^ 

difference    4JJ       4}  J     Ans. 
Explanation. — As  \.\\t.  fraction  in  the  subtraJicnd  is  greater 
than  the  fraction  in  the  viinucud,  it  cannot  be  subtracted; 
therefore,  borroxv  1,  or  |-^,  from  the  9  in  the  minuend  and 
add  it  to  the  tV;  tV  +  II  =  U-      iV  from  \\  =  jf     Since  1 
was  borrowed (rom  9,  8  remains ;  4  from  8  =  4;  4  +  xi  =  "^H- 
1  1 0.      Example. — From  9  take  8yV- 
Solution. —  minuend    9     or  8\i 

subtrahend    8fV       8^ 
difference      \\         \\     Ans. 
Explanation, — As  there  is   no   fraction  in   the   minuend 
from  which  to  take  the  fraction  in  the  subtrahend,  borro^c  1, 
or  \l,  from  9.     -^  from  |f  =  |^.      Since  1  was  borrozved  from 
9,  only  8  is  left.     8  from  8  =  0. 

111.  Rule  I. — Reduce  the  fractions  to  fractions  having 
a  common  denominator.  Subtract  one  numerator  from  the 
other  and phxce  the  remainder  over  the  common  denominator. 

II.  When  there  are  mixed  numbers,  subtract  the  fractions 
and  ivhole  7iu)nbers  separately,  and  place  the  remainders  side 
by  side. 

III.  When  the  fraction  in  the  subtrahend  is  greater  than 
the  fraction  in  the  minuend,  borrow  1  from  the  ivhole  number 
in  the  mimiend  and  add  it  to  the  fraction  in  the  minuend,  from 
zuhieh  subtract  the  fraction  in  the  subtrahend. 

IV.  When  the  minuend  is  a  ivhole  number,  borroiv  1 ;  reduce 
it  to  a  fraction  whose  denominator  is  the  same  as  the  denomi- 
nator of  the  fraction  in  the  subtrahend,  and  place  it  over  that 
fraction  for  subtraction. 
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EXAMPLES   FOR   PRACTICE. 

112.      Subtract 


(a)    MfromH- 

(^)   ^from-^. 

(c)    3*5  from  tV 

(d)  il  from  |§. 

(^)    i^  from  11. 

(/)   13-^  from  30 J. 

(^-)   13V  from  27. 

(/i)    5J  from  30. 

(«) 

h 

{^>) 

3 

{c) 

u- 

id) 

A- 

(^) 

i- 

(/) 

in- 

ig) 

14|. 

{k) 

24| 

MULTIPLICATION    OF    FRACTIONS. 

113.  In  multiplication  of  fractions  it  is  not  necessary 
to  reduce  the  fractions  to  fractions  having  a  common  denomi- 
nator. 

114.  Multiplying  the  numerator  or  dividijig  the  denomi- 
nator multiplies  the  fraction. 

Example.— Multiply  |  by  4. 

Solution.—  |x4  =  ^^     =^  =  3.     Ans. 

Or|X4  =  |_^^=|  =  3.     Ans. 

The  word  "of"  in  multiplication  of  fractions  means  the 
same  as  X ,  or  times.      Thus, 

I- of  4  =  1X4  =  3. 


5 


5^- 


Example. — Multiply  f  by  2. 

3x2 
Solution.—  2xf  =  g-        =1  =  1-     Ans. 

Or  2x|  =  |-_^2  =  |.     Ans. 

115.  Example. — What  is  the  product  of  ^\  and  |? 
Solution.-  /^  x  |  =  j^^  = -^  =  A-     Ans. 

^  X  7  1 

or,  by  cancelation,  l%w%  ~  1378  ~  ^"     ^'^^' 

4 

116.  Example.— What  is  |  of  f  of  if  ? 

^X3x;p^3  S, 

Solution. —  5 -. ^,  =  — 77-  =  -ttt-.     Ans. 

8x^XJ5)J       »X^        l<i 
2 
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117.  Example. — What  is  the  product  of  9J  and  6|  f 
Solution.— 9}  =  V  ;  H  =  V- 

118.  E.XAMPLE.— Multiply  155  by  3. 

Solution.—  V^}  ^^ 

3    or       3 

47|  45  +  V-  =  '^''^  +  2|  =  47|.     Ans. 

119.  Kulc. — 1.  Divide  the  product  of  the  numerators 
by  the  product  of  the  denoviinators.  All  factors  common  to 
the  numerators  and  denominators  should  first  be  cast  out  by 
cancelation. 

II.  To  multiply  one  mixed  number  by  another,  reduce  them 
both  to  improper  fractions. 

III.  To  multiply  a  mixed  number  by  a  ichole  number,  first 
multiply  the  fractional  part  by  the  multiplier,  and  if  the 
product  is  an  improper  fraction,  reduce  it  to  a  inixed  number, 
and  add  the  ichole  number  part  to  the  product  of  the  multi- 
plier and  whole  number. 


120. 


EXAMPLES 

FOR   PRACTICE. 

Find  the  product  of 

(«)  '  X  A- 

(«)  lA- 

(*)   14  X  A- 

iP)  4f. 

W  lixA- 

W  H. 

(^)MX4. 

Ans.  - 

(^)2H- 

W   i|X7. 

(^•)  7A. 

(/)1THX7. 

(/)125. 

(^)iSfX32. 

(i015- 

(//)  il  X  14. 

I   (/')   "^V 

DIVISION    OF    FRACTIOXS. 

121.  In  division  of  fractions  it  is  not  necessary  to  reduce 
Xhc  fractions  to  fractions  having  a  common  denominator. 

122.  Dividing  the  numerator  or  multiplying  the  deno?ni- 
nator,  divides  the  fraction. 

Example. — Divide  |  by  3. 

Solution. — When  dividing  the  numerator,  we  have 

|-H3  =  |*^  =  l  =  f     Ans. 
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e  _:_  Q  —  _  6     1  Ario 


When  multiplying  the  denominator,  we  have 

_  6 

Example. — Divide  -j^  by  2. 

Solution.-  ^^^2  =  — ^2  =  »V     ^ns. 

Example. — Divide  -^4  by  7. 

14H-7 
33 


Solution.—  i4 -f- 7  =  —  "      =2  =  1       Ans. 


1 23.  To  invert  a  fraction  is  to  turn  it  upside  down  ; 
that  is,  make  the  numerator  and  denominator  change  places 

Invert  f  and  it  becomes  f. 

124.  Example. — Divide  ^5  by  ■^^. 

Solution. — 1.  The  fraction  ■j\  is  contained  in  j'^-.S  times,  for  the 
dt'ttominators  are  the  same,  and  one  numerator  is  contained  in  the 
other  3  times.  2.  If  we  now  invert  the  divisor  y\,  and  multiply, 
the  solution  is 

This  brings  the  .s-rtiw^  quotient  as  in  the  first  case. 

1 25.  Example. — Divide  |  by  \. 

Solution. — We  cannot  divide  |  by  \,  as  in  the  first  case  above,  for 
the  denominators  are  7iot  the  same,  therefore,  we  must  solve  as  in  the 
second  case. 

s  _^  1  _  3  V  4  —  ?^i^  — —  or  11        Anc! 
2 

1 26.  Example. — Divide  5  by  ^. 
Solution. —    ^  inverted  becomes  \%. 

1 27.  Example. — How  many  times  is  3f  contained  in  7^  ? 

Solution.—  3|  =  J^  ;  7^^^  =  -\V-. 

^^  inverted  equals  y%. 


119        4   _  119  X  ^  _119 
16  ^  15  "■  ;^x  15  ""  60 


Xt^=  .„.,,:  =^  =  l|f     Ans. 


1 28.     Rule. — bivert  the  divisor,  and  proceed  as  in  mufti- 
plication. 
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1  29.  Wc  have  learned  that  a  line  placed  between  two 
numbers  indicates  that  the  number  above  the  line  is  to  be 
divided  by  the  number  below  it.  Thus,  Jj"  shows  that  18 
is  to  be  divided  by  3.  This  is  also  true  if  a  fraction  or  a 
fractional  expression  be  placed  above  or  below  a  line. 

'-  means  that  9  is  to  be  divided  by  2  : means  that 


3  X  7  is  to  be  divided  by  the  value  of 
^  is  the  same  as  J 


in 

8  +  4 

IG    • 


»• 


It  will  be  noticed  that  there  is  a  heavy  line  between  the  9 
und  the  f.  This  is  necessary,  since  otherwise  there  would 
be  nothing  to  show  as  to  whether  9  was  to  be  divided  by  f, 
or  ^  was  to  be  divided  by  8.  Whenever  a  heavy  line  is  used, 
as  shown  here,  it  indicates  that  a//  above  the  line  is  to  be 
divided  by  all  belozu  it. 


EXAMPLES  FOR 

PRACTICE. 

:io. 

Divide 

(«) 

15  by  6f 

r  («) 

2*. 

^b) 

30  by  %. 

{b) 

40. 

(0 

172  by  f 

(0 

215. 

(.d) 

il  by  ItV 

Ans.  - 

('O 

HI- 

(^) 

i?4  by  Uf. 

('•) 

Uf- 

(/) 

V,«-  by  17J. 

(/) 

iVr- 

U) 

\\  by  V/- 

^g) 

T%- 

(70 

W  by  72J. 

M- 

131.  Whenever  an  expression  like  one  of  the  three 
following  is  obtained,  it  may  always  be  simplified  by 
transposing  the  denominator  from  above  to  below  the  line,  or 
from  beloiv  to  aboi^e^  as  the  case  may  be,  taking  care  how- 
ever to  indicate  that  the  denominator  when  so  transferred 
is  a  multiplier. 

^'  9  ~  iTx^"  ^  ~  ^^-'  ^'^'^'  '■^S^'"^'"S  ^^^  fraction 
above  the  heavy  line  as  the  numerator  of  a  fraction  whose 

denominator  is  9,  J       ,  = -.  as  before. 

'9X4      9X4' 


2. 

9  9X4  ^^ 
}-      3      -'^ 

case. 

3. 

i  5X4  3„ 
1      3X9"-^ 
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The  proof  is  the  same  as  in  the  first 

;    for,    regarding  f  as  the  numerator 

•^  X  9  5 

of    a  fraction  whose    denominator  is  |,  |         =  — — — ;   and 

■j-  X  J      o  X  •-' 

5X45X4       _  .  4 

^X4 

This  principle  may  be  used  to  great  advantage  in  cases  hke 

5 11 —.     Reducing  the  mixed  numbers  to  frac- 

40  X  41  X  51 

T  X  310  X  I7r  X  72      -^ 

tions,    the    expression     becomes —- -^ — — ; — .      JNow 

^  40  X  I  X  -V- 

transf erring  the  denominators  of  the  fractions  and  canceling, 

3 
;0        3        0  3 

1  X  310  X  27  X  72  X  2  X  6       1  x  ^^0  X  ^jT  x  ^^  X  ^  X  0 
40  X  9  X  31  X  4  X  12      ~        ^0  X  P  X  ^;  X  ^  X  ;^       ~ 

i  2 

?I_13i  ^ 

Greater  exactness  in  results  can  usually  be  obtained  by 
using  this  principle  than  can  be  obtained  by  reducing  the 
fractions  to  decimals.  The  principle,  however,  should  not 
be  employed  t/a  sign  of  addition  or  subtraction  occurs  either 
above  or  below  the  dividing  line. 


DECIMALS. 

1 32.  Decimals  are  toith  fractions  ;  that  is,  the  parts 
of  a  unit  are  expressed  on  the  scale  of  ten,  as  tenths,  hun- 
dredths, thousandtJis,  etc. 

1 33.  The  denominator,  which  is  always  ten  or  a  multiple 
of  ten,  as  10,  100,  1,000,  etc.,  is  not  expressed  as  it  would  be 
in  common  fractions,  by  writing  it  under  the  numerator, 
with  a  line  between  them;  as,  -^,  y^-y,  yoVo-  The  denomi- 
nator is  always  understood,  the  numerator  consisting  of  the 
figures  on  the  right  of  the  unit  figure.      In  order  to  distinguish 
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the  unit  figure,  a  period  (.),  called  the  decimal  point, 
is  placed  between  the  unit  figure  and  the  next  ligure  ^m  the 
right.  The  decimal  point  may  be  regarded  in  two  ways  : 
first,  as  indicating  that  the  number  on  the  right  is  the  nu- 
merator of  a  fraction  whose  denominator  is  10,  100,  1,000,  etc. ; 
and,  second,  as  a  part  of  the  Arabic  system  <>f  notation, 
each  figure  on  the  right  being  10  times  as  large  as  the  next 
succeeding  figure,  and  10  times  as  small  as  the  next  prece- 
ding figure,  serving  merely  to  point  out  the  unit  figure. 

134.  The  reading  of  a  decimal  nundnr  depends  upon  the 
lunidnr  of  decimal  places  in  it,  or  the  uumher  of  figures  to 
the  right  of  the  unit  figure. 

The  first  figure  to  the  right  of  the  unit  figure  expresses 
tentlis. 

The  second  figure  to  the  right  of  the  unit  figure  expresses 
hundredths. 

The  third  figure  to  the  right  of  the  unit  figure  expresses 
thousandths. 

The  fourth  figure  to  the  right  of  the  unit  figure  expresses 
ten-thousandths. 

The  fifth  figure  to  the  right  of  the  unit  figure  expresses 
hundred-thousandths. 

The  sixth  figure  to  the  right  of  the  unit  figure  expresses 

millionths. 

Thus: 

.3  =       ^       =3  tenths. 

.03  =      T-g-jf      =  3  hundredths. 

,003        =     Yi^     =  3  thousandths. 

.0003      =     iiUa   =  3  ten-thousandths. 

.00003    =    16  6^ Ob  =  '^  hundred-thousandths. 

.000003  =  1  ft  <, Yu  0  0  =  3  millionths. 
The  first  figure  to  the  right  of  the  unit  figure  is  called  the 
first  decimal  place  ;  the  second  figure,  the  second  decimal 
place,  etc.  We  see  in  the  above  that  the  number  of  decimal 
places  in  a  decimal  equals  the  number  of  ciphers  to  the  riglit 
of  the  figure  1  in  the  denominator  of  its  equivalent  fraction. 
This  fact  kept  in  mind  will  be  of  much  assistance  in  reading 
and  writing  decimals. 
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Whatever  may  be  written  to  the  left  of  a  decimal  point  is 
a  whole  number.  The  decimal  point  affects  only  the  figures 
to  its  right. 

When  a  whole  number  and  decimal  are  written  together, 
the  expression  is  a  mixed  number.  Thus,  8.12  and  17.25  are 
mixed  numbers. 

The  relation  of  decimals  and  whole  numbers  to  each  other 
is  clearly  shown  by  the  following  table  : 


10 

o 


o   r;: 

M 

'O 

a; 

u 
'O 

a 

987G54321.2345  6  789 

The  figures  to  the  left  of  the  decimal  point  represent  zuhole 
numbers  ;  those  to  the  right  are  decimals. 

In  both  the  decimals  and  whole  numbers,  the  units  place 
is  made  the  starting  point  of  notation  and  numeration.  The 
decimals  decrease  on  the  scale  of  ten  to  the  right,  and 
the  zuhole  numbers  increase  on  the  scale  of  ten  to  the  left. 
The,  first  figure  to  the  left  of  units  is  tens,  and  the  first  figure 
to  the  right  of  units  is  tenths.  The  second  Hgnre  to  the  left  of 
units  is  hundreds,  and  the  second  figure  to  the  rigJit  is  hun- 
dredths.  The  third  figure  to  the  left  is  thousands,  and  the 
third  to  the  right  is  thousandths,  and  so  on  ;  the  whole  num- 
bers on  the  left  and  the  decimals  on  the  right.  The  figures 
equally  distant  from  units  place  correspond  in  name.  The 
decimals  have  the  ending  ths,  which  distinguishes  them  from 
zuhole  numbers.  The  following  is  the  numeration  of  the 
number  in  the  above  table  :  Nine  hundred  eighty-seven 
million,  six  hundred  fifty-four  thousand,  three  hundred 
twenty-one,  and  twenty-three  million,  four  hundred  fifty- 
six  thousand,  seven  hundred  eighty-nine  hundred  millionths. 
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The  dfcimah  increase  to  the  left,  on  the  scale  of  ten,  the 
same  as  7i<Jiole  numbers  ;  for,  beginning;  at,  say,  \-thou- 
sandths,  in  the  table,  the  next  figure  to  the  left  is  liiindredtlis, 
which  is  ten  times  as  great,  and  the  next  tenths,  or  ten  times 
the  hundredths,  and  so  on  through  both  decimals  and  whole 
numbers. 

135.  Annexing  or  taking  aiuay  a  cipJier  at  the  riglit  of  a 
dee  i  via  I  does  not  affect  its  value. 

.5  is  tV;  -50  is  -^ijs,  but  ^^  =  -iV„-;  therefore,  .5  =  .50. 

1 36.  Inserting  a  eipher  between  a  decimal  and  the  deci- 
mal point  divides  the  decimal  by  10. 

.5  =  tV;  1^-^10  =  1^  =.05. 

137.  Taking  away  a  cipher  from  the  left  of  a  decimal 
multiplies  the  decimal  by  10. 

•05  =  T-^;  T»ir  X  10  =  ^V  =  -5. 

138.  In  some  cases  it  is  convenient  to  express  a  mixed 
decimal  fraction  in  the  form  of  a  common  (improper)  frac- 
tion. To  do  so  it  is  only  necessary  to  write  the  entire  num- 
ber, omitting  the  decimal  point,  as  the  numerator  of  the 
fraction,  and  the  denominator  of  the  decimal  part  as  the 
denominator  of  the  fraction.     Thus,  Wt A^'i  —  ^\y^\^  \  ior , 
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139.  The  only  respect  in  which  addition  of  decimals 
differs  from  addition  of  whole  numbers,  is  that  while  the  unit 
figures  are  placed  under  each  other  in  both  cases,  the  right- 
hand  figures  are  not  necessarily  in  line  when  adding  decimals. 

Whole  numbers  begin  at  units  and  increase  on  the  scale  of 
10,  to  the  left.  Decimals  decrease  on  the  scale  of  10,  to  the 
right.  Whole  numbers  are  to  the  left  of  the  decimal  point 
and  decimals  are  to  the  right  of  it.  In  whole  numbers  the 
right-hand  side  of  a  column  of  figures  to  be  added,  must  be  in 
line,  and  in  decimals,  the  left-hand  side  must  be  in  line, 
which  brings  the  decimal  points  directly  under  each  other. 
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whole  numbers 

342 

4234 

36 

3 


sum    4605    Ans. 


decimals 

.342 
.4234 
.26 
.03 

sum     1.0554    Ans. 


mixed  numbers 
342.032 
4234.5 

26.6782 
3.06 


sum    4606.2702    Ans. 


140.  A  decimal,  as  .342,  ought  really  to  be  expressed  as 
0.342,  but  it  is  quite  customary  to  omit  the  cipher  on  the 
left  of  the  decimal  point,  though  many  authors  use  it. 

Example.— What  is  the  sum  of  242,  .36,  118.725,  1.005,  6,  and  100.1  ? 
Solution. —  242. 

.36 
118.725 
1.005 


100.1 


sum    468.190    Ans. 

141.  Rule. — Place  the  numbers  to  be  added  so  that  the 
decimal  points  will  be  directly  under  each  other.  Add  as  in 
whole  numbers^  and  place  the  decimal  point  in  the  sum  directly 
under  the  decimal  points  above. 


EXAMPLES   FOR   PRACTICE. 


142«   Find  the  sum  of 


{a) 

{d) 
(^) 
(/) 

{h) 


.2143,  .105,  2.3042,  and  1.1417. 
783.5,  21.473,  .2101,  and  .7816. 
21.781,  138.72,  41.8738,  .72,  and  1.413. 
.3724,  104.15,  21.417,  and  100.042. 
200.172,  14.105,  12.1465,  .705,  and  7.2. 
1,427.16,  .244,  .32,  .032,  and  10.0041. 

2.473.1,  41.65,  .7243,  104.067,  and  21.073. 

4.107.2,  .00375,  21.716,  410.072,  and  .0345. 


Ans. 


{a) 

3.7652. 

(b) 

805.9647. 

(0 

204.5078. 

{d) 

225.9814. 

(^) 

234.3285. 

(/) 

1,437.7601. 

(A^) 

2,640.6143. 

(/O 

4,539.02625 

SUBTRACTION    OF    DECIMALS. 

143.  For  the  same  reason  as  in  addition  of  decimals, 
the  left-hand  figures  of  decimal  numbers  are  placed  in  line 
and  the  decimal  points  under  each  other. 
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Example.— Subtract  .132  from  .3003. 

Solution. —  mittui-tul    .3063 

subtrahittd    .13  2 


difference     .17  4  3     Ans. 

144.      Example. — What  is  the  difference  between  7.895  and  .725  ? 

Solution. —  ntinuend    7.8  9  5 

subtrahend      .7  2  5 


difference    7. 1  7  0  or  7. 1 7    Ans. 

145.      Example.— Subtract  .025  from  11. 
Solution. —  minuend    11.0  0  0 

subtrahend         .0  2  5 


difference     10.3  7  5     Ans. 

146.  Rule. — Place  the  subtrahend  under  the  minuend,  so 
that  the  decimal  points  will  be  directly  tinder  each  other.  Sub- 
tract, as  in  zvhole  numbers,  and  place  the  decimal  point  in  the 
remainder,  directly  under  the  decimal  points  above. 

]Vhen  the  figures  in  the  decimal  part  of  the  subtrahend  ex- 
tend beyond  those  in  the  minuend,  place  ciphers  in  the  minuend 
above  thetn^  and  subtract  as  before. 


KXAMPLES  FOR 

PRACTICE. 

[7, 

From 

(«) 

407.385  take  235.0004 

r  {a) 

172.3846. 

(^) 

22.718  take  1.7042. 

(^) 

21.0138. 

(0 

1,368.17  takel3. 0817. 

(^) 

1,354.4883 

{<i) 

70.00017  take  7.000017. 

Ans.  - 

('/) 

0.3.0001.53. 

(.e) 

030.030  take  .6.304. 

U-) 

029.9996. 

if) 

421.73  take  217.162. 

(/) 

204.. 'i68. 

(i") 

1.000014  take  .00001. 

(.c) 

1.000004 

(/O 

.783052  take  .542314. 

(/') 

.241338. 

MULTIPI.ICATION    OF    DECIMAI>S. 

148.  In  multiplication  of  decimals,  we  do  not  place  the 
decimal  points  directly  irndt-r  each  other  as  in  addition  and 
subtraction.     We  pay  no  attention  for  the  time  being  to  the 


ARITHMETIC.  41 

decimal  points.  Place  the  multiplier  under  the  multiplicand, 
so  that  the  rigJit-hand  figure  of  the  one  is  under  the  riglit- 
/land  figure  of  the  other,  and  proceed  exactly  as  in  multipli- 
cation of  whole  numbers.  After  multiplying,  count  tJie 
number  of  decimal  places  in  both  multiplicand  and  multiplier^ 
and  point  off  the  same  number  in  the  product. 

Example.— Multiply  .825  by  13. 
Solution. —        multiplicand        .8  2  5 
multiplier  1 3 

2475 
825 


product    10.7  2  5     Ans. 

In  this  example  there  are  three  decimal  places  in  the  mul- 
tiplicand and  none  in  the  multiplier;  therefore,  3  decimal 
places  are  pointed  off  in  the  product. 

1 49.  Example.— What  is  the  product  of  426  and  the  decimal  .005  ? 

Solution. —  niultiplicand       4  2  6 

multiplier       .0  0  5 

product    3.13  0  or  2.13     Ans. 

In  this  example  there  are  3  decimal  places  in  the  multi- 
plier and  none  in  the  multiplicand;  therefore,  3  decimal 
places  are  pointed  off  in  the  product. 

1 50.  It  is  not  necessary  to  multiply  by  the  ciphers  on  the 
left  of  a  decimal ;  they  merely  determine  the  number  of  deci- 
mal places.  Ciphers  to  the  right  of  a  decimal  should  be  re- 
moved, as  they  only  make  more  figures  to  deal  with,  and  dc 
not  change  the  value. 

151.  Example.— Multiply  1.205  by  1.15. 

Solution. —       m-ultiplicand         1.2  0  5 
multiplier  1.15 

6025 
1205 
1  205 


product    1.3  8  5  7  5    Ans, 
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In  this  example  there  are  :j  decimal  places  in  the  multipli- 
cand, and  2  in  the  multiplier;  therefore,  3 -f- 2,  or  5.  decimal 
places  must  be  pointed  off  in  the  product. 

152.      Ex.vxii'LK.— Mullii)ly  .t2:!2  by  .001. 

Solution. —     inulliplhand  .2  3  2 

multiplii-r  .0  0  1 

product      .00028  2     Ans. 

Ill  this  example  we  multiply  the  multiplicand  by  the  digit 

in  the  multiplier,  which  makes  'i.'.Vl  in  the  product,  but  since 

there  are  ;i  decimal  places  in  each,  the  multiplier  and  the 

multiplicand,  we  must  prefix  3  ciphers  to  the  232,  to  make 

3  +  3,  or  (I,  decimal  places  in  the  product. 

1  5»{.  Rule. — Place  the  uiultiplicr  under  the  inultiplicami, 
disregarding  the  position  of  the  decimal  points,  ^^ultiplyas  in 
whole  numbers,  and  in  the  product  point  off  as  many  decimal 
places  as  there  are  decimal  places  in  both  multiplier  and  mul- 
tiplieand^  prefixing  ciphers  if  necessary. 


(«) 

.0<V2o:?77«.')6 

(*) 

4,8():i.84. 

(0 

81.012(51»:}. 

(^) 

.015477. 

(^') 

1.783.52. 

(/) 

.0(»(  MM  12025. 

ig) 

.0O(MH428. 

(/') 

.00000032. 

EXAMI»I-i:S    FOR    I»WACTICR 

1  5-4.  Find  the  product  of 

(a)  .<M)04!)2x  4.1418. 

{b)  4,003.2x1.2. 

(f)  78.6531  X  1.03. 

(rt')  .3685  X. 042. 

(d-)  178,352  X. 01.  '^"^• 

if)  .00045  X  .0045. 

(^)  . 714  X. 00002. 

(//)  . 00004  X. 008. 


DIVISION    OF    I)i:CIM.VI.S. 

155.  In  division  of  decimals  we  pay  no  attention  to  the 
decimal  point  until  after  the  division  is  performed.  The 
number  of  decimal  places  in  the  dividend  must  equal  {be  made 
to  equal  by  annexing  ciphers)  the  number  of  decimal  places  in 
the  divisor.  Divide  exactly  as  in  whole  numbers.  Subtract 
the  number  of  decimal  places  in  the  divisor  from  the  number  of 
decimal  places  in  the  dividend^  and  point  off  as  many  deciuuil 


I 
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places  in  the  quotient  as  there  are  units  in  the  remainder  thus 
found. 

Example. — Divide  .625  by  25. 

divisor  dii'idend  quolient 

Solution.—  35).«35(.035    Ans. 

5  0 


135 

135 


remainder       0 

In  this  example  there  are  no  decimal  places  in  the  divisor, 
and  3  decimal  places  in  the  dividend;  therefore,  there  are  3 
minus  0,  or  3,  decimal  places  in  the  quotient.  One  cipher 
has  to  be  prefixed  to  the  25,  to  make  the  3  decimal  places. 

156.     Example. 

Solution. — 


■Divide  6.035  by 

.05. 

divisor    dividend    quotient 

.0  5  )  6.0  3  5 

(  1  30.7 

Ans, 

5 

10 

10 

35 

35 

remainder    0 

In  this  example  we  divide  by  5,  as  if  the  cipher  were  not 
before  it.  There  is  one  more  decimal  place  in  the  dividend 
than  in  the  divisor;  therefore,  one  decimal  place  is  pointed 
off  in  the  quotient. 

157.      Example.  —Divide  .  135  by  .  005. 

divisor  dividend  quotient 
Solution.—  .005).135(35    Ans. 

1  O 


35 
35 

remainder     0 

In  this  example  there  are-  the  same  number  of  decimal 
places  in  the  dividend  as  in  the  divisor;  therefore,  the  quo- 
tient has  no  decimal  places,  and  is  a  whole  number. 
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1  5S.      ICxAMi'LE.— Divide  320  by  .25. 

divisor     dividend    quotient 

Solution.—  .2  5  )  3  2  «.0  0  (  1  3  0  4    Ans. 

2  5 


76 
75 


100 

1  0  0 


remainder      0 
In  this  problem  two  ciphers  were  annexed  to  the  dividend, 
to  make  the  number  of  decimal  places  equal  to  the  number 
in  the  divisor.     The  quotient  is  a  whole  number. 

1  59.     Example.— Divide  .002."5  by  1.2.5. 

Solution.—  1.2  5  )  .0  0  2  5  0  ( .0  0  2    Ans. 

250 


rcmaindt-r  0 
Explanation. — In  this  example  we  are  to  divide  .002.5  by 
1.2.5.  Consider  the  dividend  as  a  whole  number,  or  25  (dis- 
regarding the  two  ciphers  at  its  left,  for  the  present);  also, 
consider  the  divisor  as  a  whole  number,  or  125.  It  is  clearly 
evident  that  the  dividend  25  will  not  contain  the  divisor  125; 
we  must,  therefore,  annex  one  cipher  to  the  25,  thus  making 
the  dividend  250.  125  is  contained  twice  in  250,  so  we  place 
the  figure  2  in  the  quotient.  In  pointing  off  the  decimal 
places  in  the  quotient,  it  must  be  remembered  that  there 
were  only  four  decimal  places  in  the  dividend;  but  one 
cipher  was  annexed,  thereby  making  4+1,  or  5,  decimal 
places.  Since  there  are  5  decimal  places  in  the  dividend  and 
2  decimal  places  in  the  divisor,  we  must  point  off  5  —  2,  or  3, 
decimal  places  in  the  quotient.  In  order  to  point  off  3  deci- 
mal places,  two  ciphers  must  be  prefixed  to  the  figure  2, 
thereby  making  .002  the  quotient.  It  is  not  necessary  to 
consider  the  ciphers  at  the  left  of  a  decimal  when  dividing, 
except  when  determining  the  position  of  the  decimal  point  in 
the  quotient. 

1 60.     Rule. — I.     Place  the  divisor  to  the  left  of  the  divi- 
dend^ and  proceed  as  in  division  of  xuhole  numbers ;   in  the 
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quotient,  point  off  as  many  decimal  places  as  the  number  of 
^decimal places  in  the  dividend  exceed  those  in  the  divisor,  pre- 
jixi7ig  ciphers  to  the  quotient,  if  necessary. 

II.  If  in  dividing  one  number  by  another  there  be  a  re- 
mainder, the  remainder  can  be  placed  over  the  divisor,  as  a 
fractional  part  of  the  quotient,  but  it  is  generally  better  to 
annex  ciphers  to  the  remainder,  and  continue  dividing  until 
there  are  3  or  ^  decimal  places  in  the  quotient,  and  then  if 
there  still  be  a  remainder,  terminate  the  quotient  by  the  plus 
sign  (+),  IV  hie  h  shows  that  it  can  be  carried  further. 

161.      Example. — What  is  the  quotient  of  199  divided  by  15  ? 

Solution.—  15)199(13  + ^^^    Ans. 

15 


49 

45 

remainder      4 

Or,       15)199.000(13.266  + 

15 

49 

45 

40 

30 

100 

90 

100 

90 

remainder      1 0 

13-rV  =  13.266  + 

^V=     .266  + 

Ans. 


162.  It  frequently  happens,  as  in  the  above  example, 
that  the  division  will  never  terminate.  In  such  cases,  de- 
cide to  how  many  decimal  places  the  division  is  to  be  carried, 
and  carry  the  work  one  place  further.  If  the  last  figure  of 
the  quotient  thus  obtained  is  5  or  a  greater  number,  increase 
the  preceding  figure  by  1,  and  write  after  it  the  minus  sign 
(  — ),  thus  indicating  that  the  quotient  is  not  quite  as  large 
as  indicated ;  if  the  figure  thus  obtained  is  less  than  5,  write 
the  plus  sign  (-[-)  after  the  quotient,  thus  indicating  that 
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the  miinber  is  slightly  greater  than  as  indicated.  In  the 
last  example,  had  it  been  desired  to  obtain  the  answer  cor- 
rect to  four  decimal  places,  the  work  would  have  been  car- 
ried to  five  places,  obtaining  13.2(;(iGG,  and  the  answer  would 
have  been  given  as  13.2GG7  — .  This  remark  applies  to  any 
other  calculation  involving  decimals,  when  it  is  desired  to 
omit  some  of  the  figures  in  the  decimal.  Thus,  if  it  is  de- 
sired to  retain  three  decimal  i)]aces  in  the  number  .2471253, 
it  would  be  expressed  as  .247  -}- ;  if  it  was  desired  to  retain 
five  decimal  places,  it  would  be  expressed  as  .24713  —  .  Both 
the  4-  and  —  signs  are  frequently  omitted;  they  are  seldom 
used  outside  of  Arithmetic,  except  in  exact  calculations,  when 
it  is  desired  to  call  particular  attention  to  the  fact  that  the 
result  obtained  is  not  quite  exact. 


KXAMI»I.i:S   FOR    PRACTICE. 
1 1>»{.      Divide 


(a)  101.6688  by  2.36. 

(*)  187.  l-2-2fi4  by  123.107. 

(r)  .08  by  .008.  ■ 

{(i)  .0003  by  3.75. 

(<•)  .0144  by  .024.  '^"^• 

(/)  .00375  by  1.25. 

{g)  .004  by  400. 

(//)  .4  by  .008.  


(a)  43.08. 

(^)  1.52. 

(0  10. 

(</)  .00008. 

{e)  .6. 

(/)  .003. 

(g)  .00001. 

I^h)  50. 


TO  REDUCE   A  FRACTION  TO  A    I)i:CIMAL. 

IG-I.      E.\ AMPLE. —  J  equals  what  decimal  ? 

Solution.—  4)3.0  0 

- — ;^.  or  }  =  ...).     Ans. 

Example. — What  decimal  is  equivalent  to  J  ? 

Solution.—  8)  7.0  0  0  (.8  7  5 

64 

60 

56        or  I  =.875.     Ans. 

40 
40 

"o" 

1 1>5.  Rule. — Annex  eipJiers  to  tite  numerator  and  divide 
by  the  denominator.  Point  off  as  many  deeimal  plaees  in  the 
quotient  as  there  are  ciphers  annexed. 
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EXAMPLES   FOR   PRACTICE. 

166.      Reduce  the  following  common  fractions  to  decimals: 


(a) 
{^) 
(^) 

(/) 

(^) 
{h) 


1  5 
¥?■ 

7 

s- 

21 

ST- 

61 

4 
¥?■ 
5 

10 
TTTiJ- 


Ans. 


(«) 

.46875. 

(^) 

.875. 

(0 

.65625. 

(^) 

.796875 

(^) 

.16. 

(/) 

.625. 

(^) 

.05. 

{h) 

.004. 

167. 
foot : 


To   reduce    inches    to    decimal    parts    of   a 


Example. — What  decimal  part  of  a  foot  is  9  inches  ? 

Solution. — Since  there  are  13  inches  in  one  foot,  1  inch  is  ^^  of  a 
foot,  and  9  inches  is  9  X  t5  or  ^^  of  a  foot.  This,  reduced  to  a  decimal 
by  the  above  rule,  shows  what  decimal  part  of  a  foot  9  inches  is. 

1  2  )  9.0  0  (  .7  5  of  a  foot.     Ans. 
84 


60 
60 

~~0 

168.     Rule  I. —  To  reduce  inches  to    decimal  parts  of  a 
foot,  divide  the  number  of  incites  by  12. 

II.  SJiould  the  resulting  decimal  be  an  une7iding  o?te  and  it 
is  desired  to  terminate  the  division  at  some  point,  say,  the 
fourth  decimal  place,  carry  the  division  one  place  further,  and 
if  the  fifth  figure  is  5  or  greater,  increase  the  fourtJi  figure 
by  1.     Omit  the  signs  -\-  and  — . 


EXAMPLES   FOR   PRACTICE. 

16d*     Reduce  to  the  decimal  part  of  a  foot: 


{a) 


Sin. 
4im. 
5  in. 
6f  in. 
11  in. 


Ans. 


^{a) 

.25. 

{b) 

.375. 

(0 

.4167 

id) 

.5521 

.  ie-) 

.9167 

48 
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TO  Ri:i)rci:  a  dkcim ai.  to  a  i-raction. 

1  70.     Example. — Reduce  .125  to  a  fraction. 
Solution. —  .125  =  ^/^  = /„  =  ^.     Ans. 

Example. — Reduce  .875  to  a  fraction. 
Solution. —  .875  =  /aViy  =  18  =  I-     -^"s. 

171.  Rule. — Under  the  figures  of  the  deciuinl, place  1  with 
as  many  ciphers  at  its  right  as  there  are  dcciuial  places  in  the 
decimal,  and  reduce  the  resulting  fraction  to  its  loxuest  terms  by 
dividing  both  numerator  and  denominator  by  the  same  number. 


172. 


EXAMPLKS   FOR    PRACTICE. 

Reduce  the  following  to  common  fractions  : 


Ans. 


(«) 

.125. 

ih 

.625. 

(^) 

.3125. 

(^) 

.04. 

(^) 

.00. 

(/) 

.75. 

(^) 

.15625 

(/') 

.875. 

(a) 

V 

(*) 

1 

(0 

!*»- 

(d) 

A- 

k') 

A- 

(/) 

1- 

ks) 

A 

{f') 

i- 

173.  To  express   a   decimal   approximately  as  a 
fraction  liiiviiij^  i»  yjiven  denominator  : 

1 74.  Example.— Express  .5827  in  64ths. 

i.o«~       ..        37.2928 
Solution.—        .5827x5}  =  — ni — -  say  If 


Hence,  .5827  =  \\,  nearly.     Ans. 


04 


Example. — Express  .3917  in  12ths. 

4.7004 

Is  —    To  '  s^y  A- 


.3917  X  ^'  - 


1'. 


Solution. — 

Hence,  .3917  =  ■^^,  nearly.     Ans. 

1  75.  Rule. — Reduce  1  to  a  fraction  having  the  given 
denominator.  Multiply  the  given  decimal  by  the  fraction  so 
obtained^  and  the  result  will  be  the  fraction  required 


176. 


EXAMI»I-ES  FOR 

PRACTICE. 

Express 

{a)     .025  in  8ths. 

r  {a) 

1 

(b)     .3125  in  lOths. 

(*) 

A 

(<:)     .15025  in  32ds. 

Ans.  ■ 

(0 

A 

{d)    .77in04ths. 

(^) 

H 

{e)     .81  in  48ths. 

(0 

H 

(/)    .923  in  96ths. 

[(/) 

11 
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I  177.  The  sign  for  dollars  is  I.  It  is  read  dollars.  $25 
is  read  25  dollars. 

Since  there  are  100  cents  in  a  dollar,  one  cent  is  1-one- 
hundredth  of  a  dollar;  the  first  two  figures  of  a  decimal 
part  of  a  dollar  represent  cents.  Since  a  mill  is  yV  of  a  cent, 
or  yJg-o  of  a  dollar,  the  third  figure  represents  mills. 

Thus,  125. IG  is  read  twenty-five  dollars  and  sixteen  cents; 
$25,168  is  read  twenty-five  dollars,  sixteen  cents  and  eight 
mills. 

178.  The  vinculum ,  parenthesis  (  ),  bracket 

[  ],   and  brace   |  }  are  called  symbols  of  aggregation, 

and  are  used  to  include  numbers  which  are  to  be  considered 
together;  thus,  13  X  8  —  3,  or  13  X  (8  —  3),  shows  that  3  is  to 
be  taken  from  8  before  multiplying  by  13. 

13  X  (8-  3)  =  13  X  5  =  65.     Ans. 

13  X    8-3   =  13  X  5  =  65.     Ans. 
When  the  vinculum  or  parenthesis  is  not  used,  we  have 

13  X  8  -  3  =  104  -  3  =  101.     Ans. 

1 79.  In  any  series  of  numbers  connected  by  the  signs  +, 
— ,  X,  and  -^,  the  operations  indicated  by  the  signs  must  be 
performed  in  order  from  left  to  right,  except  that  no  addition 
or  subtraction  may  be  performed  if  a  sign  of  multiplication 
or  division  folloxvs  the  number  on  the  rigJit  of  a  sign  of 
addition  or  subtraction^  until  the  indicated  multiplication  or 
division  has  been  performed.  In  all  cases  the  sign  of  multi- 
plication takes  the  precedence,  the  reason  being  that  when 
two  or  more  numbers  or. expressions  are  connected  by  the 
sign  of  multiplication,  the  numbers  thus  connected  are  re- 
garded as  factors  of  the  product  indicated,  and  not  as  sepa- 
rate numbers. 

Example.— What  is  the  value  of  4  X  24  -  8  -f  17  ? 
SoLUTioN^. — Performing  the  operations  in  order  from  left  to  right, 
4x24  =  96;  9G-8  =  88;  88  +  17  =  105.     Ans. 

1 80.  Example.— What  is  the  value  of  the  following  expression  : 
1,296  -H  13  +  160  -  23  X  3^  =  ? 

Solution.— 1,396  H- 13  =  108;  108  +  160  =  268;  here  we  cannot  sub- 
tract 33  from  268  because  the  sign  of  multiplication /tf//tf7£/j  33;  hence, 
multiplying  22  by  3^,  we  get  77,  and  268  —  77  =  191.     Ans. 
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Had  the  above  expression  been  written  1,20G  -h  12  -f-  100  — 
22  X  .'U  -T-  7  +  25,  it  -svoukl  have  been  necessary  to  have  divi- 
ded 22  X  31  by  7  before  subtracting,  and  the  final  result  would 
have  been'  22  X  3i  =  77 ;  77  -^  7  =  1 1 ;  208  -  11  =  257 ;  257 
-f  25  =  282.  Ans.  In  other  words,  it  is  necessary  to  per- 
form </// of  the  multiplication  or  division  included  between 
the  signs -f  and  —.or  —  and  +,  before  adding  or  subtracting. 
Also,  had  the  expression  been  written  1,290 -t- 12 -f  I'J^ 
—  24.V  -^  7  X  3^  +  25,  it  would  have  been  necessary  to  have 
multiplied  3^^  by  7  before  dividing  2i\,  since  the  sign  of 
multiplication  takes  the  precedence,  and  the  final  result 
would  have  been  3^  X  7  =  24^;  24^  -^  24J  =  1 ;  208  -  1  = 
207 ;  207  +  25  =  292.     Ans. 

It  likewise  follows  that  if  a  succession  of  multiplication 
and  division  signs  occurs,  the  indicated  operations  must  not 
be  performed  in  order,  from  left  to  right — the  multiplication 
must  be  performed  first.  Thus,  24x3-=-4x2-=-9x5  =  -i. 
Ans.  In  order  to  obtain  the  same  result  that  would  be 
obtained  by  performing  the  indicated  operations  in  order, 
from  left  to  right,  symbols  of  aggregation  must  be  used. 
Thus,  by  using  two  vinculums,  the  last  expression  becomes 
24  X  imt  X  2  ^  9X  5  =  20,  the  same  result  that  would  be 
obtained  by  performing  the  indicated  operations  in  order, 
from  left  to  right.  

EXAMPLES  FOR    PRACTICE. 

181.      Find  the  values  of  the  following  expressions  : 


(«) 

(8  +  5-l)-i-4. 

(^) 

5  X  24  -  32. 

(c) 

5  X  24  -i-  15. 

('/) 

144  -  5  X  24. 

('•) 

(1,091-540  +  559) 

3  X  57. 

(/)     2.080  +  120-80x4-1.670. 
(^  )     (90  +  (50  --  25)  X  5  -  29. 
(/i)       9U  +  tiO  -!-  25  X  5. 


Ans. 


(«) 

3. 

(^) 

88. 

(0 

8. 

(^) 

24. 

('•) 

10. 

(/) 

210. 

(iO 

1. 

(>i) 

1.2. 

ARITHMETIC. 

(CONTINUED.) 


PERCENTAGE. 

182.  Percentage  is  the  process  of  calculating  by  li^in- 
dredtJis. 

1 83.  The  term  per  cent,  is  an  abbreviation  of  the  Latin 
words  per  centum,  which  mean  /;/  the  hundred.  A  certain 
per  cent,  of  a  number  is  the  number  of  hundredths  of  that 
number  which  is  indicated  by  the  number  of  units  in  the  per 
cent.  Thus,  6  per  cent,  of  125  is  125  X  yfo  =  7. 5 ;  25  per  cent. 
of  80  is  80  X  tVo  =  '^0 ;  43  per  cent,  of  432  pounds  is  432  X 
^4_3_  =  185. 7G  pounds. 

184.  The  sign  of  per  cent,  is  fo,  and  is  read  />er  eent. 
Thus,  G^  is  read  six  per  cent.;  Vl\io  is  read  twelve  and  one- 
half  per  cent. ,  etc. 

When  expressing  the  per  cent,  of  a  number  to  use  in  cal- 
culations, it  is  customary  to  express  it  decimally  instead  of 
fractionally.  Thus,  instead  of  expressing  6^,  25^,  and  43^  as 
roo->  tim7>  ^rid  Y*o^,  it  is  usual  to  express  them  as  .OG,  .25, 
and  .43. 

The  following  table  will  show  how  any  per  cent,  can  be 
expressed  either  as  a  decimal  or  as  a  fraction: 


Per  Cent. 

Decimal. 

Fraction. 

Per  Cent. 

Decimal. 

Fraction. 

1^ 

.01 

1 

100 

150  io.  . . 

.      1.50 

li^orH 

2^ 

.02 

rl-iror^V 

500  ic... 

.      5.00 

|Hor5 

Mo 

.05 

loo  "'^IJ^o 

\i... 

.0025 

Tos  or  -^\q 

10^ 

.10 

tVo  or  tV 

Ifo... 

.        .005 

Toff  or  2" 0  0 

25^ 

.25 

r/oor    i 

Ufa... 

.015 

To'o  or  ^f  0 

50^ 

.50 

S  0    r>r      1 
T¥0  ^^     '3 

81J... 

.       .08^ 

fh  or  A 

75^ 

.75 

■7  5    or      .3 

Xni'.yyo  .   .   . 

.       .125 

mor\ 

100^ 

1.00 

i_oj)  or  1 

1  00  '-'^   ^ 

W"J... 

•    -m 

^ori 

125^ 

1.25 

T  (To  or  I J 

Q,n<fo... 

.       .625 

morf 
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185.  The  names  of  the  different  elements  used  in  per- 
centage are:  the  base,  the  rate  per  cent  ,  the  percentage,  the 
amount,  and  the  difference. 

186.  The  base  is  the  number  on  which  the  per  cent,  is 
computed. 

187.  The  rate  is  the  number  of  hundredths  of  the 
base  to  be  taken. 

188.  The  percentage  is  the  part,  or  number  of  hun- 
drcdths,  of  the  base  indicated  by  the  rate  ;  or,  the  percent- 
age is  the  result  obtained  by  multiplying  the  base  by  the  rate. 

Thus,  when  it  is  stated  that  7;^  of  $25  is  111.  75,  125  is  the 
base,  7^  is  the  rate,  and  $1.75  is  the  percentage. 

1 89.  The  anion  lit  is  the  sum  of  the  base  and  percentage. 

190.  The  difference  is  the  remainder  obtained  by 
subtracting  the  percentage  from  the  base. 

Thus,  if  a  man  has  |;180,  and  he  earns  G^  more,  he  will  have, 
altogether,  $180  +  1180  X.OG,  or  IISO -f- $10.80  =  $190.80. 
Here  $180  is  the  base;  6;^,  the  rate;  $10.80,  the  percentage, 
and  $190.80,  the  amount. 

Again,  if  an  engine  of  125  horsepower  uses  IGj^  of  it  in 
overcoming  friction  and  other  resistances,  the  amount  left 
for  obtaining  useful  work  is  125  —  125  x  .IG  =  125  —  20  = 
105  horsepower.  Here  125  is  the  base;  IG^,  the  rate;  20, 
the  percentage,  and  105,  the  difference. 

191.  From  the  foregoing  it  is  evident  that  to  find  the 
percentage,  the  base  must  be  multiplied  by  the  rate.  Hence, 
the  following 

Kule. —  To  find  the  percentage,  multiply  the  base  by  the 
rate  expressed  decimally. 

E.XAMPLE.— Out  of  a  lot  of  300  bushels  of  apples.  76  5;  were  sold. 
How  many  bushels  were  sold  ? 

Solution.— 76i;,  the  rate,  expressed  decimally,  is. 76;  the  base  is 
800;  hence,  the  number  of  bushels  sold,  or  the  percenUge,  is  by  the 

above  rule,  „„„       _.      „,^^  ...        a 

300  X  .76  =  228  bushels.     Ans. 

Expressing  the  rule  as  a 

Formula,  percentage  —  base  x  rate. 
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192.  When  the  percentage  and  rate  are  given,  the  base 
may  be  found  by  dividing  the  percentage  by  the  rate.  For, 
suppose  that  12  is  Gfo,  or  yjj-y-,  of  some  number;  then,  1^,  or 
■j-i-g-,  of  the  number,  is  12  -=-  6,  or  2.  Consequently,  if  2  =  1^, 
or  yi^,  100^,  or  \^,  =  2  X  100  =  200.  But,  since  the  same 
resuh;  may  be  arrived  at  by  dividing  12  by  .06,  for  12  -^-  .06 
=  200,  it  follows  that 

Rule. —  When  the  percentage  and  rate  are  given,  to  find  the 
base,  divide  the  percentage  by  the  rate,  expressed  decimally. 

Formula,  base  ■=■  percentage  -^  rate. 

Example. — Bought  a  certain  number  of  bushels  of  apples  and  sold 
76^  of  them.      If  I  sold  228  bushels,  how  many  bushels  did  I  buy  ? 

Solution. — Here  228  is  the  percentage,  and  76:^,  or  .76,  is  the  rate; 
hence,  applying  the  rule, 

228 -5- .76  =  300  bushels.     Ans. 

193.  Wlien  the  base  and  percentage  are  given,  to  find 
the  rate,  the  rate  may  be  found,  expressed  decimally,  by  di- 
viding the  percentage  by  the  base.  For,  suppose  that  it  is 
desired  to  find  what  per  cent.  12  is  of  200.  1^  of  200  is  200 
X  .01  =  2.  Now,  if  1^  is  2,  12  is  evidently  as  many  per 
cent,  as  the  number  of  times  that  2  is  contained  in  12,  or  12 
-^-  2  =  6^.  But  the  same  result  may  be  obtained  by  dividing 
12,  the  percentage,  by  200,  the  base,  since  12  -4-  200  =  .06 
=  6^.      Hence, 

Rule. —  When  the  percentage  and  base  are  given,  to  find  the 
rate,  divide  tJie  percentage  by  the  base,  and  the  result  will  be 
the  rate,  expressed  decimally. 

Formula,  rate  —  percentage  —  base. 

Example. — Bought  300  bushels  of  apples  and  sold  228  bushels.  What 
per  cent,  of  the  total  number  of  bushels  was  sold  ? 

Solution. — Here  300  is  the  base  and  228  is  the  percentage  ;  hence, 
applying  rule,  rate  =  228  --  300  =  .  76  =  76,1     Ans. 

Example. — What  per  cent,  of  875  is  25  ? 

Solution. — Here  875  is  the  base  and  25  is  the  percentage  ;  hence, 
applying  rule,  25  --  875  =  .02f  =  2f^.     Ans. 

Proof.  — 875  x  •  02|  =  25. 
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194. 


] 

KX  VMni.KS 

FOW    I»W  ACTICR. 

What  1 

KT  (.till,  of 

(^0 

;jr.()  is  iX)  ? 

r  («) 

25;t 

{b) 

900  is  a«50  ? 

(^) 

40^. 

(c) 

125  is  25? 

(0 

20:?. 

W) 

150  is  750? 

Ans.  - 

('/) 

500;^. 

('•) 

2>tOis  112? 

('•) 

40%. 

(/) 

400  is  200  ? 

(/) 

riO%. 

(.C) 

47  is  94  ? 

i.iT) 

2(V)%. 

(/') 

500  is  250? 

(//) 

riO%. 

1  i^)o.  The  amount  may  be  fouiul,  when  the  base  and  rate 
are  given,  by  multiplyinjL^  the  base  by  1  plus  the  rate,  ex- 
pressed decimally.  For,  suppose  that  it  is  desired  to  find 
the  amount  when  200  is  the  base  and  0;^  is  the  rate.  The 
percentage  is  200  X  .00  =  13,  and,  according  to  definition. 
Art.  189,  the  amount  is  200+13  =  212.  But  the  same 
result  may  be  obtained  by  multiplying  300  by  1  +  .00,  or 
1.00,  since  200  X  1.00  =  212.      Hence, 

Rule. —  Jl'/ii-n    the   base  and  rate  are   s;iven,   to  find  the 

amount,  multiply  the  base  by  1  plus  the  rate,  expressed  deei- 

vially. 

Formula,  amount  =  base  X  (1  +  ^(ite). 

Example. — If  a  man  earned  $725  in  a  year,  and  the  next  year  IQf 
more,  how  much  did  he  earn  the  second  year  ? 

Solution?. — Here  725  is  tlie  base  and  10;^  is  the  rate,  and  the  amount 
is  required.     Hence,  applying  the  rule, 

725  X  1. 10  =  $797.50.     Ans. 

196.  When  the  base  and  rate  are  given,  the  difference 
may  be  found  by  multiplying  the  base  by  1  minus  the  rate, 
expressed  decimally.  For,  suppose  that  it  is  desired  to  find 
the  difference  when  the  base  is  200  and  the  rate  is  Oj^.  The 
percentage  is  200  X  .00  =  12;  and,  according  to  definition, 
Art.  190,  the  difference  =  200  —  12  =  18^.  But  the  same 
result  may  be  obtained  by  multiplying  200  by  1  —  .00,  or  .1)4, 
since  200  X  .04  =  188.      Hence, 

Rule. —  /  /  'hen  the  base  and  rate  are  given,  to  find  the  differ- 
ence, multiply  the  base  by  I  minus  the  rate,  expressed  decimally. 

Formula,  difference  =  base  X  (1  —  rate). 
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Example. — Bought  300  bushels  of  apples,  and  sold  all  but  24%  of 
them.     How  many  bushels  were  sold  ? 

Solution. — Here  300  is  the  base,  24;^  is  the  rate,  and  it  is  desired  to 
find  the  difference.     Hence,  applying  the  rule, 

300  X  (1  —  .24)  =  238  bushels.     Ans. 

1 97.  When  the  amount  and  rate  are  given,  the  base  may 
be  found  by  dividing  the  amount  by  1  pkis  the  rate.  For, 
suppose  that  it  is  known  that  212  equals  some  number  in- 
creased by  6^  of  itself.  Then  it  is  evident  that  212  equals 
106^  of  the  number  (base)  that  it  is  desired  to  find.      Con- 

212 
sequently,  if  212  =  106^,  Ifc  =^Tr--  =  2,  and  100^  =  2  X  100  = 

lUb 

200  =  the  base.      But  the   same  result  may  be  obtained  by 
dividing  212  by  1  +  .06,  or  l.OG,  since  212  ^  1.06  =  200. 
Hence, 

Rule. —  IV/icn  tJie  amount  and  rate  are  given,  to  find  the 
base,  divide  the  amount  by  1  plus  the  rate,  expressed  deci- 
mally. 

Formula,  base  =  amount  -^  (1  +  rate). 

Example. — The  theoretical  discharge  of  a  certain  pump,  when  run- 
ning at  a  piston  speed  of  100  feet  per  minute,  is  278,910  gallons  per  day 
of  10  hours.  Owing  to  leakage  and  other  defects,  this  value  is  25^ 
greater  than  the  actual  discharge.     What  is  the  actual  discharge  ? 

Solution. — Here  278,910  equals  the  actual  discharge  (base)  increased 
by  25;^  of  itself.  Consequently,  278,910  is  the  amount;  25;?  is  the  rate, 
and,  applying  rule, 

actual  discharge  =  278,910  --  1.25  =  223,128  gallons.     Ans. 

198.  When  the  difference  and  rate  are  given,  the  base 
may  be  found  by  dividing  the  difference  by  1  minus  the  rate. 
For,  suppose  that  188  equals  some  number  less  6^  of  itself. 
Then,  188  evidently  equals  100  —  6  =  94^  of  some  number. 
Consequently,  if  188  =  94^,  1^  =  188  4-  94  =  2,  and  100^  = 
2X  100  =  200.  But  the  same  result  may.be  obtained  by 
dividing  188  by  1  -  .06,  or  .94,  since  188^.94  =  200. 
Hence, 

Rule. —  When  t lie  difference  and  rate  are  given,  to  find  tJie 

base,  divide  the  difference  by  1  minus  the  rate,  expressed  decu 

mally. 

Formula,  base  =  difference  -f-  (1  — rate'). 
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ExAMri.F..— BouglU  a  ccrUiin  number  of  bushels  of  apples  and  sold 
76^  of  them.  If  there  were  72  bushels  left  unsold,  how  many  bushels 
dill  1  buy  ? 

Solution.— Here  73  is  the  difference  and  "iQi  is  the  rate.      Applying 

rule, 

72  ^  (1  -  .76)  =  300  bushels.     Ans. 

Example.— The  theoretical  number  of  foot-|x)unds  of  work  per 
minute  required  to  operate  a  boiler  feed-pump  is  127,:i44.  If  30^  of  the 
total  number  actually  required  be  allowed  for  friction,  leakage,  etc., 
how  many  foot-pounds  are  actually  required  to  work  the  pump  ? 

Solution.— Here  the  number  actually  required  is  the  base;  hence, 
127,344  is  the  difference,  and  30^  is  the  rate.     Applying  the  rule, 

127,344  -f-  (1  —  .30)  =  181,920  foot-pounds.     Ans. 

1 99.  Ex.vMi'LE.— A  certain  chimney  gives  a  draft  of  2.76  inches 
of  water.  By  increasing  the  height  20  feet,  the  draft  was  increased  to 
3  inches  of  water.     What  was  the  gain  per  cent.  ? 

Solution.— Here  it  is  evident  that  3  inches  is  the  amount  and  that 
2.76  inches  is  the  base.  Consequently,  3  — 2. 76  =  .24  inch  is  the  per- 
centage, and  it  is  required  to  find  the  rate.  Hence,  applying  the  rule 
given  in  Art.  193, 

gain  per  cent.  =  .24  h-  2.76  =  .087  =  8.7%.     Ans. 

200.  Example.— A  certain  chimney  gave  a  draft  of  3  inches  of 
water.  After  an  economizer  had  been  put  in,  the  draft  was  reduced  to 
1.2  inches  of  water.     What  was  the  loss  per  cent.  ? 

Solution.— ilere  it  is  evident  that  1.2  inches  is  the  difference  (since 
it  equals  3  inches  diminished  by  a  certain  per  cent.,  loss  of  itself)  and 
3  inches  is  the  base.  Consequently,  3  -  1.2  =  1.8  inches  is  the  per- 
centage.    Hence,  applying  the  rule  given  in  Art.  IJK'J, 

loss  per  cent.  =  1.8  -i-  3  =  .60  =  60%.     Ans. 

201.  To  find  the  Kiiin  or  loss  per  cent.: 

Rule. — Fini/  the  difference  between  the  initial  and  final 
values;  divide  this  difference  by  the  initial  value. 

Example.— If  a  man  buys  a  house  for  $1,860,  and  some  time  after- 
wards builds  a  barn  for  25;f  of  the  cost  of  the  house,  does  he  gain  or 
lose,  and  how  much  per  cent.,  if  he  sells  both  house  and  barn  for  §2,100? 

Solution.— The  cost  of  the  barn  was  §1,860  X -25  =  $46.5  ;  conse- 
quently, the  initial  value,  or  cost,  was  §1,860  -1-  §46.5  =  §2.-32.5.  Since 
he  sold  them  for  §2,100.  he  lost  $2,325  -  §2.100  =  §22,5.  Hence,  apply- 
ing rule,  .  . 

225-T-2,32o  =  .0968  =  9.68:iloss.     Ans. 
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EXAMPLES  FOR   PRACTICE. 

^4^02.  Solve  the  following: 

(a)  What  isl2^<^of  $900? 

(d)  What  is  fjgof  627  ? 

(c)  What  is  d'Sl%  of  54  ? 

(d)  101  is  m^%  of  what  number  ?  ^^^ 

(^)  784  is  8S^%  of  what  number  ? 

(/)  What  5^  of  960  is  160  ? 

(  £■ )  What  fc  of  $3, 606  is  $450|  ? 

(//)  What  ^  of  280  is  112  ? 


(a)  $112.50. 

(fi)  5.016. 

(c)  18. 

(^)  1461?. 

(^)  940.8. 

(/)  161^. 


1.  A  steam  plant  consumed  an  average  of  3,640  pounds  of  coal  per 
day.  The  engineer  made  certain  alterations  which  resulted  in  a  saving 
of  250  pounds  per  day.     What  was  the  per  cent,  of  coal  saved  ? 

Ans.  "%,  nearly. 

2.  If  the  speed  of  an  engine  running  at  126  revolutions  per  minute 
should  be  increased  6|$»,  how  many  revolutions  per  minute  would  it 
then  make  ?  Ans.  134. 19  revolutions. 

8.  The  list  price  of  a  lot  of  silk  goods  is  $1,400  ;  of  some  laces,  $1,150, 
and  of  some  calico,  $340.  If  25,'^  discount  was  allowed  on  silk,  22% 
on  the  laces,  and  12|^  on  the  calico,  what  was  the  actual  cost  of  the 
purchase  ?  Ans.  $2,244.50. 

4.  If  I  lend  a  man  $1,100,  and  this  is  1S\%  of  the  amount  that  I  have 
on  interest,  how  much  money  have  I  on  interest  ?  Ans.  $5,945.95. 

5.  A  test  showed  that  an  engine  developed  190.4  horsepower,  15^ 
of  which  was  consumed  in  friction.  How  much  power  was  available 
for  use?  Ans.  161.84  H. P. 

6.  By  adding  a  condenser  to  a  steam  engine,  the  power  was  increased 
14^  and  the  consumption  of  coal  per  horsepower  per  hour  was  decreased 
20$^.  If  the  engine  could  originally  develop  50  horsepower,  and  required 
3|  pounds  of  coal  per  horsepower  per  hour,  what  would  be  the  total 
weight  of  coal  used  in  an  hour,  with  the  condenser,  assuming  the 
engine  to  run  full  power  ?  Ans.  159.6  pounds. 


DENOMINATE   NUMBERS. 

203.  A  denominate  number  is  a  concrete  number, 
and  may  be  either  simple  or  compound,  as  8  quarts,  5  feet, 
10  inches,  etc. 

204.  A  simple  denominate  number  consists  of 
units  of  but  one  denomination,  as  IG  cents,  10  hours,  5  dol- 
lars, etc. 
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205.  A  compotiiKl  <lciioiiiliiate  number  consists 
of  units  of  two  or  more  denominiitions  of  a  similar  kind^  as 
3  yards  2  feet  1  inch  ;  34  square  feet  57  square  inches. 

2()<i.  In  >vlioIc  ntinibcrs  and  in  clcciiiials  the  laiv  of 
increase  and  decrease  is  on  the  scale  of  10,  but  in  com- 
pound ur  dcuominntc  niiml)crs  the  scale  varies. 


MEASL  l^i:S. 

207.  A  measure  is  a  standard  miit,  established  by  la^o 
or  iiis/o/f/,  by  which  quantity  of  any  kind  is  measured.  The 
standard  unit  oi  dry  measure  is  the  Winchester  bushel; 
of  \veiKl»t,  the  pound  ;  ot  liquid  measure,  the  gallon, 
etc. 

208.  Measures  arc  of  si.x  kinds  : 

1.  Extension.  4.     Time. 

2.  Weight.  5.     Angles. 

3.  Capacity.  6.     Money  or  value. 

MEASURES    OF    EXTENSIOX. 

209.  Measures  of  extension  are  used  in  measuring 
lengths,  distances,  surfaces,  and  solids. 

lim:ar  mkasurd. 

TABLE   3. 
Abbreviation. 


12     inches  (in.)  =  1  foot    .  .  ft. 

3     feet               =  1  yard  .  .  yd. 

5.5  yards            =  1  rod  .  .  .  rd. 

40     rods               =  1  furlong  fur. 

8     furlongs       =  1  mile  .  .  mi. 


in.  ft.  yd.      rd.  fur.  mi. 

36=        3  =         1 
198=       16J=      5.5=      1 
7.920  =     C60  =     220  =    40  =  I 
63,360  =  5.280  =  1,760  =  320  =  8  =  J 


Sl'RVICVOK'S   I.INKAM    MICASl  Wi:. 

TABLK    4. 

7.92  inches  =  1  link li. 

25  links  =  1  rod rd. 

4  rods    )  <    .    •  u 

.f^,.   ,      \  =1  chain ch. 

100  links  ) 

80  chains  =  1  mile mi. 

mi.  ch.  rd.  li.  in. 

1     =     80     =     320     =     8,000     =     03.360 
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210.  The  linear  unit,  generally  used  by  surveyors,  is 
Gunter's  chain,  which  is  equal  to  4  rods,  or  66  feet. 

211.  An  engineer's  chain,  used  by  civil  engineers, 
is  100  feet  long,  and  consists  of  100  links.  In  computations, 
the  links  are  written  as  so  many  hundredths  of  a  chain. 

SQUARE   MEASURE. 

TABLE   5. 

.   =     1  square  foot 


144    square  inches  (sq.  in.). 

9    square  feet      .     .     .     . 

30^  square  yards  .  .  .  . 

160  square  rods  .  .  .  . 

640    acres 

sq.mi.       A.         sq.rd. 


sq.  yd. 


1  square  yard 
1  square  rod 
1  acre  .     .     . 
1  square  mile 

sq.  ft. 


sq 


in 


.  sq.ft. 
.  sq.yd. 

sq.  rd. 
.     .  A. 

sq.mi. 


=  640  =  102,400  =  3,097,600  =  27,878,400  =  4,014,489,600 


SURVEYOR'S   SQUARE   MEASURE. 

TABLE   6. 

625  square  links = 

16  square  rods = 

10  square  chains = 

640  acres = 

36  square  miles  (6  mi.  square)    .  =: 
sq.mi.          A.             sq.ch. 

1       =     640     =     6,400  = 


1  square  rod  . 
1  square  chain 
1  acre  .  .  . 
1  square  mile. 
1  township 
sq.rd.  sq.li. 

102,400     =     64,000,000 


sq.rd. 

sq.ch. 
.      A. 


sq.mi. 
.    Tp. 


CUBIC    MEASURE. 

TABLE   7. 


1728    cubic  inches  (cu.  in.) . 

27    cubic  feet      .... 

128    cubic  feet      .... 

24f  cubic  feet      .... 


cu.yd. 

1       : 


CU.ft 

27 


1  cubic  foot 
1  cubic  yard 
1  cord     .     . 
1  perch  .     . 
cu.in. 
=     46,656 


cu.ft. 

cu.yd. 

.    cd. 

.      P. 


MEASURES    OF    WEIGHT. 

AVOIRDUPOIS  WEIGHT. 

TABLE    8. 

16  ounces  (oz.) =     1  pound    .     .     . 

100  pounds =     1  hundredweight 

30  cwt.,  or  2,0001b =     1  ton     .     .     .     . 

T.  cwt.  lb.  oz. 

I     =     20     =  2,000     =     32,000 


.  lb. 

cwt. 
.  T. 
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212.  The  ounce  is  divided  into  halves,  quarters,  etc. 
Avoirdupois  weight  is  used  for  weighing  coarse  and  heavy 
articles.     One  avoirdupois  pound  contains  7,000  grains. 

LONG   TON   TABI.K. 

TABLE   9. 

16  ounces =     1  pound lb. 

112  pounds =     1  hundredweight   .     .     .       cwt. 

20  cwt.,  or  2,240  1b =     1  ton T. 

213.  In  all  the  calculations  throughout  this  and  the 
succeeding  volumes,  2,000  pounds  will  be  considered  one 
ton,  unless  the  long  ton  (2,240  pounds)  is  especially  men- 
tioned. 

TROY   WEIGHT. 

TABLE    10. 

24  grains  (gr.) =     1  pennyweight ....       pwt. 

20  pennyweights =     1  ounce oz. 

12  ounces =     1  pound lb. 

lb.  oz.  pwt.  gr. 

1     =     12     =     240     =     5.760 

214.  Troy  weight  is  used  in  weighing  gold  and  silver- 
ware, jewels,  etc.      It  is  used  by  jewelers. 


MEASURES  OF  CAPACITY. 

I.IQUII)   MEASURE. 

TABLK    11. 

4    gills  (gi.) =     1  pint pt 

2    pints =     1  quart qt 

4    quarts =     1  gallon gal. 

81J  gallons =     1  barrel bl)i. 

2    barrels,  or  63  gallons     .     .     .  =     1  hogshead hhd. 

hhd.      bbl.       gal.  qt.  pt.            gi. 

1    =    2    =    63  =  252    =    504  =    2,016 

DRY   MEASVWE. 

TABLE    12. 

2  pints  (pt.) =     1  quart qt. 

8  quarts =     1  peck pk. 

4  pecks =     1  bushel ba 

bu.       pk.  qt.          pt. 

1    =    4    =  32    =    64 
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MEASURE    OF    TIME. 


TABLE    13. 


60  seconds  (sec.) 
60  minutes    .     . 
24  hours   .     .     . 
7  days     .     .     . 

365  days       i 
12  months  J 

366  days     .     .     . 
100  years 


1  minute min. 

1  hour hr. 

1  day da. 

1  week wk. 


=     1  common  year 

=     1  leap  year. 
=     1  century. 


yr. 


Note. — It  is  customary  to  consider  one  month  as  30  days. 


MEASURE  OF  ANGLES  OR  ARCS. 


TABLE    14. 


60  seconds  (") 
60  minutes    . 
90  degrees     • 
360  degrees    . 


1  minute '  . 

1  degree °  . 

1  right  angle  or  quadrant  L  • 
1  circle cir. 


cir. 
1 


360'     =     21,600'     =     1,296,000" 


MEASURE    OF    MONEY. 

UNITED  STATES  MONEY. 

TABLE    15. 


10  mills  (m.) 
10  cents 
10  dimes    . 
10  dollars  . 


E. 
1     = 


10     = 


d. 
100 


.  =     1  cent ct. 

.   =     1  dime d, 

.   =     1  dollar $. 

.  =     1  eagle E. 

ct.  m. 

=     1,000     =     10,000 


TABLE. 

1  meter  is  nearly  39.37  inches. 
1  hand  is  4  inches. 
1  palm  is  3  inches. 
1  span  is  9  inches. 
24  sheets  are  1  quire. 
20  quires,  or  480  sheets,  are  1  ream. 
1  bushel  contains  2,150.4  cubic  in. 
1  U.  S.  standard  gallon  (also  called  a  wine  gallon)  contains  231  cubic  in. 
1  U.  S.  standard  gallon  of  water  weighs  8.355  pounds,  nearly. 
1  cubic  foot  of  Avater  contains  7.481  U.  S.  standard  gallons,  nearly. 
1  British  imperial  gallon  weighs  10  pounds. 

It  will  be  of  great  advantage  to  the  student  to  carefully 
memorize  all  of  the  above  tables. 


MISCELLANEOUS 

TABLE    16. 

12  things  are  1  dozen. 

12  dozen  are  1  gross. 

12  gross  are  1  great  gross. 

2  things  are  1  pair. 
20  things  are  1  score. 

1  league  is  3  miles. 

1  fathom  is  6  feet. 
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RKnrcTiox  or  dknominate  numbers. 

215.  Reduction  <>f  ilcnoininate  numbers  is  the  pro- 
cess  of  changing  their  denomination  without  changing  their 
value.  They  may  be  changed  from  a  higher  to  a  lower 
denomination  or  from  a  lower  to  a  higher — either  is  reduc- 
tion.    As, 

2  hours  =  120  minutes. 

32  ounces  =  2  pounds. 

216.  Principle. — Denominate  numbers  are  changed 
to  loxvcr  denominations  by  viulti/>Iyini^,  and  to  higher  de- 
nominations by  dividing. 

To  reduce  denominate  numi>ers  to  lower  denomi- 
nations : 

217.  Example. — Reduce  5  yd.  2  ft.  7  in.  to  inches. 
Solution. — 


yd. 

ft. 

in. 

5 

2 

7 

3 

15  ft. 

2  ft. 

17  ft. 

12 

34 

17 

2  04  in. 

7  in. 

211  inches.  Ans. 
Explanation. — Since  there  are  3  feet  in  1  yard,  in  5  yards 
there  are  5  X  3,  or  15  feet,  and  15  feet  plus  2  feet  =  17  feet. 
There  are  12  inches  in  a  foot  ;  therefore,  12  X  17  =  204 
inches,  and  204  inches  plus  7  inches  =  211  inches  =  number 
of  inches  in  5  yards  2  feet  and  7  inches.     Ans. 

218.     E.XAMPLE. — Reduce  6  hours  to  seconds. 

Solution. —  6        hours. 

60 


3  6  0     minutes. 
60 


2  1  6  U  0  seconds.     Ans. 


Arithmetic. 


6^ 


Explanation. — As  there  are  GO  minutes  in  one  hour,  in 
six  hours  there  are  G  X  GO,  or  3G0  minutes  ;  as  there  are  no 
minutes  to  add,  we  multiply  oGO  minutes  by  60,  to  get  the 
number  of  seconds. 

219.  In  order  to  avoid  mistakes,  if  any  denomination 
be  omitted,  represent  it  by  a  cipher.  Thus,  before  reducing 
3  rods  G  inches  to  inches,  insert  a  cipher  for  yards  and  a 
cipher  for  feet;  as, 

rd.        yd.        ft.        in. 
3  0  0  6 

220.  Rule. — Multiply  the  number  representing  the  high- 
est denomination  by  the  number  of  units  in  the  next  lower 
required  to  make  one  of  the  higher  denomination^  and  to  the 
product  add  the  number  of  given  units  of  that  lozver  denomi- 
nation. Proceed  in  this  manner  until  the  number  is  reduced 
to  the  required  denomination. 


EXAMPLES  FOR   PRACTICE. 


221.      Reduce 


{a) 

4  rd.  2  yd.  2  ft.  to  ft. 

r  («) 

74  ft. 

{b) 

4  bu.  3  pk.  2  qt.  to  qt. 

(-5) 

154  qt. 

(^) 

13  rd.  5  yd.  2  ft.  to  ft. 

{c) 

231.5  ft. 

{d) 

5  mi.  100  rd.  10  ft.  to  ft. 

Ans.  - 

{d) 

28,060  ft. 

{e) 

8  lb.  4  oz.  6  pwt.  to  gr. 

(^) 

48,144  gr 

if) 

52  hhd.  24  gal.  1  pt.  to  pt. 

(/) 

26,401  pt 

(<r) 

5  cir.  16°  20'  to  minutes. 

U) 

108,980'. 

(//) 

14  bu.  to  qt. 

< 

448  qt. 

To  reduce  lower  to  higher  denominations : 

222.      Example. — Reduce  211  in.  to  higher  denominations. 
Solution. —  1  2  )  2  1 1  in. 

3  )  1  7  ft.  +  7  in. 


5  yd.  +  2  ft.     Ans. 
Explanation. — There    are  12    inches    in    1    foot  ;    there- 
fore, 211  divided  by  12  =  17  feet  and  7  inches  over.     There 
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are  3  feet  in  1  yard  ;  therefore,  17  feet  divided  by  3-5 
yards  and  2  feet  over.  The  last  quotient  and  the  two  re- 
mainders constitute  the  answer,  5  yards  2  feet  7  inches. 

223.      E.XAMPLE. — Reduce   15,735  grains  Troy  weight  to  higher 
duiomi  nations. 

Solution.—  24)  1  5  7  35  gr.  (  G5  5  pwU 

144 


133 
120 


135 
120 


15gr. 

2  0)65  5  pwt.  (  3  2  oz. 
60 


55 

40 

1  5  pwt. 

12)32oz.  (2  1bL 
24 

8oz. 

Explanation'. — There  are  24  grains  in  1  pennyweight,  and 
in  15,735  grains  there  are  as  many  pennyweights  as  24  is 
contained  in  15,735,  or  G55  pennyweights  and  15  grains  re- 
maining. There  are  20  pennyweights  in  1  ounce,  and  in 
655  pennyweights  there  are  32  ounces  and  15  pennyweights 
remaining.  There  are  12  ounces  in  1  pound,  and  in  32 
ounces  there  are  2  pounds  and  8  ounces  remaining.  The 
last  quotient  and  the  three  remainders  constitute  the  an- 
swer, 2  pounds  8  ounces  15  pennyweights  15  grains. 

The  above  problem  is  worked  out  by  long  division,  be- 
cause the  numbers  are  too  large  to  solve  easily  by  short 
division.     The  student  may  use  either  method. 

224.  Hulc. — Divide  the  number  representing  the  de- 
nomination given  by  the  number  of  units  of  this  denomination 
reauired  to  make  one  unit  of  the  next  higher  denomination. 
The  remainder  "will  be  of  the  same  denomination^  but  the 
quotient  ivill  be  of  the  next  higher.     Divide  this  quotient  by 
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the  mimber  of  units  of  its  denomination  required  to  make  one 
unit  of  the  next  higher.  Continue  icntil  the  highest  denomi- 
nation is  reached,  or  until  there  is  not  enough  of  a  denomina- 
tion left  to  make  one  of  the  next  Jiigher.  The  last  quotient 
and  the  remainders  constitute  the  required  result. 


EXAMPLES  FOR  PRACTICE. 

2!25.      Reduce  to  units  of  higher  denominations  : 
{a)  7,460  sq.  in.  ;   (^)  7.580  sq.  yd. ;   {c)  148,760  cu.  in. ;   (d)  7,896  cu.  ft. 
to  cd. ;  {e)  17,651";  (/)  1.120  cu.  ft.  to  cd.  ;  ( -)  8,000  gi.  ;  {h)  36.450  lb. 

{a)   5  sq.  yd.  6  sq.  ft.  116  sq.  in. 
{b)   1  A.  90  sq.  rd.  17  sq.  yd.  4  sq.  ft.  72  sq.  in. 
{c)   3  cu.  yd.  5  cu.  ft.  152  cu.  in. 
{d)  61  cd.  88  cu.  ft. 
{e)    4°  54'  11". 
(/)  8  cd.  96  cu.  ft. 
{g)  3hhd.  61  gal. 
(Ii)   18  T.  4  cwt.  50  lb. 


Ans. 


ADDITION  OF  DENOMINATE  NUMBERS. 

226.   Example.— Find  the  sum  of  3  cwt.  46  lb.  12  oz. ;  8  cwt.  12  lb 
13  oz. :  12  cwt.  50  lb.  13  oz. ;  27  lb.  4  oz. 


Solution.— 

T. 

cwt. 

lb. 

oz. 

0 

3 

46 

12 

0 

8 

12 

13 

0 

12 

50 

13 

0 

0 

27 

4 

1  4  37  10    Ans, 

Explanation. — Begin  to  add  at  the  right-hand  column  : 
4  +  13  +  13  +  12  =  42  ounces  ;  as  16  ounces  make  1  pound, 
42  ounces  ^  IG  =  2  and  a  remainder  of  10  ounces,  or 
2  pounds  and  10  ounces.  Place  10  ounces  under  ounce 
column,  and  add  2  pounds  to  the  next  or  pound  column. 
Then,  2  +  27  +  50  +  12  +  4G  =  137  pounds  ;  as  100  pounds 
make  a  hundredweight,  137  -^  100  =  1  hundredweight  and 
a  remainder  of  37  pounds.  Place  the  37  under  the  pounds 
column,  and  add  1  hundredweight  to  the  next  or  hundred- 
weight column.     Next,  1  +  12 +  8  +  3  =  24  hundredweight. 
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20  hundredweijrht  make  a  ton  ;  therefore  24  -^  20  =  1  ton 
and  t  hunilrcdweisht  rcmaininjj.  Hence,  the  sum  is  1  ton 
4  hundredweight  37  pounds  10  ounces.     Ans. 

227.      Example.— What  is  the  sum  of  2  rd.  3  yd.  2  ft.  n  in. ;  0  rd. 

1  ft.  10  in. ;  17  rd.  11  in. ;  4  yd.  1  ft.  ? 


Solution.— 

rd. 

yd. 

ft. 

in. 

2 

3 

2 

5 

6 

0 

1 

10 

17 

0 

0 

11 

- 

0 

4 

1 

0 

26 

3i 

0 

2 

or 

26 

3 

1 

8 

Ans. 

ExPLANATiox. — The  sum  of  the  numbers  in  the  first  col- 
umn =  20  inches,  or  2  feet  and  2  inches  remaining.  The 
sum  of  the  numbers  in  the  next  column  plus  2  feet  =  0  feet, 
or  2  yards  and  0  feet  remaining.  The  sum  of  the  next  col- 
umn plus  2  yards  =  9  yards,  or  9  -^  5^  =  1  rod  and  3^  yards 
remaining.  The  sum  of  the  next  column  plus  1  rod  =  26 
rods.  To  avoid  fractions  in  the  sum,  the  i  yard  is  reduced 
to  1  foot  and  6  inches,  which  added  to  20  rods  3  yards  0  feet 
and  2  inches  =  20  rods  3  yards  1  foot  8  inches.     Ans. 

228.  Ex.\MPLE.— What  is  the  sum  of  47  ft.  and  3  rd.  2  yd.  2  ft 
lOin.? 

Solution. — When  47  ft.  is  reduced  it  equals  2  rd.  4  yd.  2  ft.,  which 

can  be  added  to  3  rd.  2  yd.  2  ft.  10  in.  Thus, 

rd.  yd.  ft.  in. 

3  2  2  10 

2  4  2  0 


6  U  1  10 

or     6  2  0  4    Ans. 


229.  Rule. — Place  the  numbers  so  tJiat  like  dciiomina- 
tioHS  arc  tinder  each  other.  Begin  at  the  right-hand  column, 
and  add.  Divide  the  sum  by  the  number  of  units  of  this 
denomination  required  to  make  one  unit  of  the  next  higher. 
Place  the  remainder  under  the  column  added,  and  carry  the 
quotient  to  the  next  column.  Continue  in  this  manner  until 
the  highest  denomination  given  is  reached. 


Ans.  ' 
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EXAMPLES  FOR   PRACTICE. 

230.  What  is  the  sum  of 

(a)  25  lb.  7  oz.  15  pwt.  23  gr. ;  17  lb.  16  pwt. ;  15  lb.  4  oz.  12  pwt.; 
18  lb.  16  gr. ;  10  lb.  2  oz.  11  pwt.  16  gr.? 

(^)  9  mi.  13  rd.  4  yd.  2  ft. ;  16  rd.  5  yd.  1  ft.  5  in. ;  16  mi.  2  rd.  3  in. ; 
14  rd.  1  yd.  9  in.? 

(c)  8  cwt.  46  lb.  12  oz. ;  12  cwt.  9^  lb.  ;  2i  cwt.  21|-  lb.? 

(d)  10  yr.  8  mo.  5  wk.  3  da. ;  42  yr.  6  mo.  7  da.  ;  7  yr,  5  mo.  18  wk. 
4da. ;  17  yr.  17  da.? 

(e)  17  tons  11  cwt.  49  lb.  14  oz.  ;  16  tons  47  lb.  13  oz.  ;  20  tons  13  cwt. 
14  lb.  6  oz.  ;  11  tons  4  cwt.  16  lb.  12  oz.  ? 

(/)     14  sq.  yd.  8  sq.  ft.  19  sq.  in. ;  105  sq.  yd.   16  sq.  ft.  240  sq.  in. ; 

42  sq.  yd.  28  sq.  ft.  165  sq.  in.? 

'  (a)   86  lb.  3  oz.  16  pwt.  7  gr. 

{i)    25  mi.  47  rd.  1  ft.  5  in. 

(<r)    18  cwt.  2  lb.  14  oz. 

(d)  78  yr.  1  mo.  3  wk.  3  da. 

{e)    65  tons  9  cwt.  28  lb.  13  oz. 

(/)  167  sq.  yd.  136  sq.  in. 

SUBTRACTION  OF  DENOMINATE  NUMBERS. 

231.  Example.— From  21  rd.  2  yd.  3  ft.  Qi  in.,  take  9  rd  4  yd. 
lOi  in. 

Solution. —  rd.         yd.         ft.  in. 

21  2  2  6i 

9  4  0  lOj- 

11  3i  1  8i-        Ans. 

Explanation. — Since   10^  inches  cannot  be  taken  from 

6|- inches,  we  must  borrow  1  foot,  or  12  inches,  from  the  2  feet 

in  the  next  column  and  add   it   to   the    6J.      6|  +  12  =  18|. 

18|^  inches  —  10|-  inches  =  S^  inches.     Then,  0  foot  from  the 

1  remaining  foot  =  1  foot.     4  yards  cannot  be  taken  from 

2  yards;  therefore,  we  borrow  1  rod,  or  54  yards,  from  21  rods 
and  add  it  to  2.  2  +  5i  =  71 ;  7|  -  4  =  ^  yards.  9  rods 
from  20  rods  =  11  rods.  Hence,  the  remainder  is  11  rods 
31  yards  1  foot  8|-  inches.     Ans. 

To    avoid  fractions  as  much   as  possible,  we  reduce   the 

1  yard  to  inches,  obtaining  18  inches;  this  added  to  8^  inches, 
gives  26^   inches,   which  equals   2    feet    2|    inches.      Then, 

2  feet  -f-  1  foot  =  3  feet  =  1  yard,  and  3  yards  -f  1  yard  =  4 
yards.  Hence,  the  above  answer  becomes  11  rods  4  yards 
0  feet  2^  inches. 
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232.      ICxAMPLE.— What  is  the  difference  between  H  rd.  2  yd.  2  ft 

10  in.  and  47  ft.  ? 


Solution. — 47  ft.  =  2  rd. 

4 

yd.  2 

ft. 

rd. 
3 
2 

yd. 
2 
4 

ft. 

o 
2 

in. 

10 

0 

0 
or 

^ 

0 
2 

10 
4 

Ans. 

To  find  (approximately)  the  interval  of  time   be- 
tween two  dates: 

233.      I'^.XAMPiE. — How   many   years,    months,    days,    and    hours 
between  4  o'clock  p.m.  of  June  15,  1868,  and  lOo'clock  a.m.,  September  28, 


1891? 

Solution.— 

y- 

mo. 

da. 

hr. 

1891 

8 

28 

10 

1868 

5 

15 

16 

23         3  12  18    Ans. 

Explanation. — Counting  24  hours  in  1  day,  4  o'clock 
P.M.  is  the  IGth  hour  from  the  beginning  of  the  day,  or 
midnight.  On  September  28,  8  months  and  28  days  have 
elapsed,  and  on  June  15,  5  months  and  15  days.  After  plac- 
ing the  earlier  date  under  the  later  date,  subtract  as  in  the 
previous  problems.      Count  30  days  as  1  month. 

234.  Rule. — /Yace  the  smaller  quantity  under  the  larger 
quantity^  with  like  denominations  under  each  other.  Begin- 
ning at  the  right,  subtract  successively  the  number  in  the  sub- 
trahend in  each  dcnojnination  from  the  one  above,  and  place 
the  differences  underneath.  If  the  number  in  the  minuend  of 
any  denomination  is  less  than  the  niunber  under  it  in  the  sub- 
trahend^ one  must  be  borrowed  from  the  minuend  of  the  next 
higher  denomination,  reduced  and  added  to  it. 


EXAMPLES   FOR   PRACTICE. 

23^.   From 

{a)    125  lb.  8  oz.  14  pwt.  18  gr.  take  96  lb.  9  oz.  10  pwt.  4  gr. 

(b)  126  hhd.  27  gal.  take  104  hhd.  14  gal.  1  qt.  1  pt. 

(c)  65  T.  14  cwt.  64  lb.  10  oz.  take  16  T.  11  cwt.  14  oz. 

{d)   148  sq.  yd.  16  sq.  ft.  142  sq.  in.  take  132  sq.  yd.  136  sq.  in. 
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(e)    100  bu.  take  28  bu.  2  pk.  5  qt.  1  pt. 
(/)  14  mi.  34  rd.  16  yd.  13  ft.  11  in.  take  3  mi.  27  rd.  11  yd.  4  ft.  10  in. 

(a)  28  lb.  11  oz.  4  pwt.  14  gr. 

(/;)  22  hhd.  12  gal.  2  qt.  1  pt. 

(c)  49  T.  3  cwt.  63  lb.  12  oz. 

■  ^  (d)  16  sq.  yd.  16  sq.  ft.  6  sq.  in. 

(e)  71  bu.  1  pk.  2  qt.  1  pt. 

(/)  11  mi.  7rd.  5  yd.  9  ft.  1  in. 


MULTIPLICATION  OF  DENOMINATE  NUMBERS. 
236.      Example.— Multiply  7  lb.  5  oz.  13  pwt.  15  gr.  by  12. 

Solution. —  lb.        oz.        pwt.        gr. 

7  5  13  15 

12 


89  8  3  12    Ans. 


Explanation.— 15  grains  X  12  =  180  grains.  180  -^  24  =  7 
pennyweights  and  12  grains  remaining.  Place  the  12  in  the 
grain  column  and  carry  the  7  pennyweights  to  the  next. 
Now,  13  X  12  +  7  =  163  pennyweights  ;  163  ^  20  =  8  ounces 
and  3  pennyweights  remaining.  Then,  5  X  12  +  8  =  68 
ounces;  68  ^  12  =  5  pounds  and  8  ounces  remaining.     Then, 

7  X  12  +  5  =  89  pounds.     The  entire    product  is  89  pounds 

8  ounces  3  pennyweights  12  grains.     Ans. 

237.  Rule. — Multiply  the  number  representing  each  de- 
nomination by  the  multiplier,  and  reduce  each  product  to  the 
next  higher  denomination,  writing  the  remainders  under  each 
denomination,  and  carrying  the  quotient  to  the  next,  as  in 
Addition  of  Denominate  Numbers. 

238.  Note.  —  In  multiplication  and  division  of  denominate 
numbers,  it  is  sometimes  easier  to  reduce  the  number  to  the  lowest 
denomination  given  before  multiplying  or  dividing,  especially  if  the 
multiplier  or  divisor  is  a  decimal.  Thus,  in  the  above  example,  had 
the  multiplier  been  1.2,  the  easiest  way  to  multiply  would  have  been  to 
reduce  the  number  to  grains;  then,  multiply  by  1.2,  and  reduce  the 
product  to  higher  denominations.  For  example,  7  lb.  5  oz.  13  pwt.  15  gr. 
=  43,047 gr.  43,047  X  1-2  =  51,656.4  gr.  =  8  lb.  11  oz.  12  pwt.  8.4  gr. 
Also,  43,047  X  12  =  516,564  gr.  =  89  lb.  8  oz.  3  pwt.  12  gr.,  as  above. 
The  student  may  use  either  method. 
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EXAMI»Li:S   FOR    PRACTICE. 

239.     Multiply 

(rt)  15  cwt.  90  lb.  by  5;  (d)  12  yr.  10  mo.  4  \vk.  :{  da.  by  14:  (c)  11  ml 
145  rd.  by  20;  (</)  12  gal.  4  pt.  by  9;  (f)  8  cd.  76  cu.  ft.  by  15;  (/)  4  hhd. 
3  gal.  1  qt.  1  pt.  by  13. 

(a)  79  cwt.  50  lb. 

(*)  IHOyr.  11  mo.  2  wk. 

(r)  229  mi.  20  rd. 

(//)  112  gal.  2qt. 

(e)  128  cd.  116  cu.  ft. 

L(/)  48  hhd.  40  gal.  2  qt. 


Ans.  ■ 


DIVISION  OF  Di:\oMi\.\Ti:  numiii:rs. 

24().      E.XAMPLE.— Divide  48  lb.  11  oz.  6  pwt.  by  8. 

Solution. —  lb.  oz.  pwt.         gr. 

8)48  11 6 0 

6  lb.         1  oz.        8  pwt.      6  gr.     Ans. 

Explanation. — After  placing  the  quantities  as  above, 
proceed  as  follows  :  8  is  contained  in  48  si.x  times  without  a 
remainder.  8  is  contained  in  11  ounces  once  with  3  ounces 
remaining.  3  X  20  =  00;  00  4-  G  =  00  pennyweights;  GO  pen- 
nyweights-^- 8  =  8  pennyweights  and  2  remaining;  2x24 
grains  =  48  grains;  48  grains  -7-8  =  0  grains.  Therefore, 
the  entire  quotient  is  6  pounds  1  ounce  8  pennyweights  6 
grains.     Ans. 

Example. — A  silversmith  melted  up  2  lb.  8  oz.  10  pwt.  of  silver, 
which  he  made  into  6  spoons;  what  was  the  weight  of  each  spoon  ? 

Solution. —  lb.  oz.  pwt. 

6)2  8  10 

5  oz.  8  pwt.     8  gr.     Ans. 

Explanation. — Since  we  cannot  divide  2  pounds  by  0,  we 
reduce  it  to  ounces.  2  pounds  =  24  ounces,  and  24  ounces 
-|-8  ounces  =  32  ounces;  32  ounces -j- 6  =  5  ounces  and 
2  ounces  over.  2  ounces  =  40  pennyweights.  40  penny- 
weights-J- 10  penny  weights  =  50  pennyweights,  and  50  pen- 
nyweights -4-0  =  8  pennyweights  and  2  pennyweights  over. 
2  pennyweights  =  48  grains,  and  48  grains -i-G  =  8  grains. 
Hence,  each  spoon  contains  5  ounces  8  pennyweights  8 
grains.     Ans, 


ARITHMETIC.  71 

241.      Example.— Divide  830  rd.  4  yd.  2  ft.  by  112. 

rd.      yd.  ft.    rd.  yd.  ft.     in. 
Solution.—  112)820     4    2(7      12    5.143    Ans. 

784 


3  6  rd.  rem. 


180 
180 

19  8.0  yd. 
4 


11  2  )  2  0  2  yd.  ( 1  yd. 
112 


9  0  yd.  rem. 
3 


2  7  0  ft. 
2  ft. 


1 1  2  )  2  7  2  ft.  (  2  ft. 
224 


4  8  ft.  rem. 
12 

96 

48 


113)  5  76  in.  (5.142  8  + in.,  or  5.1  4 3  in. 
560 


160 
112 

"Tso 

448 


320 

224 

960 
896 

~64 
Explanation. — The  first  quotient  is  7  rods  with  36  rods 
remaining.  5.5x30  =  198  yards;  198  yards  +  4  yards  = 
202  yards;  202  yards  -=-  112  =  1  yard  and  90  yards  remain- 
ing. 90  X  3  =  270  feet ;  270  feet  +  2  feet  =  272  feet ;  272 
feet  ^  112  =  2  feet  and  48  feet  remaining;  48  X  12  =  576 
inches  J  576  inches  h-  112  =  5.143  inches^  nearly.     Ans, 
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The  preceding  example  is  solved  by  long  division,  because 
the  numbers  arc  too  large  to  deal  with  mentally  Instead 
of  expressing  the  last  result  as  a  decimal,  it  might  have 
been  expressed  as  a  common  fraction.  Thus,  570^112  = 
5-^Y^^  =  54^  inches.  The  chief  advantage  of  using  a  common 
fraction  is  that  if  the  quotient  be  multiplied  by  the  divisor, 
the  result  will  always  be  the  same  as  the  original  dividend. 

242.  Rule. — Fine/  Jiow  many  times  the  divisor  is  con- 
tained in  the  first  or  highest  denomination  of  the  dividend. 
Reduce  the  remainder  [if  any)  to  the  next  lower  denomination, 
and  add  to  it  the  number  in  the  given  dividend  expressing  that 
denomination.  Divide  this  neza  dividend  by  the  divisor.  The 
quotient  ivill  be  the  next  denomination  in  the  quotient  required. 
Continue  in  this  inattner  until  the  lowest  denomination  is 
reached.  The  successive  quotients  will  constitute  the  entire 
quotient. 


EXAMPI.KS   FOR    PRACTICE. 

2-43.      Divide 

(fl)  376  mi.  276  rd.  by  22;  {b)  1.137  bu.  3  pk.  4  qt.  1  pt.  by  10;  (r)  84 
cwt.  48  lb.  49  oz.  by  16;  {d)  78  sq.  yd.  18  sq.  ft.  41  sq.  in.  by  18;  (r)  148 
mi.  64  rd.  24  yd.  by  12;  (/)  100  tons  16  cwt.  18  lb.  11  oz.  by  l.");  (  i^)  36 
lb.  L8  oz.  18  pwt.  14  gr.  by  8;  (//)  112  mi.  48  rd.  by  100. 

"  {a)  17  mi.  41^^  rd. 

(/5)  113  bu.  3  pk.  1  qt.  \  pt. 

(r)  5  cwt.  28  lb.  3,',  oz. 

Ans    \   ^'^^  ^  sq.yd.  4  sq.ft.  2/g  sq.in. 

(.-)  12  mi.  112  rd.  2  yd. 

(/)  6  tons  14  cwt.  41  lb.  3]  J  oz. 

{g)  4  lb.  8  oz.  7  pwt.  7J  gr. 

(//)  1  mi.  38||  rd. 


INVOI.UTIOX. 

244.  Involution  is  the  process  of  multiplying  a  num- 
ber by  itself  one  or  more  times.  The  product  obtained  by 
multiplying  a  number  by  itself  is  called  a  power  of  that 
number. 

Thus,  the  second  power  of  3  is  9,  since  3x3  are  9. 
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The  third  power  of  3  is  27,  since  3  X  3  X  3  are  27 

The  fiftli  power  of  2  is  32,  si-nee  2  X  2  X  2  X  2  X  2  are  32. 

245.  An  exponent  is  a  small  figure  ^Xd^z^A  to  the  right 
and  a  little  above  a  number  to  show  to  what  pozvcr  it  is  to  be 
raised,  or  how  many  times  the  number  is  to  be  used  as  a 
factor,  as  the  small  figures  '^' ''  and  ^  below: 

3^  =  3  X  3  =  9. 

3^  =  3  X  3  X  3  =  27. 

2' =  2X2X2X2X2  =  32. 

246.  The  root  of  a  number  is  that  number  which,  used 
the  required  number  of  times  as  a  factor,  produces  the  num- 
ber. In  the  above  cases,  3  is  a  root  of  9,  since  3X3  are  9. 
It  is  also  a  root  of  27,  since  3x3x3  are  27.  Also,  2  is  a 
root  of  32,  since  2  X  2  X  2  X  2  X  2  are  32. 

247.  The  second  power  of  a  number  is  called  its 
square. 

Thus,  5^*  is  called  the  square  of  5,  or  5  squared^  and  its 
value  is  5  X  5  =  25. 

248.  The  third  power  of  a  number  is  called  its  cube. 
Thus,  5'  is  called  the  cube  of  5,  or  5  ctibed,  and  its  value  is 

5X5X5  =  125. 

To    find    any  po^iver   of  a    number  : 

249.  Example. — What  is  the  third  power,  or  cube,  of  JJd . 

Solution.—  35  x  35  x  35, 

or  35 

35 


175 
105 


12  35 
35 


6125 
3675 


cube  =  42875    Ang, 
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Example.— What  is  tlu-  fourth  |)<.w(.r  oi  15? 
Solution.—  15  x  15  x  15  X  15, 

or  1 5 

15 


75 
15 

2  25 
15 

1125 
225 

3375 
15 

16875 
3375 

fourth  power  —  5  0625    Ans. 
250.      Example.—    1.23  =  what? 
Solution.—  1.2x1.2x1.2, 

or       1.2 
1.2 


1.44 
1.2 

288 
144 


1.7  28    Ans. 
2^1 .      Example. — What  is  the  third  power,  or  cube,  of  f  ? 

Solution.-        df  =  f  X  |  X  |  =  g^^^^  =  kVj-     Ans. 

252 .  Rule  I. —  To  raise  a  ivJiolc  number^  or  a  dccimal^  to 
any  power ^  use  it  as  a  factor  as  many  times  as  there  are  units 
in  the  exponent. 

II.  To  raise  a  fraction  to  any  power ^  raise  both  the  numer- 
ator and  denominator  to  the  poxver  indicated  by  the  exponent. 


IiVAMI»I.i:S   FOR  I*WACTICK. 
253*      Raise  the  folluwin};  to  tlic  powers  inilicated: 


(</)     85«. 

(c)      6.5*.  '^"^• 


(a)  7.225. 

(/>)  \n- 

{i)  42.25. 

(./)  38.41§. 
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(e)      (1)3. 

i^) 

(/)     (1)^- 

Ans.  -l 

(/) 

U)  iir- 

is-) 

(A)     1.45. 

.   (/^) 

27 
125 
3  4.1 


5.37834. 

EVOLUTION. 

254.  Evolution  is  the  reverse  of  involution.  It  is  the 
process  of  finding  the  root  of  a  number  which  is  considered 
as  a  power. 

255.  The  square  root  of  a  number  is  that  number 
which,  when  used  twice  as  a  factor,  produces  the  number. 

Thus,  2  is  the  square  root  of  4,  since  2  X  3,  or  2^^,  =  4. 

256.  The  cube  root  of  a  number  is  that  number  which, 
when  used  three  times  as  a  factor,  produces  the  number. 

Thus,  3  is  the  cube  root  of  27,  since  3  X  3  X  3,  or  3',  =27. 

257.  The  radical  sign  ^,  when  placed  before  a  num- 
ber, indicates  that  some  root  of  that  number  is  to  be  found. 

258.  The  index  of  the  root  is  a  small  figure  placed  over 
and  to  the  left  of  the  radical  sign^  to  show  what  root  is  to  be 
found. 

Thus,  |/100  denotes  the  square  root  of  100. 
|/125  denotes  the  cube  root  of  125. 
|/256  denotes  the  fourth  root  of  2oG,  and  so  on. 

259.  When  the  square  root  is  to  be  extracted,  the  index 
is  generally  omitted.  Thus,  |/100  indicates  the  square  root 
of  100.     Also,  -f/225  indicates  the  square  root  of  225. 


SQUARE    ROOT. 

260.  The  largest  number  that  can  be  written  with  one 
figure  is  9,  and  O'^  =  81 ;  the  largest  number  that  can  be 
written  with  two  figures  is  99,  and  99'^  =  9,801;  with  three 
figures  999,  and  999'  =  998,001;  with  four  figures  9,999,  and 
9,999'  =  99,980,001,  etc. 

In  each  of  the  above  it  will  be  noticed  that  the  square  of 
the  number  contains  just  twice  as  many  figures  as  the 
number. 

In  order  to  find  the  square  root  of  a  number,  the  first  step 
is  to  find  how  many  figures  there  will  be  in  the  root.     This 
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is  done  by  pointing  off  the  number  \n\.o periods  of  txvo  fipjures 
each,  hcginnhii^  at  the  rii^ht.  The  number  of  periods  will 
indicate  the  number  of  fij^ures  in  the  root. 

Thus,  the  square  root  of  83,740,H(H  must  contain  4  figures, 
since,  pointing  off  the  periods,  we  get  h:}'74'OS'()1,  or  4  periods; 
consequently,  there  must  be  4  figures  in  the  root.  In  like 
manner,  the  square  root  of  50,025  must  contain  3  figures, 
since  there  are  (5'06'25)  3  periods. 

2i>  1 .      E.\.\MrLE. — Find  the  square  root  of  31,505,769. 

root. 

Solution.—         {a)      5  3 1'5 0  5  769(5613    Ans. 

5  (p)  ^ 

(^)     100  (f)       65  0 
6  636 

10  6  (e)  14  5  7 

6  112  1 


1120  33669 

1  8  3  6  6  9 


1121  0 

1 


11220 
3 


112  2  3 

Explanation'. — Pointing  off  into  periods  of  two  figures 
each,  it  is  seen  that  there  are  four  figures  in  the  root.  Now, 
find  the  largest  single  number  whose  square  is  less  than  or 
equal  to  31,  the  first  period.  This  is  evidently  5,  since 
G'  =  30,  which  is  greater  than  31.  Write  it  to  the  right,  as  in 
long  division,  and  also  to  the  left,  as  shown  at  {a).  This  is 
the  first  figure  of  the  root.  Now,  multiply  the  5  at  (^z)  by 
the  5  in  the  root,  and  write  the  result  under  the  first  period, 
as  shown  at  {h).      Subtract,  and  obtain  0  as  a  remainder. 

Bring  down  the  ne.xt  period  50,  and  anne.x  it  to  the  re- 
mainder 6,  as  shown  at  (r),  which  we  call  the  diviclcnd. 
Add  the  root  already  found  to  the  5  at  {a),  getting  10,  and 
annex  a  cipher  to  this  10,  thus  making  it  100,  which  we  call 
the  trial  divisor.  Divide  the  dividend  (r)  by  the  trial 
divisor  (</),  and  obtain  G,  which  is  probably  the  next  figure 
of  the  root.     Write  6  in  the  root,  as  shown,  and  also  add  it 
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to  100,  the  trial  divisor,  making  it  106.     This  is  called  the 
complete  divisor. 

Multiply  this  by  0,  the  second  figure  in  the  root,  and  sub- 
tract the  result  from  the  dividend  (r).  The  remainder  is  14, 
to  which  annex  the  next  period,  making  it  1,457,  as  shown 
at  (c),  which  we  call  the  new  dividend.  Add  the  second 
figure  of  the  root  to  the  trial  divisor  10(3,  and  annex  a  cipher, 
thus  getting  1,120.  Dividing  1,457  by  1,120,  we  get  1  as  the 
next  figure  of  the  root.  Adding  this  last  figure  of  the  root 
to  1,120,  multiplying  the  result  by  it,  and  subtracting  from 
1,457,  the  remainder  is  33G. 

Annexing  the  next  and  last  period,  09,  the  result  is  33,669. 
Now,  adding  the  last  figure  of  the  root  to  1,121,  and  annexing 
a  cipher  as  before,  the  result  is  11,220.  Dividing  33,669  by 
11,220,  the  result  is  3,  the  fourth  figure  in  the  root.  Adding  it 
to  11,220,  and  multiplying  the  sum  by  it,  the  result  is  33,669. 
Subtracting,  there  is  no  remainder;  hence, |/31, 505, 769  = 
5,613.      Ans. 

262.  The  square  of  any  number  wholly  decimal  always 
contains  twice  as  many  figures  as  the  number  squared.  For 
example,  .1^  =  .01;  .13'  =  .0169;  .751'  =  .564001,  etc. 

263.  It  will  also  be  noticed  that  the  number  squared  is 
always  less  than  the  decimal.  Hence,  if  it  be  required  to 
find  the  square  root  of  a  decimal,  and  the  decimal  has  not  an 
even  number  of  figures  in  it,  annex  a  cipher.  The  best  way 
to  determine  the  number  of  figures  in  the  root  of  a  decimal 
is  to  begin  at  the  decimal  point,  and,  going  towards  the 
right,  point  off  the  decimal  into  periods  of  two  figures  each. 
Then,  if  the  last  period  contains  but  one  figure,  annex  a 
cipher. 

26-4.      Example. — What  is  the  square  root  of  .  000576  ?    - 

root 

Solution.—  3  .0  0'0  5'7G(.0  2  4     Ans. 

2  4 

40  176 

4  176 

74  0 
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Explanation. — Beginning;  at  the  decimal  point,  and  point- 
ing off  tlie  number  into  periods  of  two  figures  each,  it  is  seen 
that  the  first  period  is  composed  of  ciphers;  hence,  the  first 
figure  of  the  root  must  be  a  cipher.  Tlie  remaining  portion 
of  the  solution  should  be  perfectly  clear  from  what  has 
preceded. 

]^t>5.  If  the  number  is  not  a  perfect  power,  the  root  will 
consist  of  an  interminable  number  of  decimal  places.  The 
result  may  be  carried  to  any  required  number  of  decimal 
places  by  annexing  periods  of  two  ciphers  each  to  the 
number. 

2tJ<3.     Example. — What  is  the  square  root  of  3  ?    Find  the  result 

to  five  decimal  places 

root 
Solution.—  1  8.0  00  O'O  00  on  0(  1.7  3  2  05  +     Ans. 

1  1 

20         200 
7         189 


27  1100 

7  1029 


340  7100 

3  6  9  2  4 


3  4  3  1  7  (!  0  0  0  0 

3  17  3  2  0  2  5 


3  460  27975 

o 


34  62 
2 

346400 
5 

3  4  0  4  0  5 

Explanation. — Annexing  five  periods  of  two  ciphers  each 
to  the  right  of  the  decimal  point,  the  first  figure  of  the  root 
is  1.  To  get  the  second  figure,  we  find  that,  in  dividing 
200  by  20,  it  is  10.     This  is  evidently  t<xi  large. 

Trying  0,  we  add  !)  to  20,  and  multiply  2'.i  by  9,  the  result 
is  2G1,  a  result  which  is  considerably  larger  than  200;  hence, 
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9  is  too  large.  In  the  same  way  it  is  found  that  8  is  also  too 
large.  Trying  7,  7  times  27  is  189,  a  result  smaller  than 
200;  therefore,  7  is  the  second  figure  of  the  root.  The  next 
two  figures,  3  and  2,  are  easily  found.  The  fifth  figure  in 
the  root  is  a  cipher,  since  the  trial  divisor  34,04:0  is  greater 
than  the  new  dividend  17,000.  In  a  case  of  this  kind,  we 
annex  another  cipher  to  34,040,  thereby  making  it  340,400, 
and  bring  down  the  next  period,  making  the  17,000,  1,700,000. 
The  next  figure  of  the  root  is  5,  and  as  we  now  have  five 
decimal  places,  we  will  stop. 

The  square  root  of  3  is,  then,  1.73205  +.     Ans. 

267.     Example. — What  is  the  square  root  of  .3  to  five  decimal 

places  ? 

root 

Solution.—      5  .SO'OO'OO'OO'OO  (  .54772+     Ans. 

_5  25 

100  500 

4  416 


104 
4 

1080 

7 

1087 

7 

10940  28016 

7 


8400 
7609 

79100 
76629 

247100 
219084 

10947    . 

7 

109540 
3 

10  9  5  4  2 

Explanation. — In  the  above  example,  we  annex  a  cipher 
to  .3,  making  the  first  period  .30,  since  every  period  of  a 
decimal,  as  was  mentioned  before,  must  have  two  figures  in 
it.     The  remainder  of  the  work  should  be  perfectly  clear. 

268.  If  it  is  required  to  find  the  square  root  of  a  mixed 
number,    begin   at    the   decimal   point,    and   point   off   the 
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periods   both  ways.     The  manner  of   finding  the  root  will 
then  be  exactly  the  same  as  in  the  previous  cases. 

269.  ]:x AMPLE.— What  is  the  square  root  of  2.'iM.2449  ? 
Solution.—  1  2'5  8.2  4'49  ( 1  C.07    Ans. 

20  1  r,  8 

_6  1_50 

26  22449 

_6  2  2  4  4  9 

3200  0 
7 

3  207 

Explanation. — In  the  above  example,  since  320  is  greater 
tlian  224,  we  place  a  cipher  for  the  third  figure  of  the  root, 
and  annex  a  cipher  to  320,  making  it  3,200.  Then,  bringing 
down  the  next  period  49,  7  is  found  to  be  the  fourth  figure 
of  the  root.  Since  there  is  no  remainder,  the  square  root  of 
258.2440  is  1G.07.     Ans. 

270.  Proof. —  To  prove  square  root,  square  tJte  result 
obtained.  If  t lie  number  is  an  exaet  power,  the  sqiuire  of  the 
root  will  equal  it;  if  it  is  not  an  exaet  power,  the  square  of 
the  root  will  very  nearly  equal  it. 

271.  Kule  I. — Begin  at  units  place,  and  separate  the 
number  into  periods  of  ti(.>o  figures  eaeh,  proceeding  from  left 
to  right  with  the  decimal  part,  if  there  is  any. 

II.  Find  the  greatest  number  whose  square  is  contained  in 
the  first  or  left-hand  period.  Write  this  number  as  the  first 
figure  in  the  root;  also,  write  it  at  the  left  of  the  given 
nutnber. 

Multiply  this  number  at  the  left  by  the  first  figure  of  the 
root,  and  subtract  the  result  from  the  first  period;  then  annex 
the  second  period  to  the  remainder. 

III.  Add  the  first  figure  of  the  root  to  the  number  in  the 
first  column  on  the  left,  and  annex  a  cipher  to  the  result;  this 
is  the  trial  divisor.     Divide  the  dividend  by  the  trial  divisor 
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for  the  second  figure  in  the  root,  and  add  this  figure  to  the 
trial  divisor  to  form  the  complete  divisor.  Multiply  the  com- 
plete divisor  by  the  second  figure  in  the  root,  and  subtract  this 
result  from  the  dividend.  {If  this  result  is  larger  than  the 
dividend,  a  smaller  number  must  be  tried  for  the  second  fig- 
ure of  the  root.)  Noiv  bring  down  the  third  period,  and 
annex  it  to  the  last  remainder  for  a  neiu  dividend.  Add 
the  second  figure  of  the  root  to  the  complete  divisor,  and  annex 
a  cipher  for  a  neiv  trial  divisor. 

IV.  Continue  in  this  manner  to  the  last  period,  after 
wJiicJi,  if  any  additional  places  in  the  root  are  required,  bring 
down  cipher  periods,  and  continue  tJie  operation. 

V.  If  at  any  time  the  trial  divisor  is  not  contained  in  the 
dividend,  place  a  cipher  in  the  root,  annex  a  cipher  to  the 
trial  divisor,  and  bring  dozvn  another  period. 

VI.  If  the  root  contains  an  interminable  decimal,  and  it 
is  desired  to  terminate  the  operation  at  some  point,  say,  the 
fourtJi  decimal  place,  carry  the  operation  one  place  further, 
and  if  the  fifth  figure  is  5  or  greater,  increase  the  fourth 
figure  by  1  and  omit  the  sign  -\-. 

272.  Short  Method. — If  the  number  whose  root  is  to 
be  extracted  is  not  an  exact  square,  the  root  will  be  an  in- 
terminable decimal.  It  is  then  usual  to  extract  the  root  to 
a  certain  number  of  decimal  places.  In  such  cases,  the  work 
may  be  greatly  shortened  as  follows:  Detennine  to  how 
many  decimal  places  the  work  is  to  be  carried,  say  5,  for  ex- 
ample ;  add  to  this  the  number  of  places  in  the  integral  part 
of  the  root,  say  2,  for  example,  thus  determining  the  num- 
ber of  figures  in  the  root,  in  this  case  5  +  3  =  7.  Divide  this 
number  by  2  and  take  the  next  higher  number.  In  the 
above  case,  we  have  7-^2  =  3^;  hence,  we  take  4,  the  next 
higher  number.  Now  extract  the  root  in  the  usual  manner 
until  the  same  number  of  figures  have  been  obtained  as  was 
expressed  by  the  number  obtained  above,  in  this  case  4. 
Then  form  the  trial  divisor  in  the  usual  manner,  but  omit- 
ting to  annex  the  cipher ;  divide  the  last  remainder  by  the  trial 


P2 


ARITIIMIvTIC. 


divisor,  as  in  lonp  division,  olnaininjj:  as  many  fij^iircs  of  the 
quotient  as  there  are  remaininij  fiirnrcs  of  the  rocjt,  in  this 
case  7  —  4  =  3.  The  remainder  so  obtained  is  the  remain- 
injj  fijjures  of  the  root. 

Consider  the  example  in  Art.  2B7.  Here  there  are  5  fig- 
ures in  the  root.  We  therefore  extract  the  root  to  '.]  places 
in  the  usual  manner,  obtaining  .547  for  the  first  three 
root  figures.  The  next  trial  divisor  is  l,(»'.t4  (with  the 
cipher  omitted),  and  the  last  remainder  is  7'.tl.  Then,  791  -r- 
1,(»04  =  .7'23,  and  the  next  two  figures  of  the  root  are  72, 
the  whole  root  being  .54772+.  Always  carry  the  division 
one  place  further  than  desired,  and  if  the  last  figure  is  5  or 
greater,  increase  the  preceding  figure  by  1.  This  method 
should  not  be  used  unless  the  root  contains  five  or  more 
figures. 

Note. — If  the  last  figure  of  the  root  found  in  the  regular  manner  is  a 
cipher,  carry  the  process  one  place  further  before  dividing  as  described 
above. 


EXAMPLES   FOH    I»RACTICE. 


273.      Find  the  square  root  of 

(a)  186,024. 

(^)    2.0.JO,f>-24. 

(r)    29,855,290. 

(d)  .0110964. 

(r)    198.1309. 

(/)  994,009. 

(^)  2.375  to  four  decimal  places. 

(//)   1.625  to  three  decimal  places. 

(/)    .3025. 

(j)  .571428. 

{Jt)   .78125. 


Ans. 


{a)  433. 


(^) 

1,433. 

(0 

5,464. 

('0 

.1081  + 

(^) 

14.0761. 

(/) 

997. 

(aO 

1.5411. 

{/') 

1.275. 

(0 

.55. 

W) 

.7559-1- 

(>(•)  .8839. 


CUBi:    KOOT. 

274.  In  the  same  manner  as  in  the  case  of  square  root, 
it  can  be  shown  that  the  periods  into  which  a  number  is 
divided,  whose  cube  root  is  to  be  extracted,  must  contain 
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three  figures,  except  that  the  first  or  left-hand  period  of  a 
whole  or  mixed  number  may  contain  one,  two,  or  three 
fiofures. 


'& ' 


275.      Example.— What  is  the  cube  root  of  375,741,853,696  ? 

Solution. — 

(1)  (3)  (3)         root 

7  4  9  375'7  41'853'G96(  72  16  Ans. 

7  9  8  8  4  3 


14        14700  32741 

7  424  30248 


210       15124  2493853 

2         428  1557361 


212       1555200  936492696 

2  2161  936492696 


214       1557361  0 

2  2162 


2160      15  5  952300 
1         129816 


2161      156082116 
1 


2162 
1 

21630 
6 

21636 

Explanation. —  Write  the  work  in  three  columns  as 
follows :  On  the  right  place  the  number  whose  cube  root  is  to 
be  extracted,  and  point  it  off  into  periods  of  three  figures  each. 
Call  this  column  (3).  Find  the  largest  number  whose  cube 
is  less  than  or  equal  to  the  first  period,  in  this  case  7.  Write 
the  7  on  the  right,  as  shown,  for  the  first  figure  of  the  root, 
and  also  on  the  extreme  left  at  the  head  of  column  (1). 
Multiply  the  7  in  column  (1)  by  the  first  figure  of  the  root 
7,  and  write  the  product  49  at  the  head  of  column  (2). 
Multiply  the  number  in  column  (2)  by  the  first  figure  of  the 
root  7,  and  write  the  product  343  under  the  figures  in  the 
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first  period.  Subtract  and  bring  down  the  ne.xt  period,  ob- 
taining .^2,741  for  the  dividend.  Add  the  first  figure  of  the 
root  to  the  number  in  column  (1),  obtaining  14,  which  call 
the  first  correction.  Multiply  the  first  correction  by  the 
first  figure  of  the  root,  add  the  product  to  the  number  in 
column  (2),  and  obtain  147.  Add  the  first  figure  of  the 
root  to  the  first  correction,  and  obtain  21,  which  call  the 
second  correction.  Annex  tivo  ciphers  to  the  number  in 
column  (2),  and  obtain  14,700  for  the  trial  divisor;  also,  annex 
one  cipher  to  the  second  correction,  and  obtain  210.      Divi- 

32741 
dingthedividendby  the  trial  divisor,  we  obtain  — ^-r — -  =  2 +, 
6  ^  '  14700 

and  write  the  2  as  the  second  figure  of  the  root.  Add  the 
2  to  the  second  correction,  and  obtain  212,  which,  multiplied 
by  the  second  figure  of  the  root,  and  added  to  the  trial 
divisor,  gives  15,124,  the  complete  divisor.  This  last  result, 
multiplied  by  the  second  figure  of  the  root  and  subtracted 
from  the  dividend,  gives  a  remainder  of  2,493.  Annexing 
the  third  period,  we  obtain  2,493,853  for  the  new  dividend. 
Adding  the  second  figure  of  the  root  to  the  number  in 
column  (1),  we  get  214  as  the  new  first  correction;  this,  multi- 
plied by  the  second  figure  of  the  root  and  added  to  the  trial 
divisor,  gives  15,552.  Adding  the  second  figure  of  the  root 
to  the  first  new  correction  gives  210  as  the  second  new 
correction.  Annexing  two  ciphers  to  the  number  in  column 
(2)  gives  1,555,200,  the  new  trial  divisor.  Annexing  one 
cipher  to  the  second  new  correction  gives  2,1G0.  Divi- 
ding the  new  dividend  by  the  new  trial  divisor,  we  obtain 

2493S53 

'^^-^ '—  =  14-,  and  write  1  as  the  third  figure  of  the  root. 

1555200  ^'  ** 

The  remainder  of  the  work  should  be  perfectly  clear  from 

what  has  preceded, 

27f>.  In  extracting  the  cube  root  of  a  decimal,  proceed 
as  above,  taking  care  that  each  period  contains  three  figures. 
Begin  the  pointing  off  at  the  decimal  point,  going  towards 
the  right.  If  the  last  period  does  not  contain  three  figures, 
annex  ciphers  until  it  does. 
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277.     Example. 

—What  is  the  cube  root  of  .009129329  ? 

root 

Solution. —  2 

4 

.009'129'329(.209 

2 
4 

8 
120000 

8 
1129329 

2 

5481 

1129329 

600 

125481 

0 

9 

609 
Explanation. — Beginning  at  the  decimal  point,  and  point- 
ing off  as  shown,  the  largest  number  whose  cube  is  less  than 
9  is  seen  to  be  2;  hence,  2  is  the  first  figure  of  the  root. 
When  finding  the  second  figure,  it  is  seen  that  the  trial  divi- 
sor 1,200  is  greater  than  the  dividend;  hence,  write  a  cipher 
for  the  second  figure  of  the  root;  bring  down  the  next  period 
to  form  the  new  dividend ;  annex  two  ciphers  to  the  trial 
divisor  to  form  a  new  trial  divisor;  also,  annex  one  cipher  to 
the  60  in  column  (1).      Dividing  the  new  dividend  by  the  new 

1129329 
trial  divisor,  we  get  =  9  -f-,  and  write  9  as  the  third 

figure  of  the  root.     Complete  the  work  as  before. 
278.      Example.— What  is  the  cube  root  of  78,292.892952  ? 

Solution. —  root 

4  16  7  8'2  9  2.8  9  2'9  5  2  (4  2.7  8 

4  33  6^ 

8  4800  14292 

4  244  ■  10088 

iTo  5044           4  2  0  4  8  9  2 

2  248           3766483 


122  529200  43  8  409953 

2  8869  438409952 

T2I  5  3  8  0  6  9  0 

2  8918 


1260        546  9  8700 

7  10  2  5  4  4 

1267        54801244 

7 

1274 

7 

12810 

8 

13819 
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ExpLANATTOX. — Siiicc  wc  Ikivc  .1  mixcd  number,  begin 
at  the  decimal  point  and  point  oflf  periods  of  three  fij^ures 
each,  in  both  directions.  The  first  period  contains  but  two 
figures,  and  the  largest  number  whose  cube  is  less  than  78  is 
4;  consc(iuently,  4  is  the  first  figure  of  the  root.  The  re- 
mainder of  the  work  should  be  perfectly  clear.  When  divi- 
ding the  dividend  by  the  trial  divisc^r  for  the  third  figure  of 
the  root,  the  quotient  was  8  +  ;  but,  on  trying  it,  it  was  found 
that  8  was  too  large,  the  complete  divisor  being  considerably 
larger  than  the  trial  divisor.  Therefore,  7  was  used  instead 
of  8. 

279.      Example.— What  is  the  cube  root  of  5  to  five  decimal  places? 

Solution. —  root 

1  1  5.000000000000'000(1.70997-h 

1  3  !_ 

2  300        4000 
1  2_59        3013 

80  559  87000000 

7  3^  78443829 

87  8670000  85  5()1710n0 

7           4  5  9  81  7  8  8  9  9  9  2  2  9  9 


44         8715981        666178701000 
7  4G0G3        614014317978 


5100      876204300      52164383087 
9  4  6  15  11 


5109      87666  5  811 
9  4  6  15  9  3 


5118      87712740300 
9  3590839 


512  70     87716331139 
9 


51279 
9 

51288 
9 

512970 
7 

5  12  9  7  7 
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Explanation. — In  the  preceding  example  we  annex  five 
periods  of  cipliers,  of  three  ciphers  each,  to  the  5  for  the 
decimal  part  of  the  root,  placing  the  decimal  point  between 
the  5  and  the  first  cipher.  Since  it  is  easy  to  see  that  the 
next  figure  of  the  root  will  be  5,  we  increase  the  last  figure 
by  1,  obtaining  1.70998  for  the  correct  root  to  5  decimal 
places.     Ans. 

280.  Example. — What  is  the  cube  root  of  .5  to  four  decimal 
places  ? 

Solution. — 

root 
7         49         .50  0'0  00'00  0'000(.79  37  + 
7         98         343 


14        14700        157000 
7         1971        150039 


210       16671  6  9  61000 

9        2052  5638257 


219       1872300       1322743000 
9  7119       1321748953 


228       1879419  994047 

9  7128 


2370      188654700 
3         166579 


2373      188821279 
3 


2376 
3 

23790 

7 

23797 


Explanation. — In  the  above  example  we  annex  two 
ciphers  to  the  .5  to  complete  the  first  period,  and  three 
periods  of  three  ciphers  each.  The  cube  root  of  500  is  7; 
this  we  write  as  the  first  figure  of  the  root.  The  remainder 
of  the  work  should  be  perfectly  plain  from  the  explanations 
of  the  preceding  examples. 
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2S1>      Example. — What  is  ihc  cube  root  of  .0!i  to  four  decimal 
places  ? 

Solution. — 

roor 

3  9         .05  0'000'000'0  0  0(.3  6  84  + 


3         18 


o 


6         2700         23000 
3  5  7  6         19  6  5  6 


90        3276  3344000 

6         612  3180032 


9  6  3  8  8  8  0  0  1  6  3  !M;  8  0  0  0 

6  8704  162  68  5  504 

"^"02  397504  1382496 

6  8768 


1080  40627200 
8  44176 

1088  40671376 
8 


1096 
8 

11040 
4 

1  1044 

282.  Proof. —  To  prove  cube  root,  cube  the  result  ob- 
tained. If  the  given  number  is  an  exaet  power,  the  cube  of 
the  root  will  equal  it ;  if  not  an  exact  power,  the  cube  of  the 
root  will  very  nearly  equal  it. 

283.  Kulc  I. — Arrange  the  work  in  three  columns, 
placing  the  number  whose  cube  root  is  to  be  extracted  in  the 
third  or  right-hand  column.  Begin  at  units  place,  and  sep- 
arate the  number  into  periods  of  three  figures  each,  proceed- 
ing from  the  decimal  point  towards  the  right  with  the 
decimal  part,  if  there  is  any. 

II.  Find  the  greatest  number  whose  cube  is  not  greater 
than  the  number  in  the  first  period.  Write  this  number  as 
the  first  figure  of  the  root ;  also,  write  it  at  the  head  of  the 
first  column.  Multiply  the  number  in  the  first  column  by  the 
first  figure  in  the  root^  and  write  the  result  in  the  second 
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column.  Multiply  the  munbcr  in  the  second  column  by  the 
first  figure  of  the  root ;  subtract  the  product  from  the  first 
period,  and  annex  the  second  period  to  the  remainder  for  a 
new  dividend ;  add  the  first  figure  of  tJie  root  to  the  number 
in  the  first  column  for  the  first  correction.  Multiply  the 
first  correction  by  the  first  figure  of  the  root,  and  add  the 
product  to  the  number  in  tJie  second  column.  Add  the  first 
figure  of  the  root  to  the  first  correction  to  form  the  second 
correction.  Annex  one  cipher  to  the  second  correction,  and 
two  ciphers  to  the  last  number  in  the  second  column  ;  the  last 
number  in  the  second  colunui  is  the  trial  divisor. 

III.  Divide  the  dividend  by  the  trial  divisor  to  find  the 
second  figure  of  the  root.  Add  the  second  figure  of  the  root 
to  the  number  in  the  first  column,  multiply  the  sum  by  the 
second  figure  of  the  root,  and  add  the  result  to  the  trial  divi- 
sor to  form  the  complete  divisor.  Multiply  the  complete  divi- 
sor by  the  second  fig2ire  of  the  root,  subtract  the  result  from 
the  dividend  in  the  third  column,  and  annex  the  third  period 
to  the  remainder  for  a  nezu  dividend.  Add  the  secojtd  figure 
of  the  root  to  the  number  in  the  first  column  to  form  the  first 
correction  ;  multiply  the  first  correction  by  the  second  figure 
of  the  root,  and  add  tJie product  to  the  complete  divisor.  Add 
the  second  figure  of  the  root  to  the  first  correction  to  form  the 
second  correction.  Annex  one  cipher  to  the  second  correction, 
and  two  ciphers  to  the  last  number  in  the  seco?id  column  to 
form  the  new  trial  divisor. 

IV.  If  there  are  more  periods  to  be  brought  down, proceed 
as  before.  If  there  is  a  remainder  after  the  root  of  the  last 
period  has  been  found,  annex  cipJter  periods,  and  proceed  as 
before.      TJie  figures  of  the  root  thus  obtained  will  be  decimals. 

V.  If  the  root  contains  an  interminable  decimal,  and  it  is 
desired  to  terminate  the  operation  at  some  point,  say  the 
fourth  decimal  place,  carry  the  operation  one  place  fcrther, 
and  if  the  fifth  figure  is  5  or  greater,  increase  the  fourth 
figure  by  1  and  omit  tJie  sign  -j-. 

284.  Art.  272  can  be  applied  to  cube  root  (or  any 
other  root)  as  well  as  to  square  root.     Thus,  in  the  example, 
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Art.  279,  there  are  to  be  5  +  1  =  6  figures  in  the  root. 
Extracting  the  root  in  the  usual  manner  to  i\  -;-  2  =  3,  say  4 
figures,  we  get  for  the  first  four  figures  1,T()9.  The  last 
remainder  is  8,550,171,  and  the  next  trial  divisor,  with  the 
ciphers  omitted,  is  8,702,043.  Hence,  the  next  two  figures  of 
the  root  are  8,550,171  -^  8,762,043  =  .976,  say  .98.  Therefore, 
the  root  is  1.70998.  

KOOrs  OF  I  INACTIONS. 
2H5.  If  the  given  number  is  in  the  form  of  a  fraction, 
and  it  is  required  to  find  some  root  of  it,  the  simplest  and 
most  exact  method  is  to  reduce  the  fraction  to  a  decimal 
and  extract  the  recpiired  root  of  the  decimal.  If,  however, 
the  numerat<ir  and  denominator  of  the  fraction  are  perfect 
powers,  extract  the  required  root  of  each  separately,  and 
write  the  root  of  the  numerator  for  a  new  numerator,  and 
the  root  of, the  denominator  for  a  new  denominator. 

2H6.      Example. — What  is  the  square  root  of  ^f  ? 

4/64 

287.      Example. — What  is  the  square  root  of  f  ? 
Solution.— Since  i  =  .62."),    i^=  ^.62-',  =  .7900.     Ans. 

2SS.     Example. — What  is  the  cube  root  of  f  J  ? 

//27       l^ 

Solution. —  V  ~ai  = =  5-     Ans. 

^    ^^       4^64 

289.     Example. — What  is  the  cube  root  of  i  ? 

Solution.— Since  i  =  .2,'5,  ^  =  ^^25"=  .62996  +.     Ans. 

29().  Hiilc. — Extract  tJie  required  root  of  the  numerator 
and  lieuouiinator  separately  ;  or,  reduce  the  fraction  to  a  deci- 
inal,  and  extract  the  root  of  the  decimal. 


Solution. —  r    64  ~  TrSi  —  I-     •^"^• 


KXAMPLKS   FOR   PRACTICE. 

21")  I  .      Find  the  cube  root  of 

(")  sV.- 

(/')  2  ti>  five  decimal  places. 


i*^)  I- 

{f>)  1.2.')992- 


(0  4. 180,769, iy2. 402  to  five  decimal  places.  {t)   1.61().962;W. 


('•)  I- 


(</)  .8862+. 
(.•)  .7211+. 


(/)  .'iir>.229.78Jy02144  to  three  decimal  places.  L  (/)  80.064. 
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TO  EXTRACT  OTHER  ROOTS  THAN  THE 
SQUARE  AND  CUBE  ROOTS. 

292.  Example.— What  is  the  fourth  root  of  256  ? 
Solution.—  ^2m  =  16. 

'/T6  =  4. 
Therefore,  |/256  =  4.     Ans. 

In  this  example,  |/25(i,  the  index  is  4,  which  equals  2x2. 
The  root  indicated  by  2  is  the  square  root;  therefore,  the 
square  root  is  extracted  twice. 

293.  Example.— What  is  the  sixth  root  of  64  ? 
Solution. —  |/'64  =8. 

#^8  =  2. 
Therefore,  |/ 64=  2.     Ans. 

In  this  example,  |/g4,  the  index  is  G,  which  equals  2  X  3. 
The  root  indicated  by  3  is  the  cube  root;  therefore,  the 
square  and  cube  roots  are  extracted  in  succession. 

294.  Rule. — Separate  the  index  of  t lie  required  root  into 
its  factors  {2's  and  3's),  and  extract  successively  the  roots  in- 
dicated by  the  several  factors  obtained.  The  final  result  zuill 
be  the  reqtiircd  root. 

295.  Example.— What  is  the  sixth  root  of  92,873,580  to  two 
decimal  places  ? 

Solution.—  6  =  3x2.  Hence,  extract  the  cube  root,  and  then 
extract  the  square  root  of  the  result.  ^92,873,580  =  452.8601,  and 
4/452.8601  =  21.28+.     Ans. 

296.  It  matters  not  which  root  is  extracted  first,  but  it 
is  probably  easier  and  more  exact  to  extract  the  cube  root 
first. 


EXAMPLES   FOR  PRACTICE. 

297.      Extract  the 

{a)     Fourth  root  of  100.  j  («)  3.16227+. 

{h)     Fourth  root  of  3,049,800,625.         Ans.  -J  {b)     235. 
{c)     Sixth  root  of  9,474,296,896.  (  (J)     46. 
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RATIO. 

298.  Suppose  that  it  is  desired  to  compare  two  num- 
bers, say  20  and  4.  If  we  wish  to  know  how  many  times 
larger  20  is  than  4,  we  divide  20  by  4  and  obtain  5  for  the 
quotient;  thus,  20-f-4  =  5.  Hence,  we  say  that  20  is  5 
times  as  large  as  4,  i.  c.,  20  contains  5  times  as  many  units 
as  4.  Again,  suppose  we  desire  to  know  what  part  of  20  is 
4.  Wc  then  divide  4  by  20  and  obtain  J;  thus,  4-^20=  \, 
or  .2.  Hence,  4  is  ^  or  .2  of  20.  This  operation  of  compar- 
ing two  numbers  is  ievvwiid  Jin  ding  the  ratio  of  the  two  num- 
bers. Ratio,  then,  is  a  comparison.  It  is  evident  that  the 
two  numbers  to  be  compared  must  be  expressed  in  the 
same  unit;  in  other  words,  the  two  numbers  must  both 
be  abstract  numbers  or  concrete  numbers  of  the  same  kind. 
For  example,  it  would  be  absurd  to  compare  20  horses  with 
4  birds,  or  20  horses  with  4.  Hence,  ratio  may  be  de- 
fined as  a  comparison  between  two  numbers  of  the  same 
kind. 

299.  A  ratio  may  be  expressed  in  three  ways;  thus,  if 
it  is  desired  to  compare  20  and  4,  and  express  this  compari- 
son as  a  ratio,  it  may  be  done  as  follows:  20-7-4;  20  :  4,  or 

20 

-— .     All  three  are  read  the  ratio  of  20  to  4.     The  ratio  of 

4 

A 

4  to  20    would    be    expressed    thus:    4-^20;    4:20,   or—. 

The  first  method  of  expressing  a  ratio,  although  correct,  is 
seldom  or  never  used ;  the  second  form  is  the  one  oftenest 
met  with,  while  the  third  is  rapidly  growing  in  favor,  and  is 
likely  to  supersede  the  second.  The  third  form,  called  the 
fractional  form,  is  preferred  by  modern  mathematicians, 
and  possesses  great  advantages  to  students  of  Algebra  and 
of  higher  mathematical  subjects.  The  second  form  seems 
to  be  better  adapted  to  arithmetical  subjects,  and  is  one  we 
shall  ordinarily  adopt.  There  is  still  another  way  of  express- 
ing a  ratio,  though  seldom  or  never  used  in  the  case  of  a 
simple  ratio  like  that  given  above.  Instead  of  the  colon,  a 
straight  vertical  line  is  used ;  thus,  20  |  4. 
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300.  The  terms  of  a  ratio  are  the  two  numbers  to  be 
compared ;  thus,  in  the  above  ratio,  20  and  4  are  the  terms. 
When  both  terms  are  considered  together,  they  are  called  a 
couplet ;  when  considered  separately,  the  first  term  is 
called  the  antecedent,  and  the  second  term  the  conse- 
quent. Thus,  in  the  ratio  20  :  4,  20  and  4  form  a  couplet, 
and  20  is  the  antecedent,  and  4  the  consequent. 

301.  A  ratio  may  be  direct  or  inverse.  The  direct 
ratio  of  20  to  4  is  20  :  4,  while  the  inverse  ratio  of  20  to  4  is 
4  :  20.  The  direct  ratio  of  4  to  20  is  4  :  20,  and  the  inverse 
ratio  is  20  :  4.  An  inverse  ratio  is  sometimes  called  a 
reciprocal    ratio.      The    reciprocal    of    a    number    is    1 

divided  by  the  number.     Thus,  the  reciprocal  of  17  is  — ; 

of  f  is  1-^|-  =  |;  i.e.,   the  reciprocal  of  a  fraction    is  the 
fraction  inverted.      Hence,  the  inverse  ratio  of  20  to  4  may 

be  expressed  as  4  :  20,  or  as  —  :  — .     Both  have  equal  values ; 


20   ■   4  ~  20  ^  1 


for,  4  -  20  =  i,  and  -  -  -  =  -  X  T  =  i- 


302.  The  term  vary  implies  a  ratio.  When  we  say 
that  two  numbers  vary  as  some  other  two  numbers,  we 
mean  that  the  ratio  between  the  first  two  numbers  is  the 
same  as  the  ratio  between  the  other  two  numbers. 

303.  The  value  of  a  ratio  is  the  result  obtained  by 
performing  the  division  indicated.  Thus,  the  value  of  the 
ratio  20:4  is  5,  it  is  the  quotient  obtained  by  dividing  the 
antecedent  by  the  consequent. 

304.  By  expressing  the  ratio  in  the  fractional  form,  for 

20 
example,  the   ratio  of  20  to  4  as  — ,  it  is  easy  to  see,   from 

the  laws  of  fractions,  that  if  both  terms  be  multiplied,  or 
both  divided  by  the  same  number,  it  will  not  alter  the  value 
of  the  ratio.     Thus, 

20  _  20  X  5  _  100  ^    ^^  20  _  20  ^  4  _  5 
4~4X5~20'^"     4"~4-^4~l' 
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'i()5.  It  is  also  evident,  from  the  laws  of  fractions,  that 
multiplying  the  antecedent  or  dividing  the  consecjuent  mul- 
tiplies the  ratio;  and  dividing  the  antecedent  or  multiplying 
the  consequent  divides  the  ratio. 

r{()(>.  When  a  ratio  is  expressed  in  words,  as  the  ratio  of 
20  to  4,  the  first  number  named  is  always  regarded  as  the 
antecedent  and  the  second  as  the  consequent,  without 
regard  t(^  whether  the  ratio  itself  is  direct  or  inverse.  Winn 
not  othcrti'isc  specified,  all  ratios  arc  understood  to  be  direct. 
To  express  an  inverse  ratio,  the  simplest  way  of  doing  it  is 
to  express  it  as  if  it  were  a  direct  ratio,  with  the  first  num- 
ber named  as  the  antecedent,  and  then  transpose  the  ante- 
cedent to  the  place  occupied  by  the  consequent  and  the 
consequent  to  the  place  occupied  by  the  antecedent ;  or  if 
expressed  in  the  fractional  form,  invert  the  fraction.  Thus, 
to  express  the  inverse  ratio  of  20  to  4,  first  write  it  20:4,  and 

20 
then,  transposing  the  terms,  as  4  :  20;  or  as  — ,  and  then  in- 

4 

4 
verting  as  — .     Or,  the  reciprocals  of  the  numbers  may  be 

taken,  as  explained  above.     To  invert  a  ratio  is  to  trans- 
pose its  terms.  

KXAMPLKS   FOR   I>RACTICE. 

3C)7.      What  is  the  value  of  the  ratio  of 
{a)     98  to  49  ? 


{b)  $45  to  $9  ? 

(r)  Gitof? 

{d)  3.5  to  4.5? 

(*•)  The  inverse  ratio  of  70  to  19  ? 

(/)  The  inverse  ratio  of  49  to  98  ? 

(^)  The  inverse  ratio  of  18  to  24  ? 

(/;)  The  inverse  ratio  of  9  to  15  ? 

(/)  The  ratio  of  10  to  :i,  multiplied  by  3  ? 

(y )  The  ratio  of  35  to  49,  mulliplictl  by  7  ? 

(/{•)  The  ratio  of  18  to  04.  divided  by  9  ? 

(/)  The  ratio  of  14  to  28,  divided  by  5  ? 


Ans. 


(«) 

2. 

(^) 

5. 

(0 

12i 

('/) 

.77j 

('•) 

i- 

(/) 

2. 

(io 

H. 

(>i) 

l|. 

(/) 

10. 

(» 

5. 

Kk) 

A 

(/) 

^- 

\- 


308.     Instead  of  expressing  the  value  of  a  ratio  by  a 
single   number,  as  above,   it  is  customary  to  express  it  by 
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means  of  another  ratio  in  which  the  consequent  is  1.     Thus, 

suppose  that  it  is  desired  to  find  the  ratio  of  the  weights  of 

two  pieces  of  iron,  one  weighing  45  pounds  and  the  other 

weighing  30  pounds.     The  ratio  of  the  heavier  to  the  lighter 

is  then  45  :  30,  an  inconvenient  expression.     Using  the  frac- 

45 
tional  form,  we  have  — .     Dividing  both  terms  by  30,  the 

1 
as  obtained  above,  for  1^  -^  1  =  1|,  and  45  ^  30  =  1|. 


consequent,  we  obtain  -^  or  14-  :  1.     This  is  the  same  result 


form,  it  becomes-;— ,  and  the  cube  is  (——)  =——=105'  :  63 
DO  \  oo  /         bo 


309.  A  ratio  may  be  squared,  cubed,  or  raised  to  any 
power,  or  any  root  of  it  may  be  taken.  Thus,  if  the  ratio  of 
two  numbers  is  105  :  03,  and  it  is  desired  to  cube  this  ratio, 
the  cube  may  be  expressed  as  105'  :  63".  That  this  is  correct 
is  readily  seen;  for,   expressing  the  ratio  in  the  fractional 

Also,  if  it  is  desired  to  extract  the  cube  root  of  the  ratio 
105'  :  63',  it  may  be  done  by  simply  dividing  the  exponents 
by  3,  obtaining  105  :  63.  This  may  be  proved  in  the  same 
way  as  in  the  case  of  cubing  the  ratio.     Thus,  105'  :  03'  = 

310.  Since  (^)'=  (^)\  it  follows  that  105'  :  03'  = 

5'  :  3'  (this  expression  is  read:  the  ratio  of  105  cubed  to  03 
cubed  equals  the  ratio  of  5  cubed  to  3  cubed),  it  follows 
that  the  antecedent  and  consequent  may  always  be  multi- 
plied or  divided  by  the  same  number,  irrespective  of  any 
indicated  powers  or  roots,  without  altering  the  value  of  the 
ratio.  Thus,  24^  :  IS''  =  4^  :  3\  For,  performing  the  opera- 
tions indicated  by  the  exponents,  24'  =  570  and  IS''  =  324. 
Hence,  570  :  324  =  If  or  1|  :  1.  Also,  4'  =  10  and  3'  =  9; 
hence,  10  :  9  =  l|orl|  :  1,  the  same  result  as  before.     Also, 


^^    •  ^^   -  IS^  -  iisj  -  I3  j  -  3^ 
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The  statement  may  be  proved  for  roots  in  the  same  man- 
ner. Thus,  -^'aT*  :  ^Tb'  =  ^'  :  v^'.  For  the  ^W  =  24 
and  4'^^'  =  18;  and,  24  :  18  =  IJ  or  H  :  1.  Also,  i^i^=  4 
and  4"  :r  =  3 ;  4  :  3  =  H  or  1^  :  1. 

Note.  —  If  the  numbers  composing  the  antecedent  and  consequent 

have  different  exponents,  or  if  different  roots  of  those  numbers  are 

indicated,  the  oi>erations  described  in  Art.  UK)  cannot  be  performed. 

This  is  evident;  for,  consider  the  ratio  4-  :  .S'.     When  expres.sed  in  the 

4'  /4  \' 

fractional  form,  it  becomes  — ,  which  cannot  be  expressed  either  as  f  jr-  j 

/4  \* 

I  —  I  ,  and,  hence,  cannot  be  reduced  as  described  above. 


eras 


PROPORTION. 

311.  Proportion  is  an  equality  of  ratios,  the  equality 
being  indicated  by  the  double  colon  (:: )  or  by  the  sign  of 
equality  (  =  ).  Thus,  to  write  in  the  form  of  a  proportion 
the  two  equal  ratios,  8:  4  and  G:  3,  which  both  have  the  same 
value  2,  we  may  employ  one  of  the  three  following  forms: 

8  :  4  ::  0  :  3  (1) 

8  :  4  =  G  :  3  (2) 

i=-^  (3) 

4      3  ^  ' 

312.  The  first  form  is  the  one  most  extensively  used, 
by  reason  of  its  having  been  exclusively  employed  in  all  the 
older  works  on  mathematics.  The  second  and  third  forms 
are  being  adopted  by  all  modern  writers  on  mathematical 
subjects,  and,  in  time,  will  probably  entirely  supersede  the 
first  form.  In  this  paper  we  shall  adopt  the  second  form, 
unless  some  statement  can  be  made  clearer  by  using  the 
third  form. 

313.  A  proportion  may  be  rr^-^  in  two  ways.  The  old 
way  to  read  the  above  proportion  was — S  ts  to  J^  as  G  ts  to  3  ; 
the  new  way  is — t/ic  ratio  of  S  to  4  equals  the  ratio  of  6  to  S. 
The  student  may  read  it  either  way,  but  we  recommend  the 
latter. 

314.  Each  ratio  of  a  proportion  is  termed  a  couplet. 
In  the  above  proportion,  8:4  is  a  couplet,  and  so  is  6:  3. 
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315.  The  numbers  forming-  the  proportion  are  called 
terms ;  and  they  are  numbered  consecutively  from  left  to 
right,  thus: 

first   second   third  fourth 

8:4=6:3 
Hence,  in  any  proportion,  the  ratio  of  the  first  term  to 
the  second  term  equals  the  ratio  of  the  third  term  to  the 
fourth  term. 

316.  The  first  and  fourth  terms  of  a  proportion  are 
called  the  extremes,  and  the  second  and  third  terms,  the 
means.  Thus,  in  the  foregoing  proportion,  8  and  3  are  the 
extremes  and  4  and  G  are  the  means. 

317.  A  direct  proportion  is  one  in  which  both 
couplets  are  direct  ratios. 

318.  An  inverse  proportion  is  one  which  requires 
one  of  the  couplets  to  be  expressed  as  an  inverse  ratio. 
Thus,  8  is  to  4  inversely  as  3  is  to  G  must  be  written  8  :  4= 
6  :  3;  i.  e.,  the  second  ratio  (couplet)  must  be  inverted. 

319.  Proportion  forms  one  of  the  most  useful  sections 
of  Arithmetic.  In  our  grandfathers'  Arithmetics,  it  was 
called  "  The  rule  of  three." 

320.  Rule  I. — In  any  proportion,  the  product  of  the 
extremes  equals  the  product  of  the  means. 

Thus,  in  the  proportion, 

17  :  51  =  14  :  42. 
17  X  42  =  51  X  14,  since  both  products  equal  714. 

321.  Rule  II. — The  product  of  the  extremes  divided  by 
either  mean  gives  the  other  mean. 

Example. — What  is  the  third  term  of  the  proportion  17  :  51  =     :  43  ? 
Solution.— Applying  rule  II,  17  X  43  =  714,  and  714  h-  51  =  14.  Ans. 

322.  Rule  III. —  The  product  of  the  means  divided  by 
either  extreme  gives  the  other  extreme. 

Example. — What  is  the  first  term  of  the  proportion     :  51  =  14  :  43? 

Solution.— Applying  rule  III,  51  x  14  =  714.  and  714  -f-  43  =  17. 
Ans. 
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323.  When  staling  a  proportion  in  which  one  of  the 
terms  is  unknown,  represent  the  missing  term  by  a  letter, 
as  X.     Thus,  the  last  example  would  be  written, 

X  :  h\  =  U  :  42 

and  for  the  value  of  x  we  have  x  =  '- — — —  =17, 

42 

324.  If  the  same  (addition  and  subtraction  excepted) 
operations  be  performed  upon  a//  of  the  terms  of  a  propor- 
tion, the  proportion  is  not  thereby  destroyed.  In  other 
words,  if  all  of  the  terms  of  a  proportion  be  (1)  multiplied 
or  {'i)  divided  by  the  same  number;  (3)  if  all  the  terms  be 
raised  to  the  same  power;  if  (4)  the  same  root  of  all  the 
terms  be  taken,  or  (5)  if  both  couplets  be  inverted,  the  pro- 
portion still  holds.  We  will  prove  these  statements  by  a 
numerical  example,  and  the  student  can  satisfy  himself  by 
other  similar  ones.  The  fractional  form  will  be  used,  as  it 
is  better  suited  to  the  purpose.  Consider  the  proportion 
8:4=0:3.      Expressing  it  in  the  third  form,  it  becomes 

8      6 

j=— .     What  we  are  to  prove   is  that,    if  any  of  the  five 

operations  enumerated  above  be  performed  upon  all  of  the 
terms  of  this  proportion,  the  first  fraction  will  still  equal 
the  second  fraction. 

8x7 

1.      Multiplying  all  the  terms  by  any  number,  say  7, = 

G  X  7  5G        42      „        50        ...  ,    42      . 

the  value  of  either  ratio  is  2,  and  the  same  is  true  of  the 
original  proportion. 


2.     Dividing  all  the  terms  by  any  number,  say  7, 


8-^7 


4-4-7 


6-^7  t4o^8       4.  ,0       3-,        ^, 

T^r^  '  "^^  l  =  i     But  y  --  ■;^  =  2,  and  y  --  -  =  2  also,  the 

same  as  in  the  original  proportion. 

3.      Raising  all  the  terms  to  the  same  power,  say  the  cube, 

7"i  =  :7v     This  is  evidently  true,   since  — ,  =  (  M  =  2'  =  8, 
and|[=  (!)'=  2'  =  8  also. 
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4.  Extracting  the  same  root  of  all  the  terms,  say  the  cube 

3/ —  ^/ — 

root.  %^=  =  r^.      It    is   evident    that  this  is  likewise    true, 
^       4/3 

.        ^S         3/"8        3^        ^i^G         3/"6        ,,^    ^ 
since  iq  =  V  4  =  '^,  and  ^  =  y  ^  =  f2  also. 

5.  Inverting  both  couplets,  77=7;,  which  is  true,  since 
both  equal  ^. 

325.  If  both  terms  of  either  couplet  be  multiplied  or 
both  divided  by  the  same  number,  the  proportion  is  not  de- 
stroyed. This  should  be  evident  from  the  preceding  article, 
and  also  from  Art.  304.  Hence,  in  any  proportion,  equal 
factors  may  be  canceled  from  the  terms  of  a  couplet,  before 
applying  rules  II  or  III.  Thus,  the  proportion  45:  9  =  a': 
7.1,  we  may  divide  both  terms  of  the  first  couplet  by  9  (that 
is,  cancel  9  from  both  terms),  obtaining  5 :  1  =  -i":  7.1,  whence 
;ir  =  7.1  X  5  -^  1  =  35.5.      (See  note  in  Art.  310.) 

326.  The  principle  of  all  calculations  in  proportion  is 
this :  TJiree  of  the  terms  are  always  giveri^  and  the  remain- 
ing one  is  to  be  found. 

327.  Example. — If  4  men  can  earn  $25  in  one  week,  how  much 
can  12  men  earn  in  the  same  time  ? 

Solution. — The  required  term  must  bear  the  same  relation  to  the 
given  term  of  the  same  kind  as  one  of  the  remaining  terms  bears  to 
the  other  remaining  term.  We  can  then  form  a  proportion  by  which 
the  required  term  may  be  found. 

The  first  question  the  student  must  ask  himself  in  every  calculation 
by  proportion  is  : 

"What  is  it  I  want  to  find  ?  " 

In  this  case  it  is  dollars.     We  have  two  sets  of  men,  one  set  earning 

$25,  and  we  want  to  know  how  many  dollars  the  other  set  earns.     It  is 

evident  that  the  amount  12  men  earn  bears  the  same  relation  to  the 

amount  that  4  men  earn  as  12  men  bears  to  4  men.     Hence,  we  have  the 

proportion,  the  amount  12  men  earn  is  to  $25  as  12  men  is  to  4  men ; 

or,  since  either  extreme  equals  the  product  of  the  means  divided  by  the 

other  extreme,  we  have 

The  amount  12  men  earn  :  $25  ===  12  men  :  4  men, 

$25  X  12 
or  the  amount  12  men  earn  =  -^^^—. =  $75.     Ans. 
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Since  it  matters  not  which  place  .r  or  the  retjuired  term  occupies,  the 
problem  could  be  staled  as  any  of  the  follnwinj^  forms,  the  value  of  .r 
being  the  same  in  each  : 

(a)    $25  :  the  amount    12   men    earn  =  4  men  :   12  men  ;    or   the 

825  X  1 2 
amount  12  men  earn  =  —-7 — ,  or  $75,   since  either   mean  equals 

the  product  of  the  extremes  divided  by  the  other  mean. 

(d)     4  men  :  12  men  =  $25  :   the    amount   12   men   earn  ;    or    the 

825  X  12 

amount   that   12  men   earn  = -. ,  or    $75,    since  either  extreme 

4 

equals  the  product  of  the  means  divided  by  the  other  extreme. 

(<■)     12    men  :  4    men  =  the    amount    12  men    earn  :  $25  ;    or    the 

$25  X  12 
amount  that  12  men  earn  =  -^^— j — -,  or  §75,  since  either  mean  equals 

4 

the  product  of  the  extremes  divided  by  the  other  mean. 

328.  If  the  proportion  is  an  inverse  one,  first  form  it 
as  though  it  were  a  direct  proportion,  and  then  invert  one 
of  the  couplets. 


EXAMPLES   FOR   PRACTICE. 
320.      Find  the  value  of  .r  in  each  of  the  following: 
(a)     §16  :  §04  ::  .r  :  §4. 
(d)     x  :  85  ::  10  :  17. 
(r)      24  :  .1- ::  15  :  40. 
{(/)    18  :  94  ::  2  :  x.  Ans. 

(f)     §75  :  §100  =  .r  :  100. 
(/)    15  pwt.  :  .r=21  :  10. 
(^O     .1:  75  yd.  =§15  :  §.5. 

1.  If  75  pounds  of  lead  cost  §2.10,  what  would  125  pounds  cost  at 
the  same  rate  ?  Ans.  §:$.50. 

2.  If  A  docs  a  piece  of  work  in  4  days  and  B  does  it  in  7  days,  how 
long  will  it  take  A  to  do  what  H  does  in  li:]  days  ?  Ans.  'M  days. 

3.  The  circumferences  of  any  two  circles  are  to  each  other  as  their 
diameters.  If  the  circumference  of  a  circle  7  inches  in  diameter  is 
22  inches,  what  will  be  the  circumference  of  a  circle  :^1  inches  in 
diameter  ?  Ans.  97J  inches. 


(«) 

.r  =  $l. 

(*) 

X  =  50. 

(c) 

.r=64. 

(^) 

X  =  lOJ. 

(^•) 

.r=75. 

(/) 

4-  =  7|  pwt. 

(jr) 

.r  =  225  yd. 

INVERSE    PROPORTION. 
330.     In  Art.  318,  an  inverse  proportion  was  defined 
as  one  which  required  one  (^f  the  couplets  to  be  expressed  as 
an  inverse  ratio.     Sometimes  the  word  inverse  occurs  in  the 
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statement  of  the  example  ;  in  such  cases  the  proportion 
can  be  written  directly,  merely  inverting  one  of  the  coup- 
lets. But  it  frequently  happens  that  only  by  carefully 
studying  the  conditions  of  the  example  can  it  be  ascertained 
whether  the  proportion  is  direct  or  inverse.  When  in  doubt, 
the  student  can  always  satisfy  himself  as  to  whether  the 
proportion  is  direct  or  inverse  by  first  ascertaining  what  is 
required,  and  stating  the  proportion  as  a  direct  proportion. 
Then,  in  order  that  the  proportion  may  be  true,  if  the  first 
term  is  smaller  than  the  second  term,  the  third  term  must 
be  smaller  than  the  fourth  ;  or  if  the  first  term  is  larger 
than  the  second  term,  the  third  term  must  be  larger  than 
the  fourth  term.  Keeping  this  in  mind,  the  student  can 
always  tell  whether  the  required  term  will  be  larger  or 
smaller  than  the  other  term  of  the  couplet  to  which  the  re- 
quired term  belongs.  Having  determined  this,  the  student 
then  refers  to  the  example,  and  ascertains  from  its  condi- 
tions whether  the  required  term  is  to  be  larger  or  smaller 
than  the  other  term  of  the  same  kind.  If  the  two  determi- 
nations agree,  the  proportion  is  direct;  otherwise,  it  is 
inverse,  and  one  of  the  couplets  must  be  inverted. 

331 .      Example. — If  A's  rate  of  doing  work  is  to  B's  as  5  :  7,  and 
A  does  a  piece  of  work  in  43  days,  in  what  time  will  B  do  it  ? 

Solution. — The  required  term   is  the  number  of  days  it  will  take 
B  to  do  the  work.     Hence,  stating  as  a  direct  proportion, 

5  :  7  =  42  :  ^. 

Now,  since  7  is  greater  than  5,  x  will  be  greater  than  42.  But,  referring 
to  the  statement  of  the  example,  it  is  easy  to  see  that  B  works  faster 
than  A;  hence  it  will  take  B  a  less  number  of  days  to  do  the  work  than 
A.     Therefore,  the  proportion  is  an  inverse  one,  and  should  be  stated 

5  :  7  =  .r  :  43, 

5  X  42 
from  which  x  —  — ^ —  =  30  days.    Ans. 

Had  the  example  been  stated  thus:  The  time  that  A  requires  to  do  a 

piece  of  work  is  to  the  time  that  B  requires,  as  5  :  7;  A  can  do  it  in  43 

days,  in  what  time  can  B  do  it  ?  it  is  evident  that  it  would  take  B  a 

longer  time  to  do  the  work  than  it  would  A ;  hence,  x  would  be  greater 

7  X  43 
than  43,  and  the  proportion  would  be  direct,  the  value  of  x  being  — ^ — 

=  58.8  days. 
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EXA.MI'l-i:S   FOW    I»W  ACTICE. 

332.  Solve  the  following: 

1.  If  a  pump  which  discharges  4  gal.  of  water  ix;r  min.  can  fill  a  tank 
in  30  hr.,  how  long  will  it  take  a  pump  discharging  13  gal.  per  min.  to 
fill  it  ?  Ans.  «i  hr. 

2.  If  a  pump  discharges  90  gal.  of  water  in  30  hr.,  in  what  time  will 
it  discharge  144  gal.?  Ans.  33  hr. 

3.  The  weight  of  any  gas  (the  volume  and  pressure  remaining  the 
same)  varies  inversely  as  the  al)solute  temperature.  If  a  certain  quan- 
tity of  some  gas  weighs  2.5)27  lb.  when  the  absolute  temperature  isSSTi^ 
what  will  the  same  volume  of  gas  weigh  when  the  absolute  temperature 
is  600',  the  pressure  remaining  the  same  ?  Ans.  2.5(51+  lb. 

4.  If  no  cu.  ft.  of  air  weigii  4.2  pounds  when  the  absolute  temperature 
is  562\  what  will  be  the  absolute  temperature  when  the  same  volume 
weighs  O.b  pounds,  the  pressure  being  the  same  in  both  cases? 

Ans.  407',  very  nearly. 

POWEKS    AM)    HOOTS    IX    PROPORTIOX. 

333.  It  was  stated  in  Art.  309  that  a  ratio  could  be 
raised  to  any  power  or  any  root  of  it  might  be  taken.  A 
proportion  is  frequently  stated  in  such  a  manner  that  one 
of  the  couplets  must  be  raised  to  some  power  or  some  root 
of  it  must  be  taken.  In  all  such  cases,  both  terms  of  the 
couplet  so  affected  )niist  be  raised  to  the  same  pozuer  or  the 
same  root  of  both  terms  must  be  taken. 

334.  Example.— Knowing  that  the  weight  of  a  sphere  varies  as 
the  cube  of  its  diameter,  what  is  the  weight  of  a  sphere  6  inches  in 
diameter  if  a  sphere  8  inches  in  diameter  of  the  same  material  weighs 
180  pounds  ? 

Solution. — This  is  evidently  a  direct  proportion.     Hence,  we  write 

6-^  :  8»  =  -r  :  180. 
Dividing  both  terms  of  the  first  couplet  by  3'  (see  Art.  310), 
3'  :  4»  =  .r  :  180,  or  27  :  64  =  .r  :  180  ; 

37x180      ^_,^  ,         . 

whence,  x  =  — ^ —  =  7oiJ  pounds.     Ans. 

E.XAMPLK.— A  sphere  8  inches  in  diameter  weighs  180  pounds;  what 
is  the  diameter  of  another  sphere  of  the  same  material  which  weighs 
75 'i J  pounds? 

Solution'. — Since  tlic  weights  of  any  two  si)hercs  are  to  each  other 
as  the  cubes  of  their  diameters,  wu  have  the  proi)ortion 

180:  7511  =  8':  .i-»; 
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.f,  the  required  term,  must  be  cubed,  because  the  otlier  term  of   the 
couplet  is  cubed  (see  Art.  333).     But,  8^  =  512;  hence, 

180  :  Toil  =  512  :  .r^  or  x^  =       '^,2^         =  216  ; 
whence,  x  —    |/216  =  6  inches.     Ans. 

335.  Since  taking  the  same  root  of  all  of  the  terms  of  a 
proportion  does  not  change  its  value  (Art.  324),  the  above 
example  might  have  been  solved  by  extracting  the  cube  root 
of  all  of  the  numbers,  thus  obtaining  ^"igo"  ;  ^751  s  z= 
8  :  .r;  whence, 

8xf7511_,         3/75H_.    3/1:215  _       3/27 
fl80       "^^    \~l8r-^V2;880-^\64- 
8  X  f  =  G  inches.     The  process,   however,   is  longer  and  is 
not  so  direct,  and  the  first  method  is  to  be  preferred. 

336.  If  two  cylinders  have  equal  volumes,  but  different 
diameters,  the  diameters  are  to  each  other  inversely  as  the 
square  roots  of  their  lengths.  Hence,  if  it  is  desired  to  find 
the  diameter  of  a  cylinder  that  is  to  be  15  inches  long,  and 
which  shall  have  the  same  volume  as  one  that  is  9  inches  in 
diameter  and  12  inches  long,  we  write  the  proportion 

9  :  'I'  =  4/I5  :  4/12. 
Since  neither  12  nor  15  are  perfect  squares,  we  square  all 
of  the  terms  (Arts.  335  and  324)  and  obtain 

81  :  x''  =  15  :  12;  whence  x^  =  ^^  ^  ^^  =  64.8, 

and  X  =  4/64.8  =  8.05  inches  =  diameter  of  15-inch  cylinder. 


EXAMPLES  FOR  PRACTICE. 

337.      Solve  the  following  examples: 

1.  The  intensity  of  light  varies  inversely  as  the  square  of  the  dis- 
tance from  the  source  of  light.  If  a  gas  jet  illuminates  an  object  30 
feet  away  with  a  certain  distinctness,  how  much  brighter  will  the 
object  be  at  a  distance  of  20  feet  ?  Ans.  2^  times  as  bright. 

2.  In  the  last  example,  suppose  that  the  object  had  been  40  feet 
from  the  gas  jet;  how  bright  would  it  have  been  compared  with  its 
brightness  at  30  feet  from  the  gas  jet  ?  Ans.  y'V  as  bright. 

3.  When  comparing  one  light  with  another,  the  intensities  of  their 
illuminating  powers  vary  as  the  squares  of  their  distances  from  the 
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source.  If  a  man  can  just  distinguish  the  time  indicated  by  his  watch, 
50  feet  from  a  certain  light,  at  what  distance  could  he  distinguish  the 
time  from  a  light  3  times  as  powerful  ?  Ans.  86.8+  feet. 

4.  The  quantity  of  air  flowing  through  a  mine  varies  directly  as 
the  square  root  of  the  pressure.  If  GO.IKJU  cubic  feet  of  air  flow  per 
minute  when  the  pressure  is  2.8  pounds  per  square  foot,  how  much  will 
flow  when  the  pressure  is  3.0  pounds  per  square  f(X)t  ? 

Ans.  08,034  cu.ft.  per  niin..  nearly. 

5.  In  the  last  example,  suppose  that  70,(M¥»  cubic  feet  per  minute 
had  been  required;  what  would  be  the  pressure  necessary  for  this 
quantity  ?  Ans.  3.81+  lb.  per  sq.  ft 


CAUSKS    AM)    ICFFF.CTS. 

338.  Many  examples  in  proportion  may  be  more  easily 
solved  by  using  the  principle  of  tetnsi'  and  effect.  That 
which  may  be  regarded  as  producing  a  change  or  alteration 
in  something,  or  as  accomplishing  something,  may  be  called 
a  cause,  and  the  change  or  alteration,  or  thing  accom- 
plished, is  the  effect. 

339.  Like  causes  produce  like  effects.  Hence,  when  two 
causes  of  the  same  kind  produce  two  effects  of  the  same 
kind,  the  ratio  of  the  causes  equals  the  ratio  of  the  effects; 
in  other  words,  the  first  cause  is  to  the  second  cause  as  the 
first  effect  is  to  the  second  effect.  Thus,  in  the  question,  if 
3  men  can  lift  1,400  pounds,  how  many  pounds  can  7  men 
lift  ?  we  call  3  men  and  7  men  the  causes  (since  they  ac- 
complish something,  viz.,  the  lifting  of  the  weight),  the 
number  of  i)Ounds  lifted,  viz.,  1,400  pounds  and  .r  pounds, 
are  the  effects.  If  we  call  3  men  the  first  cause,  1,4(»0 
pounds  is  the  first  effect;  7  men  is  the  second  cause,  and  x 
pounds  is  the  second  effect.      Hence,  we  may  write 

1st  cause      2d  cause  1st  effect      2d  effect 

3:7       =       1,400      :      x, 

whence  x  — -^ =  3,2G(j§^  pounds. 

o 

34().  The  principle  of  cause  and  effect  is  extremely  use- 
ful in  the  solution  of  examples  in  compound  proportion,  as 
we  shall  now  show. 
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COMPOUND    PROPORTION. 

341.  All  the  cases  of  proportion  so  far  considered  have 
been  cases  of  simple  proportion;  i.  e.,  each  term  has 
been  composed  of  but  one  number.  There  are  many  cases, 
however,  in  which  two  or  all  of  the  terms  have  more  than 
one  number  in  them ;  all  such  cases  belong  to  compound 
proportion.  In  all  examples  in  compound  proportion, 
both  causes  or  both  effects  or  all  four  consist  of  more  than 
two  numbers.     We  will  illustrate  this  by  an 

Example. — If  40  men  earn  $1,280  in  16  days,  how  much  will  36  men 
earn  in  31  days  ? 

Solution. — Since  40  men  earn  something,  40  men  is  a  cause,  and 
since  they  take  16  days  in  whicli  to  earn  something,  16  days  is  also  a 
cause.  For  the  same  reason,  36  men  and  31  days  are  also  causes.  The 
effects,  that  which  is  earned,  are  1,280  dollars  and  x  dollars.  Then,  40 
men  and  16  days  make  up  the  first  cause,  and  36  men  and  31  days  make 
up  the  second  cause.  $1,280  is  the  first  effect  and  $,tr  is  the  second 
effect.     Hence,  we  write 

Is/  cause    2d  cause        1st  effect    2d  effect 

^3:3^        =        1,280    :      X 

Now,  instead  of  using  the  colon  to  express  the  ratio,  we  shall  use  the 

vertical  line  (see  Art.  299),  and  the  above  becomes 

40  36    _    .,  2^. 

16  31    -    ^^^^^  ^■ 

In  the  last  expression,  the  product  of  all  of  the  numbers  included 
between  the  vertical  lines  must  equal  the  product  of  all  the  numbers 
without  them ;  i.  e.,  36  X  31  Xl,280  =  40  X  16  X  .r. 

2 

36X31X;^^0      ^0909      A„« 

342.  The  above  might  have  been  solved  by  canceling 
factors  of  the  numbers  in  the  original  proportion.  For  if 
any  number  within  the  lines  has  a  factor  common  to  any 
number  without  the  lines,  that  factor  may  be  canceled  from 
both  numbers.     Thus,  IG  is  contained  in 

2 
^0      36         _       ^ 

n  31     -  nn 

1,280,  80  times.     Cancel  16   and  1,280,  and  write  80  above 
1,280.     40  is  contained  in   80,  2  times.     Cancel  40  and  80, 
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and  write  2  above  80.  Now,  since  there  are  no  more  num- 
bers that  can  be  canceled,  .r  =  30  x  31  X  2  =  t!'2,232,  the 
same  result  as  was  obtained  in  the  last  article. 

343.  Rule. —  Write  oil  the  nutHlnrs  foruiiiig  the  first 
eause  in  a  vertical  colmnu.  and  draiv  a  vertical  line  ;  on  the 
other  side  of  this  line  icrite  in  a  vertical  column  all  of  the 
numbers  forming  the  second  cause.  Write  the  sign  of 
equality  to  the  right  of  the  second  column^  anil  on  the  right 
of  this  form  a  third  column  of  the  numbers  composing  the 
first  effect,  draxcing  a  vertical  line  to  the  right;  on  the  other 
side  of  this  line,  write,  for  a  fourth  column,  the  numbers 
composing  the  second  effect.  There  must  be  as  many  numbers 
in  the  second  cause  as  in  the  first  cause,  and  in  the  second  ef- 
fect as  in  the  first  effect ;  hence,  if  any  term  is  wanting,  write 
X  in  its  place.  Multiply  together  all  of  the  numbers  within 
the  vertical  lines,  and  also  all  those  without  the  lines  {cancel- 
ing previously,  if  possible),  and  divide  the  product  of  those 
numbers  which  do  not  contain  x  by  the  product  of  the  others 
in  which  x  occurs,  and  the  result  will  be  the  value  of  x. 

34-1.  Example. — If  40  men  can  dig  a  ditch  720  feet  long,  H  feet 
wide  and  4  feet  deep  in  a  certain  time,  how  long  a  ditch  6  feet  deep  and 
•J  feet  wide  could  24  men  dig  in  the  same  time  ? 

Solution. — Here  40  men  and  24  men  are  the  causes  and  the  two 
ditches  are  the  effects.     Hence, 


i9 


24     = 


5 
4 


.r 


480  feet.     Ans. 


3  whence,  .r  =  24  x  6  X  4 

345.  E.XAMPLE. — The  volume  of  a  cylinder  varies  directly  as  its 
length  and  directly  as  the  square  of  its  diameter.  If  the  volume  of  a 
cylinder  10  inches  in  diameter  and  20  inches  long  is  l,r)70.8  cubic  inches, 
what  is  the  volume  of  another  cylinder  16  inches  in  diameter  and 
24  inches  long  ? 

Solution. — In  this  example,  either  the  dimensions  or  the  volumes 
may  be  considered  the  causes;  say  we  take  the  dimensions  for  the 
causes.     Then,  squaring  the  diameters, 


1(1" 
2U 


.,.;    =  1,570.8 


or 


loo 

2.-.r, 

;^p 

U 

5 

6 

whence,  .«■  = 


256  XGx  1.570.8 
6x100 


=     1,570.8 


:  4,825.4976  cubic  inches.     Ans. 
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346.  Example. — If  a  block  of  granite  8  ft.  long,  5  ft.  wide  and"  3 
ft.  thick  weighs  7,200  lb.,  what  will  be  the  weight  of  a  block  of  granite 
12  ft.  long,  8  ft.  wide  and  5  ft.  thick  ? 

Solution. — Taking  the  weights  as  the  effects,  we  have  • 


JI-,  or  x  =  4x  7,200  =  28,800  pounds.     Ans. 


347.  Example. — If  13  compositors  in  30  days  of  10  hours  each 
set  up  25  sheets  of  16  pages  each,  32  lines  to  the  page,  in  how  many 
days  8  hours  long  can  18  compositors  set  up,  in  the  same  type,  64  sheets 
of  12  pages  each,  40  lines  to  the  page  ? 

Solution. — Here  compositors,  days,  and  hours  compose  the  causes, 
and  sheets,  pages,  and  lines  the  effects.     Hence, 


? 

4 

;s2 

^ 

^  =  7,200 

? 

? 

3 

? 

^ 

2 

;? 

;? 

H 

?0 

x      = 

=  ;^ 

VI  or   ^=3X10X2 

^ 

i 

10 

^ 

n 

i9 

60  days.     Ans. 


348.  In  examples  stated  like  that  in  Art.  345,  should 
an  inverse  proportion  occur,  write  the  various  numbers  as 
in  the  preceding  examples,  and  then  transpose  those  num- 
bers which  are  said  to  vary  inversely  from  one  side  of  the 
vertical  line  to  the  other  side. 

Example. — The  centrifugal  force  of  a  revolving  body  varies  directly 
as  its  weight,  as  the  square  of  its  velocity  and  inversely  as  the  radius  of 
the  circle  described  by  the  center  of  the  body.  If  the  centrifugal  force 
of  a  body  weighing  15  pounds  is  187  pounds  when  the  body  revolves  in 
a  circle  having  a  radius  of  12  inches,  with  a  velocity  of  20  feet  per  sec- 
ond, what  will  be  the  centrifugal  force  of  the  same  body  when  the  radius 
is  increased  to  18  inches  and  the  speed  is  increased  to  24  feet  per  second  ? 

Solution. — Calling  the  centrifugal  force  the  effect,  we  have, 


15 

15 

20'^ 

24^ 

12 

18 

187 


X. 


Transposing  12  and  18  (since  the  radii  are  to  vary  inversely)  and  squar- 
ing 20  and  24, 


I? 

I? 

2 

25 

m 

m 

m 

;^ 

12 

187 


.r,  or  ;r : 


12x2x187 


25 


=  179.52  pounds.      Ans. 
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kxami»m:s  f<>h  i»wacticf;. 
3-lf).      Solve  the  following  by  compound  proportion: 

1.  If  12  men  dig  a  trench  40  rods  long  in  24  days  of  10  hours  each, 
how  many  rods  can  16  men  dig  in  18  days  of  9  hours  each  ? 

Ans.  ',W  rods. 

2.  If  a  piece  of  iron  7  ft.  long,  4  in.  wide,  and  6  in.  thick  weighs  600 
lb.,  how  much  will  a  piece  of  iron  weigh  that  is  16  ft.  long,  8  in.  wide 
and  4  in.  thick  ?  Ans.   1.82H*  lb. 

8.  If  24  men  can  build  a  wall  72  rods  long,  6  feet  wide,  and  5  feet 
high  in  60  days  of  10  hours  each,  how  many  days  will  it  take  ;J2  men  to 
build  a  wall  96  rods  long,  4  feet  wide  and  8  feet  high,  working  8  hours 
a  day  ?  Ans.  80  days. 

4.  The  horsepower  of  an  engine  varies  as  the  mean  effective  pressure, 
as  the  piston  speed  and  as  the  square  of  the  diameter  of  the  cylinder. 
If  an  engine  having  a  cylinder  14  inches  in  diameter  develops  112 
horsepower  when  the  mean  effective  pressure  is  48  pounds  jx^r  square 
inch  and  the  piston  speed  is  500  feet  per  minute,  what  horsepower  will 
another  engine  develop  if  the  cylinder  is  IG  inches  in  diameter,  piston 
sp>eed  is  600  feet  per  minute,  and  mean  effective  pressure  is  56  pounds 
per  square  inch  ?  Ans.  204.8  liorscpower. 

5.  Referring  to  the  example  in  Art.  345,  what  will  be  the  volume 
of  a  cylinder  20  inches  in  diameter  and  24  inches  long  ? 

Ans.  7,539.84  cubic  inches. 

6.  Knowing  that  the  product  of  8x5x7x9  is  945,  what  is  the 
product  of  0  X  15  X  14  X  36  ?  Ans.  45  360. 
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350.  In  arithmetic,  numbers  are  represented  by  the 
figures  1,  2,  3,  4,  etc.  There  is  no  reason,  however,  why 
numbers  may  not  be  represented  by  other  symbols,  as 
letters,  if  rules  are  provided  for  their  use. 

351.  In  algebra,  numbers  are  represented  both  by 
figures  and  letters.  It  will  be  seen  later  that  the  use  of  let- 
ters often  simplifies  the  solution  of  examples,  and  shortens 
calculations. 

352.  The  principal  advantage  of  letters  is  that  they  are 
general  in  their  meaning.  Thus,  unlike  figures,  the  letter 
a  does  not  stand  for  the  number  one,  the  letter  b  for  two, 
c  for  three,  etc.,  but  any  letter  may  be  taken  to  represent 
any  number,  it  being  only  necessary  that  a  letter  shall 
always  stand  for  the  same  number  in  the  same  example. 

353.  To  illustrate  this  difference  between  letters  and 
figures,  consider  the  following  example:  If  a  person  ex- 
changes 10  books  worth  13  per  volume  for  cloth  at  12  per 
yard,  how  many  yards  will  he  obtain?  A  rule  for  solving, 
not  only  this  example,  but  all  others  of  the  same  kind,  would 
be  to  multiply  the  number  of  books  by  the  price  per  volume, 
and  to  divide  the  result  by  the  price  of  the  cloth.  This  rule 
is  general,  because  it  tells  Avhat  to  do  with  the  number  of 
books,  and  the  prices  of  the  books  and  cloth,  whatever  they 
may  be. 

Another  and  more  concise  way  of  stating  the  rule  is  to 
use  letters.     Thus: 

Let  a  =  the  number  of  books, 
b  =  the  price  per  volume, 
c  —  the  price  of  the  cloth, 
and  d  =  the  number  of  yards  of  cloth. 
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Then,  accordinjij  to  the  rule, 

number  of  books  X  price  per  volume  ,  t         a       t 

; —-. — -. — =  number  of  yards  of 

price  of  cloth 

cloth,  or  =  a. 

c 

In   the    example    in    question,   «  =  10,    ^=3,    and  r  =  2. 

Hence,  writing  for  a,  l>,  and  c  their  values,  1(»,  :?,  and  i,  /{, 

the  number  of  yards,  =  — - —  =  15.     Here  the  expression 

10  X  3                       ,      .     «  X  (5    ,     ^    ^,  .       ,.a.  •      ♦      K 

— - —  corresponds    to ,  but    this   dmerence    is   to   be 

^  c 

noticed:  -— ^  applies   only  t<i  ///is  example,  and   by  per- 

forming   the  operations  indicated  only  one   answer  can  be 

obtained,  while  — ^ —  is  general  in   its    application,    in    the 

same  way  that  the  rule  previously  given  is  general.  That 
is,  while  a,  b,  and  e  stand  for  the  numbers  10,  3,  and  2  in 
this  example,  they  may  stand  for  other  numbers  in  another 
example;  hence,  by  writing  their  values  in  place  of  the 
letters,  and  performing  the  operations  indicated,  the  answer 
to  any  example  of  the  same  kind  may  be  obtained.  Con- 
sequently, while  figures  or  combinations  of  figures  always 
represent  the  same  numbers,  letters  are  more  general,  and 
may  represent  any  numbers,  according  to  the  conditions  of 
the  example. 

354.     An  equation  is  a  statement  of  equality  between 

two    expressions.      Thus,  x  ■\-  y  =  '6  is   an    equation,    and 

means'  that  the  sum  of  the  numbers  represented  by  x  and_v 

equals  8.      Examples    are    solved    in    algebra  by  the  aid  of 

equations  in  which  numbers  are  represented  both  by  letters 

and  figures.     An  idea  of  the  method  of  solution  may  be  had 

from  the  following  simple  example :     If   an    iron  rail  30  feet 

long  is  cut  in  two  so  that  one  part  is  four  times  as  long  as 

the  other,  how  long  is  the  shorter  part? 

Solution. — Since  any  letter  may  represent  any  number, 

Let  X—  the  length  of  the  shorter  part. 

Then,  4  X  -f  (written  4a)  =  the  length  of  the  longer  part. 
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But  the  sum  of  the  two  parts  must  equal  the  total  length,  30  feet. 
Hence,  x  +  4.r  =  30 

Adding  x  and  4x,  5x  =  30 

Whence,  dividing  by  5,  4:  =  6  ft.     Ans. 

355.  Another  application  of  equations  is  made  in  the 
use  of  formulas.  A  formula  is  a  statement  of  a  general 
rule,  abridged  by   means  of  symbols.       In   Art.  353,  the 

expression =  d  is  a.  formula.  All  formulas  are  equa- 
tions, and  the  same  rules  apply  to  both.  An  equation  is 
not  called  a  formula,  however,  unless  it  is  a  statement  of  a 
general  rule.  In  modern  technical  works,  the  rules  for 
solving  examples  are  generally  given  by  formulas,  and  it  is 
important  to  understand  how  to  apply  them. 

356.  Algebra  treats  of  the  equation  and  its  use.  Since 
the  use  of  equations  involves  the  use  of  letters,  it  will  be 
necessary  to  take  up  addition,  subtraction,  multiplication, 
involution,  evolution,  etc.,  where  letters  are  used,  before 
considering  equations. 

NOTATION. 

357.  The  term  quantity  is  used  to  designate  any 
number  that  is  to  be  subjected  to  mathematical  processes. 
A  quantity  is  strictly  a  concrete  number,  as  6  books,  5 
pounds,  10  yards.  Symbols  used  to  represent  numbers,  or 
expressions  containing  two  or  more  such  symbols,  as  a,  x, 
bd,  10,(^  +  12),  etc.,  are  often  called  quantities,  the  term 
being  a  convenient  one  to  use. 

358.  The  signs  +,  — ,  X ,  -^  are  the  same  in  algebra  as 
in  arithmetic.  The  sign  of  multiplication  X  is  usually 
omitted,  however,  multiplication  being  indicated  by  simply 
writing  the  quantities  together.  Thus,  abc  means  a  X  b 
X  c ;  '^xy  means  2  X  -i'  X  y.  Evidently  the  sign  cannot  be 
omitted  between  two  figures,  as  addition  instead  of  multi- 
plication would  be  indicated.  Tnus,  24  means  20  +  4,  in- 
stead of  2  X  4. 
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Another  sign  of  multiplication  that  is  sometimes  used  be- 
tween numbers  is  a  dot  placed  between  them.  Thus,  in- 
stead of  2  X  4  X  12,  we  may  indicate  the  multiplication  aS 

2  •  4  •  12.     This  dot  always  occupies  a  higher  position  than 
the  decimal  point,  so  as  to  avoid  confusing  the  two. 

359.  A  coefficient  is  a  figure  or  letter  prefixed  to  a 
quantity;  it  shows  huw  many  times  the  latter  is  t<^  be  taken. 
Thus,  in  the  expression  4<r,  4  is  the  coefficient  of  rt,  and 
indicates  that  a  is  to  be  taken  four  times,  or  a  -{-  a  -\-  a  -^  a. 
When  several  quantities  are  multiplied  together,  any  of 
them  may  be  regarded  as  the  coefficient  of  the  others. 
Thus,  in  daxf,  G  is  the  coefficient  of  oxj',  da  of  xj',  Gax  of  j, 
etc.  In  general,  however,  when  a  coefficient  is  spoken  of, 
the  numerical  coefficient  only  is  meant,  as  the  G  above. 
When  no  numerical  coefficient  is  written  it  is  understood  to 
be  1.     Thus,  ct/  is  the  same  as  led. 

300.  The  factors  of  a  quantity  are  the  quantities 
which,  when  multiplied  together,  will  produce  it.      Thus,  2, 

3  and  3  are  the  factors  of  18,  since  2  X  3  X  3  =  18  ;  2,  a  and 
d  are  the  factors  of  2a/},  since  2  X  ^  X  ^  =  2(ifi.     (Art.  358.) 

361.  An  exponent  is  a  small  figure  placed  at  the 
right  and  a  little  above  a  quantity  ;  it  shows  how  many 
times  the  latter  is  to  be  taken  as  a  factor.  Thus,  4'  =  4 
X  4  X  4  =  G4;  a'  =.  aaaaa.  Any  quantity  written  without 
an  exponent  is  understood  to  have  an  exponent  of  1. 

The  difference  between  the  meaning  of  a  coefficient  and 
an  exponent  should  be  clearly  understood.  A  coefficient 
))iultiplics  the  quantity  which  it  precedes;  it  shows  that  the 
quantity  is  to  be  added  to  itself.  Thus,  3rt  —  3  X  ^,  or  a  -\- 
a-\-  a.  An  exponent  indicates  that  a  quantity  is  to  be  ;/////- 
tiplied  by  itself.  Thus,  a^  =  a  X  a  X  a.  A  more  complete 
definition  of  an  exponent  will  be  given  later. 

362.  A  power  is  the  result  obtained  by  taking  a 
quantity  two  or  more  X.'\mGS  as  a  factor.  For  example,  16 
is  the  fourth   power  of  2,    because  2  multiplied  by  itself, 
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until  it  has  been  taken  four  times  as  a  factor,  produces  16; 
a^  is  the  third  power  of  ^,  because  a  y,  a  y^  a  =^  a^. 

363.  A  root  of  a  quantity  is  one  of  its  equal  factors. 
Thus,  3  is  the  root  of  4,  8  and  16,  since  2  X  2  =  4,  2  X  2  X 
2  =  8  and  2  X  2  X  2  X  2  =  16,  2  being  one  of  the  equal 
factors  in  each  case.  In  like  manner,  (7  is  a  root  of  «",  rt\  a", 
etc.  The  symbol  which  denotes  that  the  second  or  square  root 
is  to  be  extracted  is  |/,  called  the  radical  sign.  For  other 
roots  the  same  symbol  is  used,  but  with  a  figure  called  the  index 
of  the    root,  written  above  it  to  indicate   the  root.     Thus, 

|/^,  1/77,  |/^,  etc.,  signify  the  square  root,  cube  root,  fourth 
root,  etc.,  of  a. 

364.  The  parenthesis  (  ),  brackets  [  ],  and  braces 

{  \  have  the  same  meaning,  and  signify  that  the  quantities 
within  them  are  to  be  subjected  to  the  same  operations. 
Thus,  (^^4-2)4,  [^?  +  2]4  and  {«+2|4  all  indicate  that 
«  4"  '^  i^  to  be  multiplied  by  4, the  sign  of  multiplication  being 
omitted.  When  two  or  more  expressions  are  enclosed  and 
written  together,  their  product  is  indicated.  Thus,  {a  +  b') 
{c  —  d"^  ')  (,i'  +JI' )  indicates  that  <^  +  ^,  c  —d"^  and  x  -\- y  are 
to  be  multiplied  together. 

365.  The  above  symbols  are  called  symbols  of  aggre- 
gation, meaning  that  the  quantities  enclosed  within  them 
are  aggregated,  or  collected  into  one  quantity.     A  fourth 

symbol  of  aggregation   is  the  vinculum ,   which  is 

simply  a  horizontal  line  drawn  above  the  quantities  affected. 

Thus,  rt  -|-  2  X  4  shows  that  a  -\-2  is  to  be  multiplied  by  4. 
The  principal  use  of  the  vinculum  is  in  connection  with  the 
radical  sign  (Art.  363),  where  it  is  extended  over  the  whole 
expression  whose  root  is  to  be  extracted.      For  example,  in 

\^x^  -|-  '^xy  -\-  y^  the  vinculum  shows  that  the  square  root  of 
x^  -\-,2xy  -\-  y'^  is  to  be  extracted.  Without  the  vinculum,  as 
in  |/.r''  -|-  ^^f  -\-y,  the  square  root  of  x'^  only  is  indicated. 

366.  The  terms  of  an  algebraic  expression  are  the 
parts  which  are  connected  by  the  signs  -f-  and  — .  Thus, 
x",  —  'Hixy  and  j^  are  terms  of  the  expression  x^  —  2xy-\-y*. 
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367.  Like  terms  are  those  which  differ  only  in  theii 
numerical  coerticicnts;  all  others  are  unlike  teriiiH.  Thus, 
'2<//''  and  bab''  are  like  terms;  bab  and  bab'  are  unlike  terms, 
because  one  contains  b  and  the  other  b''.  Differing  signs 
before  two  terms  do  not  make  them  unlike. 

368.  -V  monomial  is  an  expression  consisting  of  only 
one  term,  as  \ah(\  :?.r\  "iax*,  etc. 

36y.  ^V  binomial  is  an  expression  consisting  of  two 
terms,  as  a  -f  b,  'ia  -\-  5/;,  etc. 

370.  A  trinomial  is  an  expression  consisting  of  three 
terms,  as  a'  +  )lab  +  b\  {a  +  x)'  -  2(rt  +  x)y -\- y\  etc.  The 
expression  {a  +  x)  being  treated  as  one  quantity.  (Art. 
365.) 

371.  A  polynomial  is  any  expression  consisting  of 
more  than  two  terms.  The  term  is  usually  applied  only  to 
an  expression  consisting  of  four  or  more  terms. 

372.  The  polynomial  a-\-a^b  +  2a'  -  :]a*b  -  a'  is  said 
to  be  arranged  according  to  the  increasing  poivcrs  of  «, 
because  the  exponents  of  a  increase  in  each  term  from  left 
to  right,  the  exponent  of  the  first  a  being  1  understood. 
(Art.  36 1 .)  The  polynomial  a'b'  +  ab""  +  \a'b  +  1  is 
arranged  according  to  the  decreasing po^vcrs  of  b,  the  expo- 
nents of  b  decreasing  in  order,  from  left  to  right. 

373.  The  arrangement  of  the  terms  of  a  polynomial  does 
not  affect  its  value.  Thus,  x'* -\- 2xy -\- y"^  has  the  same 
value  as  2.17  +y  +  ,r',  just  as  2  +  G  +  4  has  the  same  value 
as  G  +  4  +  2. 

READING   ALGEBRAIC   EXPRESSIONS. 

374.  Quantities  like  a,  x,  b\  etc.,  are  read  "«,"  ".r," 
"^  square,"  etc.  In  reading  monomials  in  which  multipli- 
cation is  indicated,  the  word  "  times  "  is  not  used.  Thus, 
abe  is  read  "abc";  7ad''b^  is  read  "7^7</ square  b  cube." 

375.  The  polynomial  a  -f  a^'b  +  -ia'  —  '^a*b  —  a*  is  read 
**  a,  plus  a  square  b,  plus  2a  cube,  minus  3a  fourth  b,  minus 
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a  fifth. "  Considerable  care  is  required  when  reading  expres- 
sions containing  polynomials.  Thus,  if  4  {a  —  b)  were 
read  "  4<^?  minus  ^,"  the  binomial  4:a  —  b  would  be  under- 
stood. It  should  be  read  "  4  into  a  minus  b,"  or  "4  times  a 
minus  b,"  when  it  will  be  understood  that  4  multiplies  the 
whole  quantity  a  —  b,  since  the  word  "  times  "or  "  into  "  is 
not  used  with  monomials.  (Art.  374.)  Again  w(;//^  -\- 
2mn  4-  ;r)  and  ;//(;//'  +  2;nn)  +  ^^^  should  each  be  so  read 
that  there  can  be  no  doubt  as  to  whether  the  n^  is  to  be 
multiplied  by  ;;/. 

Let  the  distinction  to  be  made  in  reading  the  following  be 
observed: 


V;^^  ^""^  V^ 


n 


In  the  first  case,  the  whole  quantity  in  -\-  n  is  divided  by 
X  — /",  and  it  would  be  clear  to  say,  "the  square  root  of  the 
quotient  of  ;«  +  «  divided  by -I- —j"."  In  the  second  case, 
where  the  n  only  is  divided  by  x  — /^,  it  may  be  read,  "the 
square  root  of  the  quantity  w,  plus  n  divided  by  x—y^.'' 
The  word  "  quantity "  shows  that  the  square  root  of  the 
whole  expression  is  taken,  and  the  pause  after  the  ni  that 
only  the  n  is  divided  by  x  —  y. 

376.  When  a  polynomial  is  affected  by  an  exponent,  it 
should  be  indicated  clearly.     Thus, 

{3a  -  d')  {da  -  dy  {da  -  dy 
may  be  read,  "the  product  of  3*^  —  <^ square,  '3a  —  d squar^^Z 
(meaning  that  the  whole  quantity  is  squared),  and  the  square 
of  3a  —  d  square."  Otherwise  it  may  be  read,  ^'3a  —  d 
square,  times  the  square  of  3a  —  d,  times  the  square  of 
3a  —  <7^  square. " 

377.  Sometimes  expressions  like  A',  B",  c',  d",  C^,  a^, 
etc.,  appear  in  formulas  or  elsewhere  in  algebraic  problems 
where  it  is  desirable  to  have  the  same  letter  represent 
different  quantities  that  are  similar,  or  correspond  to  one 
another.  The  marks',  ",  '",  j,  ^,  etc.,  serve  to  distinguish 
the  letters.  The  expressions  are  also  used  to  designate  simi- 
lar or  corresponding  lines  in   geometrical    figures,    as  will 
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appear  in  mechanical  drawinjj^.  ,/',  />'",  C",  etc.,  are  read, 
*'rt  major pri>iii\  h  tnajor  second,  c  major  third,"  etc. ;  a\  b'\ 
c"\  etc.,  are  read,  ''a  tninor  prinw,  b  minor  second,  c  minor 
third"  etc.,  a^,  /)\,  (^„  d^,  etc.,  arc  read,  "</  minor  sub-one, 
b  major  sub-two,  c  major  sub-three,  d  minor  sub-four,"  etc. 


posnivi:  AM)  M:(iA  rivi:  cj^ian  ri  rii:s. 

378.  In  algebra,  the  terms  positive  and  negative  are 

applied  to  quantities  which  are  opposed,  or  directly  opposite 
in  character.  When  a  quantity  is  positive  it  is  denoted  by 
writing  the  plus  sign  before  it,  and  when  it  is  negative,  by 
writing  the  minus  sign  before  it.  Thus,  +  2^  and  +  x^y  are 
positive,  and  —  2rt  and  —  x""}'  negative  quantities.  Besides 
indicating  addition  and  subtraction,  the  signs  +  and  — 
denote  the  character  of  the  quantities  which  they  precede. 

379.  To  illustrate  the  meaning  of  positive  and  negative 
quantities,  suppose  a  person  to  earn  ^1,000  in  a  year,  and 
that  during  that  time  he  has  incurred  a  debt  of  ^5(K).  If  he 
had  no  other  property,  he  would  be  worth  fiSOO.  Supposing, 
however,  that  he  has  incurred  a  debt  of  11,500  instead  of 
1500,  he  not  only  would  have  no  property,  but  he  would  be 
1500  /"//  debt.  Now,  since  money  earned  adds  to  one's  prop- 
erty, and  debts  incurred  subtract  from  it,  the  two  are  opposed 
in  character,  each  tending  to  destroy  the  other.  Hence,  if 
money  earned  is  taken  as  positive,  money  owed  may  be  called 


nci^ative. 


In  the  preceding    illustration,   writing    the    signs  -|-  or  — 
before  each  sum  of  money,   according  as  it  is  positive  or 
negative,  we  have  the  following  statement  for  each  case: 
+  $1,000  —  *5()0  —  +  tioOO  and 
+  i|il,000  —  *1,500  =  —  1500. 

In  the  first  instance,  the  person  had  |;500  remaining.  In 
the  second,  speaking  arithmetically,  he  owcd%h<)'<)\  expressed 
algebraically,  he  Jiad  minus  $500. 

There  are  many  other  common  illustrations  of  positive  and 
negative  quantities.  The  pull  exerted  by  a  locomotive  may 
be  said  to  be  positive,  while  the  resistance  of  the  train,  which 
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is  opposed  to  it,  is  negative.  On  the  thermometer  we  speak 
of  a  temperature  above  0°  as -f,  and  one  below  0°  as—. 
Suppose  a  man  to  row  a  boat  up  a  river.  If  he  is  able  to 
propel  the  boat  at  6  miles  an  hour  in  quiet  water,  and  the 
current  is  sufficient  to  carry  it  down  stream  at  the  rate  of  2 
miles  an  hour,  the  6  and  2  are  exactly  opposite,  relative  to 
the  movement  of  the  boat,  and  if  the  6  be  taken  as  positive, 
the  2  Avould  be  negative. 

Again,  suppose  that  two  men,  A  and  B,  start  to  travel 
from  the  same  point,  A  going  east  and  B  west.  Considering 
the  starting  point  as  zero,  if  A's  direction  be  taken  as  +,  B's 
direction  will  be  —  ;  if  B's  direction  be  taken  as  +,  A's  direc- 
tion will  be  — . 

380.  A  quantity  is  always  considered  to  increase  in  a 
positive  direction,  and  to  decrease  in  a  negative  direction ; 
hence,  any  positive  quantity,  however  small,  is  always  con- 
sidered to  be  greater  than  any  negative  quajitity.  For 
example,  a  person  who  owns  |2  is  better  off  than  one  who 
owes  $10.  Also,  since  a  person  Avho  owes  only  $1  is  better 
off  than  one  who  owes  |10 ;  then  of  two  negative  quantities, 
the  one  with  the  smaller  numerical  value  is  to  be  regarded 
as  the  greater.  From  this  it  follows  that  zero,  which  is 
smaller  than  diuy  positive  quantity,  \s  greater  t\i3.n  any  nega- 
tive quantity.  For  example,  we  know  that  a  day  when  the 
thermometer  stands  at  0°  is  warmer  than  one  Avith  the 
thermometer  at  —  15°,  and  the  former  is  a  higher  tempera- 
ture than  the  latter;  also  when  the  thermometer  stands  at 
—  15°,  it  is  warmer  than  when  it  stands  at  —  25°. 

381.  Two  quantities  may  be  compared  arithmetically, 
or  geometrically.  To  the  question,  how  much  greater  is  a 
than  b  ?  the  answer  would  be  ^  —  b,  and  the  result  would  be 
the  arithmetic  ratio.  Arithmetic  ratio,  then,  corres- 
ponds to  the  differ e7ice  between  two  quantities.  To  the  ques- 
tion, what  part  of  a  is  b1  the  answer  would  \>q  b  -^  a,  b  \  a  ox 

— ,  and  the  result  would  be  the  geometric  ratio.  Geometric 

ratio,  then,  corresponds  to  the  quotient  obtained  by  dividing 
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out-  quantity  by  anotJur.     When  the  word  ratio  is  used  alone, 
geometric  ratio  is  always  meant. 

E.XAMPLE. — What  is  {a)  the  ratio  of  16  to  4?  (b)  the  arithmetic  ratio 
of  16  to  4? 

SoLUTKiN. — {a)  The  ratio  (geometric,  understood)  of  16  to  4  is  16  :  4. 
1 A 

or  -J-  =  4.  Ans.  {d)  The  arithmetic  ratio  of  16  to  4  is  10  —  4  =12.    Ans. 

3*S2.  The  mere  fact  that  a  quantity  is  negative  does  not 
necessarily  imply  that  it  is  less  than  a  positive  quantity  of 
the  same  kind.  It  always  becomes  less,  however,  when  con- 
sidered in  relation  to  an  increase  in  the  positive  direction. 
Thus,  if  two  men,  A  and  B,  start  from  the  same  point  and 
travel  100  miles.  If  A  travels  east  100  miles  and  B  travels 
west  100  miles,  neither  can  be  said  to  have  traveled  any 
greater  distance  than  the  other.  But  if  A's  direction  be 
considered  +  and  B's  — ,  then  A  will  have  traveled  200  miles 
further  east  than  B. 


EXAMPLKS  FOR    PRACTICK. 

3S3.  When  writing  algebraic  expressions,  if  a  positive  term 
stands  alone,  or  if  the  first  term  of  an  expressit)n  is  positive,  the  plus 
sign  is  omitted,  it  being  understood  that  the  term  is  positive.  Thus, 
3a  means  the  same  as  +  3<7,  and  a  —  b  the  same  as  +  a  —  *.  The  minus 
sign  must  never  be  omitted.  Polynomials  are  usually  written  with  a 
positive  term  first,  and  monomials  with  the  letters  arranged  alpha- 
betically. 

Express  the  following  algebraically: 

1.  Three  .r  squarely  square,  minus  two  r^into  a  plus  b. 

Ans.  ;ii-y-  -  2<v/(a  4-  b). 

2.  The  product  of  m  square  plus  2mn  plus  u  square,  and  a  square  b 
cube  f  fourth.  Ans.  (»f' -t- 2/««  +  «*)  a'/^'r*. 

8.     A  plus  the  square  root  of  D  into  A' plus  Y. 

Ans.  A  4-   V7)(X-k-  Y), 

4.  A  plus  the  square  root  of  the  quantity  D  into  A' plus  Y  . 

Ans.  A+  VIJUTTY). 

5.  Ten  .r  plus  y  minus  7  times  the  difference   between   .r  and  y 

divided  by  4,  plus  the  quotient  of  ^square  minus ^y  square  divided  by 

two  <:</,  ,         .„  _/         y\      .r^  —  y* 

Ans.  10.r+j-7(.r-Zj+^_Z.. 

When  a  =  6,  ^  =  5  and  c  =  i,  find  the  numerical  values  of 

6.  a»  +  2ab  +  b\  Ans.  6-'  -i-  2  X  6  X  5  +  5»  =  121. 
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7.  2a^  +  Uc-5.  Ans.  72  +  60-5  =  127. 

8.  2ac^  -  a'^  {a  + /f).  Ans.  11,892. 

9.  aic^  +  ab'^c  -a'^bc.  Ans.  360. 
When  .r=  8  and  y  =  6,  what  do  the  following  equal  ? 

10.  {x  +  y){x-y)-^/-^J:ll 

Ans.  (8  +  6)  (8  -  6)  -  i/^  +  ^'  =  26. 

11.  /(.r  +  y)(jr='+j/)  -  (.r  -  j)  (  |/ J  +  _>')  ?  Ans.  39. 5. 

12.  -^^  H -^  V— -       ?  Ans.  1,572.57. 

•^+/  4/3^ 

384.  Thus  far,  algebra  has  been  shown  to  differ  from 
arithmetic  in  the  following  points: 

1.  In  the  use  of  letters  as  well  as  figures  to  represent 
numbers,  and  in  the  fact  that  letters  are  general  in  their 
significance,  while  figures  are  not. 

2.  In  the  use  of  equations. 

3.  In  the  omission  of  the  multiplication  sign  when  letters 
are  used  and  multiplication  is  indicated. 

4.  In  the  recognition  of  certain  quantities  as  positive  and 
others  as  negative,  when  they  are  opposed  in  character. 
This  is  a  very  important  difference.  It  will  appear  later 
that  the  use  of  negative  quantities  greatly  modifies  the 
arithmetical  rules  of  addition,  subtraction,  multiplication, 
division,  etc. 

385.  Another  important  difference  will  now  be  evident, 
which  is,  namely,  that  when  letters  are  used,  the  various 
operations,  as  multiplication  and  involution,  for  example, 
cannot  always  be  performed  as  in  arithmetic,  and  must  be 
simply  indicated.  Thus,  in  4  X  2  =  8,  the  multiplication  is 
actually  performed.  If,  however,  the  letter  a  should  repre- 
sent 4,  and  d  represent  2,  their  multiplication  could  be  in- 
dicated only,  by  writing  a  and  d  together,  as  ad,  which  is 
equivalent  to  writing  4x2  without  performing  the  opera- 
tion. Again,  4^  =  IG,  IG  being  obtained  by  actually  squar- 
ing 4;  but  if  4  =  rr,  the  square  of  a  can  only  be  indicated  by 
a',  which  corresponds  to  4'. 
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ADDITIOX. 

386.  Addition,  in  algebra,  is  the  process  of  finding  an 
expression,  called  the  sum,  whose  value  shall  equal  the  com- 
bined value  of  the  quantities  to  be  added. 

387.  Either  positive  or  negative  quantities  may  be 
added,  or  positive  quantities  may  be  added  to  negative 
quantities.  For  example,  the  sum  of  %h  and  153  is  $8.  Let- 
ting the  letter  rt  =  ^1,  this  would  be  stated  in  algebra  as  the 
sum  of  ha  and  3<7,  which  is  8<z.  In  like  manner,  a  -\-  a  =2a, 
7a  -}-  5a  =  Via,  etc. 

Again,  if  a  person  has  two  debts,  one  of  ^5  and  one  of  |!3, 
he  is  in  debt  to  the  amount  of  |i8.  Remembering  the  mean- 
ing of  negative  quantities,  this  would  be  stated  in  algebra 
as  the  sum  of  —  oa  and  —  3^,  or  —  Sa,  the  letter  a  represent- 
ing ^1,  as  before.      In  like  manner  the  sum  of  —  a  and  —  a  is 

—  2a ;  oi  —  5a  and  —  5^:  is  —  10a,  etc. 

Should  a  person  have  $5,  however,  and  owe  $3,  his  prop- 
erty would  amount  to  but  $2 ;  or  if  he  owed  ^7  he  would  be 
in  debt  to  the  amount  of  $2.  In  arithmetic,  the  amount 
of  his  property  or  debt  is  found  by  subtraction.  In  algebra, 
however,  where  negative  quantities  are  recognized,  we  should 
say  that  the  sum  of  $5  in  money  and  ^3  in  debt,  that  is,  the 
sum  or  combined  value  (Art.  386)  of  %5  and  —  *3,  is  12; 
while  the  sum  or  combined  value  of  %5  and  —  ^T  is  —  $2.  In 
the  first  case  the  —  $3  neutralized  three  of  the  +  %5,  and  in 
the  second  case  the -j- IS  neutralized  five  of  the  —  |>7.  By 
the  same  reasoning,  the  sum  of  5^  and  —  Wa  is  2a\  of  5a  and 

—  7a  is  —  2a  \  of  '^a  and  —  ?ui  is  0,  etc. 

388.  From  the  foregoing  we  see  that  addition  does  not 
always  imply  a  numerical  increase.  This  is  because  ad- 
dition, in  algebra,  is  finding  the  combined  value  of  two  or 
more  quantities.  If  two  of  the  quantities  are  opposite  in 
character,  one  being  positive  and  the  other  negative,  they 
tend  to  neutralize  or  destroy  each  other,  which  reduces  their 
combined  value.  The  sum  in  algebra  is  sometimes  called 
the  algebraic  sum,  to  distinguish  it  from  the  arithmetical 
sum. 
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389.  The  sum  of  two  or  more  quantities  may  be  iiidi- 
cated  by  conneeting  them  by  their  rcspeetive  signs.  For  ex- 
ample, the  sum  of  mn^  hxy"^  and  —  2,r  may  be  indicated  by  con- 
necting each  term  by  the  plus  sign,  thus:  ;////  -|-  ^-'^y^  + 
(—  2^).  (Art.  358.)  But  since  the  quantity  2,r  is  negative, 
it  tends  to  neutralize  the  positive  quantities,  and  reduces  their 
value  by  the  amount  of  '%x.  Hence,  the  sum,  or  combined 
value,  will  be  indicated  by  mn  -|-  oxy"^  —  2x. 


ADDITION    OF    MONOMIALS. 

There  are  two  cases,  according  as  the  terms  to  be  added 
are  like  or  unlike.      (Art.  367.) 

390.  Like  Terms. — To  add  like  terms  having  the 
same  sign: 

Rule  I. — Add  the  coefficients.^  prefix  the  common  sign  to 
their  sum,  and  annex  the  common  symbols. 

To  add  like  terms,  some  positive  and  some  negative: 

Rule  II. — Add  the  coefficients  of  the  positive  and  negative 
terms  separately,  and  subtract  the  less  sum  from  the  greater. 
Prefix  the  sign  of  the  greater  sum  to  the  result,  and  annex 
the  common  symbols. 

Example. — Find  the  sum  of  —  "iabxy,  —  ab.xy,  —  Zabxy  and  —  %abxy. 

Solution. — The  sum  of  the  coefficients  is  12  (remember  that  the 
coefficient  oi  —  abxy'\^  1),  and  the  common  sign  is—.  The  common 
symbols  abxy  annexed  to  these  give,  as  the  result,  —  Vlabxy.     (Rule  I  ) 

Example. — Combine  xy'^,—  2.ij^,  8.ij^  and  —  4xy-. 

Solution. — The  sum  of  the  coefficients  of  the  positive  terms  is  9,  and 
of  the  negative  terms,  6.  Their  difference  is  3,  and  the  sign  of  the 
greater  sum  is  +.  The  common  symbols  xy-  annexed  to  these  give,  as 
the  result,  Sxy'\     (Rule  II.) 

391.  Unlike  Terms. — In  arithmetic,  unlike  numbers, 
as  5  books  and  6  dollars,  cannot  be  added.  So,  in  algebra, 
unlike  terms,  as  3ab^,  Sa'b,  —  ^xy,  etc.,  cannot  be  combined 
into  one  term,  and  their  sum  can  only  be  indicated  by  con- 
necting the  terms  by  their  respective  signs.  (Art.  389.) 
This  is  another  illustration  of  the  fact  stated  in  Art.  385, 
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that  operations  with  letters  cannot  always  be  performed. 
Expressions  in  algebra  are  composed  of  quantities  between 
which  operations  of  addition,  multiplication,  etc.,  are  indi- 
cated. The  trinomial  w'  —  "itnn  -\- ;/',  for  example,  is  the 
indicated  sum  of  ;//',—  ///;/  and  ;/',  but  it  is  to  hi'  consid- 
ered as  one  quantity  in  tlie  same  way  tliat  an  arithmetical 
sum,  obtained  by  actually  performing  tlie  addition,  is  con- 
sidered. 

Ex.\.Mi'LE.— What  does  Icd^  —  9>cx  —  cd^  +  Qadx  +  2cd*  equal  ? 

Solution. — In  this  case  part  of  the  terms  are  like  and  part  unlike. 
Combining  like  terms,  Ird^  +  2(d^  —  ed^  =  Sed'.  Connectinj?  the 
unlike  terms  with  this  result  by  their  respective  aigns,  we  have,  as 
the  final  result,  8cd '  — 8cx -{- 6adx. 


EXAMPLKS   FOR    I'RACTICE. 

392.      Find  the  sum  of  the  following: 

1.  -  6a\  2a\  -  5rf«,  4«^  -  3^^  and  a\  Ans.  -  7rt». 

2.  2a^b,  -  a^b,  Wa^b,  -  5a'b,  4a'b  and  -  da^b.  Ans.  2a*b. 

3.  2.r^  3.r>',  -  .r*.  8/^  —  3xy  and  -  ly'.  Ans.  .r'^  -  2xy  +y^. 
Note. — Combine  like  terms  and  connect  with  respective  signs. 

4.  a^e,  -2abh\  iiabr^,  -  Aa^bc  and  bab^c.   Ans.  Zab^c  —  Sa^c  +  Sabc*. 
What  do  the  following  equal  ? 

5.  /«//'  +  2/nfi  —  M/i'  —  H//i/t  +  m^n  ?  Ans.  ///'«  —  6mM. 

6.  5cd*  -  5cd^  +  xy-  2tv/-'  +  Scd»  +  icd*  -  Qxy  ? 

Ans.  7iv/'  -  2cd'  -  5xy. 


Am>ITIOX    OF    POLYNOMIALS. 

393.  Kulc. — To  add  polynomials,  write  them  one  under - 
neath  the  other,  with  like  terms  in  the  same  vertical  column. 
Add  each  column  separately  and  connect  the  results  by  their 
respective  signs. 

Example. — Find  the  sum  of  5«»  +  6af  —  3^»  —  2^,  7a<r  — 3a*  +  4^* 
+  3-9',  and  4.n'  —  5//'  +  8ac  —  aK 

Solution. — Writing  like  terms  in  the  same  vertical  column,  we  have 

5a' +    6ac-3b*-2xy 

—  3a«  +    lac  4-  W  +  Sxy 

—  a»  +    8ac  —  ab*  +  Axy 

sum  —        a"*  •\-2\ac  —  4^*  +  ^xy.     Ans. 
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Example. — Find  the  sum  of  a^x  —  ax^—  x^,  ax  —  x^  —  a^.  —  Za''  —  2a^x 
-2ax^,  and  Sa'  _  da'^x+Sax'K 

Solution. —  a^x  —  ax^  —  .r« 

—  .r^  —    a'^  -r-  ax 

—  2a^x—2ax^  -2a^ 

—  ^a'^x  +  Sax^  +  Sa^ 

sum  ='—  Aa^x  +0       —  2.i--  +  0     +  ax  = 

ax  —  4a''x—2x\     Ans.     (Art.  383.) 


EXAMPLES   FOR  PRACTICE. 

394.  Find  the  sum  of  the  following: 

1.  ax  +  2bx  +  \by  —  Zay,  2ax  -\-  bx  -\-  2ay  —  by,  and  4ax  +  ^by. 

Ans.  lax  +  2>bx  -\-  <c>by  ^  ay. 

2.  a  —  X  +  Ay  —  ^2  +  li/,  z  +  Sa  —  2x  —  y  —  w,  and  x  +y  +  z. 

Ans.  4a  —  2.r  +  4y  —  ^. 

3.  2a  —  3^  +  4</,  2b  —  %d+  4c,  2d—  Sc  +  4a,  and  2c-da  +  4^. 

Ans.  Sa  +  Sb  +  'dc  +  dd. 

4.  6.r  —3y  +  Im,  2n  —  x  +y,  2y  —  4x  —  5;«,  and  m  +  n  —y. 

Ans.  x—y  +  3m  +  3«. 

5.  2x-5y-z  +  '7,  3j  -  2  -  6.r  +  8^,  ^  +  3.r-4,  and  l  +  2y-5s. 

Ans,  Sz  —  x  +  2. 

SUBTRACTION. 

395.  Subtraction  is  the  process  of  finding  the  differ- 
ence between  two  quantities;  it  is  the  same  thing  as  finding 
the  arithmetic  ratio  between  two  quantities.  The  quantity 
to  be  subtracted  is  called  the  subtrahend,  and  that  from 
which  it  is  taken,  the  minuend. 

396.  The  difference  must  evidently  be  a  quantity 
which,  when  added  to  the  subtrahend,  will  produce  the  min- 
uend. Thus,  the  difference  between  10  and  6  is  4,  4  being 
the  number  that  must  be  added  to  the  subtrahend  6  to  pro- 
duce the  minuend  10.  In  algebra,  when  negative  quantities 
occur,  it  is  convenient  to  make  use  of  this  principle,  as  illus- 
trated in  the  following  six  cases,  which  cover  all  those  that 
are  met  with: 

1.  If  3rt  be  subtracted  from  ha,  the  difference  must  be  a 
quantity  which,  when  added  to  '6a,  will  produce  ha.  This  is 
evidently  '%a. 
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2.  If  5^  be  subtracted  from  ',]<i,  the  difference  must  be  a 
quantity  which,  when  added  to  5a,  will  produce  'ia.  By 
Art.  390,  this  is  -  'Zu. 

In  like  manner, 

3.  Subtracting  —  da  from  5a  gives  a  difference  of  8a, 
since  —  3a  -\-  8rt  =  5a. 

4.  Subtracting  5^  from  —  3a  gives  a  difference  of  —  Sa, 
since  5a  -\- {  —  Sa)  =  -  3a.     (Art.  390.) 

5.  Subtracting  —  3a  from  —  5a  gives  a  difference  of  —  2a, 
since  —  3a  -\-  {  —  2a)  =  —  5a. 

G.  Subtracting  —  5a  from  —  3a  gives  a  difference  of  2a, 
since  —5a  -\-2a  =  —  3a. 

397.  Now,  if  the  sign  of  the  subtrahend  had  been 
changed  in  each  case  and  the  resulting  expression  added 
(algebraically)  to  the  minuend,  the  results  would  have  been 
exactly  the  same.  Thus,  in  the  first  case,  3a  with  its  sign 
changed  becomes  —  3a^  which,  added  to  5a,  equals  5a  + 
(  —  3a),  or  2a  \  in  the  second  case,  5a  with  its  sign  changed 
becomes  —  5a,  which  added  to  3a,  equals  —  5a  +  3a,  or 
—  2a  \  in  the  third  case,  —  3a  with  its  sign  changed  becomes 
3a,  which,  added  to  5a,  equals  5a  -j-  3a,  or  8<a,  and  so  on. 
Hence  the  difference,  or  the  quantity  to  be  added  to  the  sub- 
trahend to  produce  the  minuend,  may  be  found  by  changivg 
the  sign  of  the  subtrahend  and  adding  it  to  the  minuend. 

39S.  From  the  foregoing  it  is  evident  that  subtraction 
does  not  always  imply  a  numerical-  decrease,  for  note  the 
result  in  the  3d  case.  This  is  because  negative  quantities 
are  considered.  Thr  difference  in  the  value  of  a  man's  prop- 
erty, for  example,  when  he  has  %3  and  when  he  owes  $5,  is  $8. 


SUBTRACTION    OF    MONOMIALS. 
399.     From  Art.  397,  we  have  the  following: 
Rule. —  To  subtract  one  term  from  another,  change  the 
sign  of  the  subtrahend  and  proceed  as  in  addition. 

Example.— From  —  ^ab^x  take  lab'^x. 

Solution. — Changing  the  sign  of  the  subtrahend,  lad^x,  and  add- 
ing, we  have  —  Zab^x  —  "tab^x  =  —  IQab^x.     Ans. 
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Example. — From  8r'  —  3<:-  take  4a  —  6a. 

Solution. — Combining  like  terms,  8^^  —  3^^  =  5c^  and  4a  —  6a  =  —  2a. 
Changing  the  sign  of  2a  and  adding,  we  have  as  the  difference,  5c^  +-  2a. 

(Art.  391.)  

EXAMPLES  FOR   PRACTICE. 

400.  Solve  the  following: 

1.  From  17a  take  —  11a.  Ans.  28a. 

2.  From  —  11a  take  17a.  Ans.  —  28a. 

3.  Subtract  5a/  from  —  4tY/.  Ans.  —  9ce/. 

4.  Subtract  -  10(^'^  from  -  lO^J^.  Ans.  0. 

5.  From  13v  take  4j.  Ans.  9y. 

6.  From  .i-  —  2.v  take  4.  Ans.  —  x  —  4. 

7.  Subtract  6ot«  —  ;;/;/  from  w«  —  6;;m.  Ans.  —  10  mn. 

8.  What  quantity  added  to  lO^ry  will  produce  —  12xy  ? 

Ans.  —  22;ry. 

9.  What,  then,  does  IO.tk  subtracted  from  —  12xy  equal  ? 

Ans.  —  22.^7. 

SUBTRACTION    OF    POLYNOMIALS. 

401.  To  subtract  one  polynomial  from  another: 

Rule. —  Write  the  siibtraJiend  underneath  the  minuend^ 
with  like  terms  in  the  same  vertical  column.  Change  the 
sign  of  each  term  of  the  subtrahefid,  and  add  the  result  to 
the  minuend. 

Example. — From  Zac  —  2b  subtract  ac  —  b  —  d. 
Solution.—  3a^  —  2b 

—   ac  +    b  +  d  signs  changed. 

difference  =     2ac  —    b  +  d    Ans. 

Example. — From  2x^  —  3.r^_y  +  2xy'^  subtract  x^  —  x_y^  +fK 
Solution. —  2x^  —  Sx^j  +  2xy^ 

—  x^  +    xy' —  J'*  signs  changed. 

difference  =        x^  —  ^x'^y  +  3;ry^  — /^     Ans. 

EXAMPLES  FOR  PRACTICE. 

402.  Solve  the  following: 

1.  From  7a  -\-5b  —^c  take  a  —  7^  +  5^  —  4. 

Ans.  6a  +  \2b  —  8f  +  4. 

2.  From  3;«  —  hn-\-r  —  2s  take  2r  +  3«  —  tn  —  5s. 

Ans.  4;«  —  8«  —  r  +  3j. 

3.  Subtract  2x  —2y-\-2  from  y  —  x.  Ans.  %y  —  3.t-  —  2. 

4.  Subtract  Zx^  +  ^x'^y  —  Ixy'^  +  y^  —  xy^  from  5x^  +  xy  —  6xy'^  -f 
y^.  Ans.  2x^  —  dxy  +  xy^  +  xyl 

5.  From  x^  +  2xy+y^  take  x''  —  2xy+y'^ +  4.  Ans.  Axy  —  4. 
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403.  Before  proceedinpf  further,  the  student  should 
make  sure  that  he  fully  understands  the  use  of  the  signs -|- 
and  — .  It  has  been  seen  that  they  indicate  the  character 
of  the  quantities  they  precede  as  well  as  addition  and  sub- 
traction. In  !(!</  —  1(1,  for  example,  if  the  minus  sign  is 
supposed  to  indicate  the  character  of  7rt,  the  expression 
would  mean  \Qia -\-  (—  7^7),  or  that  the //r§vr//7r  quantity  —  7rt 
is  to  be  added  \.o  lOrt  ;  if  the  minus  sign  is  supposed  to  indi- 
cate subtraction,  however,  the  expression  would  mean 
lOrt  —  (-(-  7rt),  or  that  the  positive  quantity  la  is  to  be  sub- 
tracted ixo\xi  10^7.  Thus,  1(V?  —  7^?  may  indicate  either  the 
algebraic  sum  of  -|-  10</  and  —  7^?,  as  explained  in  Art.  3S9. 
or  the  difference  (arithmetic  ratio)  between  +  X'da  and  -(-  la. 
The  result  in  either  case  is  the  same.     Thus, 

-f  \^a  +  10a 

adding      —    7rt   subtracting     +    7<? 

sum  =  -f-  Za  difference  =  -f  'ia 
But  the  minus  sign  is  usually  considered  to  indicate  the 
character  of  the  quantity  which  the  sign  precedes,  unless 
the  minus  sign  is  followed  by  a  symbol  of  aggregation.  The 
arithmetic  ratio  between  —  a  and  —  b  must  always  be  ex- 
pressed as  —a  —  (—  b),  the  second  minus  sign  indicating 
subtraction,  and  the  third  minus  sign,  the  character  of  b, 
i.  c.,  whether  positive  or  negative. 


SYMBOLS  OF   AGGREGATION. 

404.  Parentheses,  brackets,  braces,  etc.,  are  frequently 
used  to  enclose  expressions  containing  one  or  more  terms, 
when  it  is  desired  to  indicate  the  addition  or  subtraction  of 
the  expressions  so  enclosed.  To  actually  perforui  the  addi- 
tion or  subtraction,  the  parenthesis  or  other  symbol  must  be 
removed,  which  requires  a  due  regard  for  the  signs. 

405.  Whoi  a  parenthesis  or  like  symbol  is  preceded  by  a 
minus  sign,  it  may  be  removed  if  the  signs  of  all  the  enclosed 
terms  be  changed  from  -\-  to  —  or  frojti  —  to  -\-. 

The  reason  for  this  is  that  the  minus  sign  indicates  sub- 
traction, the  entire  expression  within   the  parenthesis  being 
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the  subtrahend,  and  when  the  subtraction  is  performed  by 
removing  the  parenthesis,  the  signs  of  the  subtrahend  must 
be  changed.     (Art.  399.) 

406.  JV/un  a  parenthesis  or  like  symbol  is  preceded  by  a 
plus  sign,  it  may  be  removed  zvithont  changing  the  signs  of 
the  enclosed  terms.  This  is  evident  from  the  fact  that  the 
plus  sign  indicates  addition  ;  in  addition  the  signs  are  not 
changed. 

Example. — Remove  the  parentheses  from  4/r  —  (3a:  +  'iab  —  d). 

Solution. — Changing  the  sign  of  each  enclosed  term,  and  remem- 
bering that  the  sign  of  3^  is  +,  understood,  we  have,  as  the  result, 
4c  —  3a  —  ^ab  +  d.     Ans. 

Example. — Remove  the  parentheses  from  4«  —  5x— («  —  4.r) 
+  {x—  8fl). 

Solution. — ia  —  hx  —  {a  —  Ax)  +  (x  —  Sa)  =  4a  —  5x  —  a  +  Ax  +  x 
—  8a.     Adding  the  like  terms,  we  have 

4a  —  5x 

—  a  +  Ax 

—  8a+    X 

—  5a  +  0   =  —  5a.     Ans. 

407.  Symbols  of  aggregation  will  often  be  found  en- 
closing others.  In  such  cases  they  may  be  removed  in  suc- 
cession by  the  preceding  rules,  ahvays  beginning  zvitJi  the 
innermost  pair. 

Example. — Remove  the  parenthesis,  etc.,  from  6a  —  \b —  \}cd 
-Aa  +  {2cd  -  a-b)\  \ 

Solution. — We  first  remove  the  vinculum.     This  being  in  effect  the 
same  as  the  parenthesis,  the  minus  sign  before  the  a  indicates  that  +  a 
and  —  b  are  to  be  subtracted. 
Hence,  we  have 

6a  -  { <5  -  \lcd-Aa  +  {2cd-  a  +  3)] }. 
Removing  the  parenthesis  we  have 

6a-  {b-SJcd-Aa^lcd-a  +  bW. 
This,  with  the  brackets  removed,  equals 

6a—  1^  —  "icd+Aa  —  2cd  +  a  —  b], 
which  equals  6a  —  ^  +  "led  —  4a  +  2c'd  —  a  +  b. 

Combining  like  terms, 

6a  —  4.a  —a  —  b  +  b  +  led  +  2c  d  —  a  +  dcd.     Ans. 

408.  From  the  foregoing,  it  is  evident  that  an  ex- 
pression may  be  placed  within  a  parenthesis  preceded  by  a 
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minus  sip^n  by  changing  all  its  signs,  or  within  a  parenthesis 

preceded  by  a  plus  sign  without  changing  its  signs. 

E.XAMPLE. — Place  within  a  parenthesis  the  last  three  terms  of  4t>' 
+  2dc-  —  8.r  —  5  +  2d,  indicating  that  they  are  to  be  subtracted  from  the 
first  two. 

SCLUTION. — 

4xy  +  2ic  -  8.1-  -  5  +  2<5  =  4.ty  +  2bc  —  (8x  +  5  -  2b\     Ans. 


KXAMPI.nS   FOR    PRACTICE. 

40f).      Remove  the  parentheses  from  the  following: 

1.  —  (2///;/  —  ;«*  —  //').  Ans.  w'  —  2mn  +  ;**. 

2.  l-(-/J  +  f  +  3).  Ans.  b-c-2. 

3.  5rt  -  4<J  +  3<r  -  (- 3a  4- 2/5  —  <:).  Ans.  8a  -  6/5  +  4r. 

4.  3.r-(2.r-5)  +  (7-.r).  Ans.  12. 
Remove  the  parentheses,  etc.,  from  the  following  : 

5.  ;//  —  [4/;  —  k  —  {m  +  n  —  2/:)].  Ans.  2;«  —  3«  —  jt. 

6.  5.r-(2.r-3v)-(.r-+-5>').  Ans.  2.r  — 2^^. 

7.  Sa-[la-(rui-/>-a)]-{-a-U).  Ans.  a  +  Sb. 

8.  3.r  4-  i  2_>'  -  [o.r  -  (3i'  +  x  -  4j')]  \.  Ans.  jy  -  x. 

9.  1  OO.r  -  { 200.r  -  [500.r  -  (  _  1  OO.r )  -  300.r  ]  -  400.r } .        Ans.   600x. 

10.  "icx  -  \  4cj'  -  [{4cx  +  ^cy)  +  cy  -  cx\\.  Ans.   IQcx. 

Note. —Observe  that  the  sign  before  the  inner  parenthesis  is +, 
jnderstood. 

11.  Place  the  2d,  3d,  and  4th  terms  of  the  expression  2c d  —  8m  -\-  5x 
—  2y  +  x—  4a,  within  a  parenthesis  preceded  by  a  minus  sign. 

Ans.  2<d  —  (8w  -  5.r  -h  2y)  +  x—  4a. 

12.  Indicate  the  addition  oi  —  b^  +  cd  to  75.     Ans.  75  +  (  —  ^»  +  cd). 

13.  Enclose  the  whole  expression  .r' +  2.r>' ^^y' —  (a  —  ^)  within 
brackets  having  a  minus  sign  prefixed. 

Ans.  —  [  —  .r-  —  2xy  —  y  +  (a  —  b)\ 

Note. — Changing  the  sign  before  the  inner  parenthesis  is  in  effect  the 
same  as  changing  the  sign  of  both  a  and  b ;  hence,  the  signs  of  a  and  —  b 
remain  as  before. 


xMULTIPLICATIOX. 

41 0.  Multi|>lication  is  the  process  of  taking  one 
quantity  as  many  times  as  there  are  units  in  another  quantity. 

411.  The  quantity  that  is  taken,  or  multiplied,  is  called 
the  niultiplicaiid,  and  the  quantity  by  which  we  multiply 
is  called  the  multiplier.  The  result  of  multiplication  is 
called  the  product. 
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412.  The  product  is  obtained  by  taking  the  multi- 
plicand a  certain  number  of  times,  as  indicated  by  the  multi- 
plier. Tlic  product^  therefore^  is  the  same  kind  of  a  quantity 
as  the  multiplicand.  For  example,  5  dollars  multiplied  by 
10  is  50  dollars  ;  5  units  X  10  =  50  units ;  5  pounds  x  10  = 
bOpoicnds.  In  each  case  the  multiplicand  of  5  dollars,  5  units. 
or  5  pounds  is  taken  ten  times  to  form  a  product  of  the 
same  kind. 

413.  The  same  rule  holds  with  regard  to  positive  and 
negative  quantities.  Thus,  the  positive  quantity  -|-  5« 
multiplied  by  10  is  the  positive  quantity  j-  50a,  while  the 
negative  quantity  —  ba  multiplied  by  10  is  the  negative 
quantity  —  50^. 

414.  The  multiplier  shows,  1st,  how  many  times  the 
multiplicand  is  to  be  taken  to  form  the  product,  and  2d, 
whether  the  product  is  to  be  added  or  subtracted  when  taken 
in  connection  with  other  quantities,  a  multiplier  having  the 
plus  sign  indicating  that  the  product  is  to  be  added,  and  a 
multiplier  with  the  minus  sign,  that  it  is  to  be  subtracted. 

415.  There  are  four  cases  in  multiplication  that  cover, 
in  principle,  all  that  are  met  with;  they  may  be  illustrated 
as  follows; 

1.  +5  multiplied  by  +  3  =  +  15.  Since  the  multiplicand 
5  is  positive,  the  product  15  must  be  positive.  (Art.  413.) 
The  plus  sign  of  the  multiplier  indicates  that  the  product 
is  to  be  added.  Hence,  (  +  5)  X  (  +  3)  =  +  (  +  15),  which, 
by  Art.  406,  =  +  15. 

2.  +5  multiplied  by  —  3  =  —  15.  Since  the  multiplicand 
is  positive,  the  product  must  be  positive.  The  minus  sign 
of  the  multiplier  indicates  that  the  product  is  to  be  sub- 
tracted. Hence,  (+5)  x  (  —  3)  =  —  (+15),  which,  by  Art. 
405,  =  -  15. 

By  similar  reasoning  it  can  be  shown  that 

3.  (  _  5)  X  (  +  3)  =  +  (  -  15)  =  -  15. 

4.  (  -  5)  X  (  -  3)  =  -  (  -  15)  =  +  15. 

416.  From  these  examples,  it  will  be  observed  that 
when  the  multiplicand  and  multiplier  have  like  signs,  the 
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product  has  the  plus  sign,  and  when  they  have  unlike  signs, 
the  product  has  the  minus  sign.  Hence,  in  finding  the  prod- 
uct of  two  (|uantities,  like  signs  f^roducc  plus  and  unlike 
sii::;ns  minus. 

417.  Wc  know  from  arithmetic  that  the  product  of  two 
numbers  is  the  same  in  whatever  order  they  are  taken. 
Thus,  3x4  and  4x3  are  each  equal  to  12.  Similarly,  in 
Algebra,  the  factors  will  give  the  same  results  whatever  their 
order.  Thus,  5rtX4/^=5x^X4x/^=5x4XrtX<^  = 
'iOah.  Hence,  in  finding  the  product  of  two  quantities,  tlie 
coefficients  are  multiplied  together  and  prefixed  to  the  literal 
factors. 

418.  Let  it  be  required  to  multiply  a*  by  a*.  By  Art. 
362«  (i^  means  a  x  (i  X  (J,  and  a*  means  a  X  a.  Hence,  a* 
X  a"  =a  X  a  Xa  X  (I  X  a  =  a''  =  a^'"'.  Therefore,  the  expo- 
nent of  a  letter  in  the  product  is  equal  to  the  sum  of  its 
exponents  in  the  factors. 

419.  Particular  notice  should  be  taken  of  the  way  that 
coefficients  and  exponents  are  treated  in  multiplication. 
Coefficients  are  vudtiplied^  while  exponents  are  added. 


MUI>TIPLICATI<)\    OF    MONOMIALS. 

420-  From  the  foregoing  principles,  we  have,  when 
there  are  two  factors,  the  following: 

I^ulc. — Multiply  the  coefficients  together  ;  annex  the  let- 
ters of  both  monomials  to  the  result^  .^''^''f'^  ''<'  ''^''^^  letter  an 
exponent  equal  to  the  sum  of  its  exponents  in  the  factors. 
J/ake  the  sign  of  the  product  plus  ichen  the  t^co  factors  have 
like  signs,  and  minus  when  they  Jtave  unlike  signs. 

Example.— Multiply  Aii^h  by  —  Tui^hc. 

Solution. — The  product  of  the  coefficients  is  20,  and  the  letters  to  be 
annexed  are  a,  f>,  and^.  The  new  exponent  of  a  is  5,  and  of  d,  2,  since 
<?'+*  =r  a*,  and  //'+'  =  b^.  The  sign  of  the  product  is  minus,  since  the  two 
factors  have  different  signs.     Ilencc,  Aa^b  X  —  ^ya^l>c  —  —  20a'^V.     Ans. 

421.  When  there  are  more  than  two  factors,  we  have 
simply  three  or  more  examples  in  multiplication  to  do  in 
succession,  each  to  be  performed  by  the  foregoing  rule. 
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Example.— Find  the   continued   product   of   Gx^::^,  —  Qxyz'',  and 

—  Sx*jyz. 

Solution.-     Gx^z^  X  -  QxYz'^  =  -  Ux'+Y+'z'+\  or  -  5AxYz^. 
Now,    multiplying   this   product   by  —  'Sxyz,    we    have  —  rAx^^z^  X 

—  Sxys  =  lG2xy^z^.     Ans. 

EXAMPLES  FOR   PRACTICE. 

'422.      Find  the  product  of 

1.  a^d'^  and  —  5al>d.  Ans.   —  ha'^b'^d. 

2.  -  7.ry  and  —  7.ry.  Ans.  49.i-3j3. 

3.  —  \hm^n^  and  3w«.  Ans.   —  45w'^«''. 

4.  3a(.r-7)'^  and  2rt'2(.i--J')-  Ans.   6a''(.r-_y)3. 
Note. — Treat  the  (.r  — _)/)  as  though  it  were  a  single  letter. 

5.  Find  the  continued  product  of  2rt:^;«^.r,  —  ^a'^rnx'^  and  4:am^x^. 

Ans.  —  24a^7n^x^. 

6.  What  does  —  a'^dn  X  —  2cdn  X  —  S^^tV'^  X  —  2a<:fi-'  equal  ? 

Ans.  12a^d^c^d^n\ 

•       MULTIPLICATION    OF    POLYNOMIALS. 

423.  When  one  of  the  factors  is  a  monomial : 

Rule. — Multiply  each  term  of  the  polynomial  by  the  mono- 
mial, remembering  that  like  signs  produce  plus,  and  tuilike 
signs  produce  minus. 

Example. — Find  the  product  of  —  9^^  +  ?,a^b'^  —  A^a'^b^  —  b^  and  —  3«(5*. 
Solution.—        —  %a^  +  2,aH'^  —  Aa^b^  —  b'> 

-%ab^ 

21a^b^  -  9a-*^«  +  12«3(^'  +  Zab'^      Ans. 

424.  When  both  factors  are  polynomials : 

Rule. — Multiply  each  term  of  one  polynomial  by  each  term 
of  the  otJier,  and  add  the  partial  products. 

Example. — Multiply  Ga  —  Ab  by  Aa  —  2b. 

Solution. — Write  the  multiplier  under  the  multiplicand,  and  begin 
to  multiply  at  the  left  instead  of  at  the  right,  as  in  arithmetic,  since 
polynomials  are  always  written  and  read  from  the  left,  and  there  are 
no  numbers  to  carry. 

6a  -    Ab  (1) 

4a  -    2b 

Multiplying  (1)  by  4a  gives      24a'^  —  \Gab  (2) 

Multiplying  (1)  by  -  2b  gives  —  \2ab  +  W^    (3) 

Adding  (2)  and  (3)  gives  24a'^  -  28a^  +  U'      Ans. 

It  will  be  noticed  that  the  like  terms,  —  \Gab  and  —  12a^,  are  written 
under  each  other  so  that  it  will  be  easier  to  add  them. 


132  ALGEBRA. 

Example.— Multiply  .r»  —  .r  4- 1  +  ^'  by  1  —  .r»  +  x. 

SoLL'TloN. — With  a  view  to  bringing  like  terms  in  the  same  columns, 
arrange  both  multiplicand  ami  multiplier  either  according  to  the  in 
creasing  or  decreasing  powers  of  the  same  letter.    (Art.  372.)    Arrang- 
ing in  this  case  according  to  the  increasing  jjowers  of  .r,  we  have     • 

l-.r  +  x*  +  x*  (1) 

1  +  X—  X* 

Multiplying  (l)byl  gives  l—x+x*  +  x'  (2) 

Multiplying(l)by  H- .r  gives  x—  x*  +  x^+x*  (3) 

Multiplying (1)  by  —  .r*  gives  —  .r»  +  .r*  —  x*  —  x*  (4) 

Adding  (2),  (3).  and  (4)  gives   1  -  .r«  +  Sx^         -  .r*      Ans. 

Example.— Multiply  2^  +  1  —  3a'  +  a*  hy  a^ —  2a —  2. 

Solution. — Arranging  according  to  the  decreasing  powers  of  a, 

a*  _  3^5  +  2rt  +1        (1) 
u^-2a  -2 


Multiplying  (1)  by  rt'' gives         «' —  3a*  +  2<r*  +    a' 
Multiplying(l)by —  2a  gives        —2a*      '       +  6a^  —  4a»  —  2a 
Multip!ying(l)by  —  2    gives  —2a*  +  6a*  —  4a  —  2 

Adding  a'  —  5a*  +  7a»  +  2a»  —  6a  -.  2 

[Ans. 

425.  The  product  of  two  or  more  polynomials  is  often 
indicated  by  enclosing  each  of  the  factors  in  a  parenthesis, 
and  writing  one  after  the  other.  "When  the  indicated  multi- 
plication is  performed,  the  expression  is  said  to  be  expanded. 


EXAMPLES   FOR   PRACTICE. 

426.      Multiply  the  following: 

1.  .r-  +  2xj'  +_)'•'  by  .r  +f.  Ans.  x^  +  3.r*_>'  +  3.rv»  +y*. 

2.  Sai'm^  +  Aa'b  -  2  by  a*bhn\  Ans.  3a'^»//f"  4-  Aa*b*m»  -  2a*d'm*. 

3.  f»  -  <i*  by  f«  -+-  ^».  Ans.  c*  -  d*. 

4.  .r<  +  .r*y +y  by  j-»  - /».  Ans.  x*  - y*. 

5.  .r*  +  1  —  .r*— j-by  .r4- 1.  Ans.  1  —  a-*. 

6.  3a«  -  7a  4-  4  by  2a*  +  9'/  -  5.  Ans.   6a<  +  13a'  -  70a»  -I-  71a  -  20. 

7.  5w»  —  3w«  +  4«»  by  dm  —  'm.  Ans.  30w»  —  43/«'/t  +  39w/«»  —  20«». 
Expand  the  following: 

8.  (2a  -  3r)  (4  -  3a).  Ans.  8a  -  1 2^:  -  6a«  +  9ar. 

9.  (.r+2)(x-2)(.r«  +  4).  Ans.  4:*  -  16. 

10.  [.r(.r*  -J'*)  -  2]  [x{x^  +f)  +  2]. 

Note. — The  expressions  in  the  brackets  reduce  to  .r*  —  xy'  —  2  and 
X*  +  x/*  +  2.     The  product  of  these  is  .r'  —  .r V  —  4.rj»  —  4. 
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THREE    IMPORTANT    EXAMPLES. 
427.     The  first  two  examples  are: 

1.  To  find  the  square  of  the  S2ini  of  two  quantities. 

2.  To  find  the  square  of  the  difference  of  two  quantities. 

Let  a  represent  one  quantity  and  b  the  other  quantity. 
Their  sum  would  then  be  represented  by  «  +  Z;  and  their  dif- 
ference hy  a  —  b.  Squaring  these  by  multiplying  each  by 
itself,  we  have: 

\.      a  +  b  2. 

a-^  b 


a  - 

-b 

a  - 

-b 

d^- 

-ab 

-  ab 

+ 

^2 

a^- 

-2ab 

+ 

b-' 

a^  +  ab 

ab  +  b'' 

a^  +  2ab+b- 

428.  By  examining  the  products  it  will  be  evident  that, 
since  a  and  b  represent  any  two  quantities,  the  square  of  the 
sum  of  tzvo  quantities  equals  the  square  of  the  first ^  plus  twice 
the  product  of  the  first  by  the  second^  plus  the  square  of  the 
second. 

429.  Also,  that 

The  square  of  the  difference  of  tzvo  quantities  equals  the 
square  of  the  first ^  minus  twice  the  product  of  the  first  by 
the  second,  plus  the  square  of  the  second. 

430.  The  third  example  is: 

3.  To  find  the  product  of  the  sum  and  difference  of  two 
quantities.     By  multiplication,  we  have 

a  +  b 
a  —  b 


a'' 

+  ab 
-ab- 

■^' 

a^ 

■^« 

431.  That  is,  the  product  of  the  sum  and  difference  of 
two  quantities  equals  the  difference  of  their  squares. 

432.  These  three  principles  are  very  important,  and 
should  be  committed  to  memory.  They  may  also  be  ex- 
pressed by  formulas  in  the  same  way  that  the  rule  in  Art. 
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353  was  expressed  by  a  formula.     Thus,  letting  a  represent 
one  quantity  and  d  the  other  quantity, 

{a+dy  =  a*-^2ad  +  6\  (1.) 

{a  -  by  =  rt»  -  'lab  +  b\  (2.) 

(rt  4.  b){a  -b)  =  a'-  b\  (3.) 

The  meaning  of  these  formulas  will  be  made  clear  by  sup- 
posing, for  example,  that  a  =  10  and  b  =  -Z.  By  formula  1 , 
the  square  of  the  sum  of  10  and  2,  or  the  square  of  12,  should 
be  10'  +  2  X  10  X  2  -f  2*  =  100  +  40  +  4  =  144,  which  we 
know  to  be  actually  the  case. 

433.     By  the  use  of  these  principles  and   f<^rmulas  the 

square  of  the  sum  or  difference  of  any  two  quantities,  or  the 

product  of  the  sum  and  difference  of  any  two  quantities  may 

be  found,  without  actually  performing  the   multiplication. 

Tlie  student  should  practise  until  he  can  readily  apply  thevi. 

Example. — Square  3.r*  +  5. 

Solution. — The  square  of  the  first  term  is  3^'x  3.r*  =  9.r*,  twice  the 
product  of  the  terms  is  30.r*,  and  the  square  of  the  last  term  is  25. 
Hence,  by  formula  1,  letting  a  —  'ix^  and  ^  =  5, 

(3.r«  +  5)*  =  9.r*  +  30.r»  +  25.     Ans. 

Example. — Square  Acd—  x. 

Solution. — The  square  of  the  first  term  is  16r*^/^  twice  the  product 
of  the  first  by  the  second  is  Sa/x,  and  the  square  of  the  last  term  is  .r'. 
Hence,  by  formula  2,  letting  a  =  4ctt  a.nd  b  =  x, 

(\cd  —  xY  =  \^'^d^  -  ^cdx  +  x^.     Ans. 

Example.— Expand  (.r«  +  3)  (.i*  -  3). 

Solution. — The  square  of  the  first  term  is  .r"*,  and  of  the  second,  9. 
Hence,  by  formula  3,  letting  a  =  x'^  and  ^  =  3, 

(.i-«  +  3)(.r«-3)  =  .r*-9.     Ans. 


EXAMPI.KS  FOR  PRACTICE. 
434:.      Square  the  following  : 

1.  ;;;  +  n.  Ans.  ;«»  +  2w;//  +  «*. 

2.  4.r  +  2.  Ans.  I6.1 «  +  lO.r  +  4. 

3.  'iii-hb.  Ans.  9<7*  -  30«^  +  25/^». 
4  1  -  2<^.  Ans.  1  —  4f»  -4-  4r«. 
5.  3.i»-2j».  Ans.  9^*  -  12.r»j»  +  4/«. 
fi.     ahH-^^-X.  Ans.   rt»/J^f«  +  2rt*»<r»  +  1. 

Expand  the  following  : 

7.     (/«  -h  1)  (;«  —  1>  Ans.  vi'  —  1. 
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8.  (.Y^+y^){.V^-y-).  '        Ans.  x-^-f*. 

9.  (3xy  +  2)  Cdxy  -  2).  Ans.  9^y^-4. 

10.  (4:a  +  W)  {4a  -  U'^).  Ans.  Wa'' -16i\ 

11.  Square  2c-^  —  c  +  d. 

Solution  to  11. — By  Art.  408,  this  may  be  written  ^c'^  —  if  —  d). 
Then,  in  squaring,  the  binomial  c  —  d  should  be  used  as  one  quantity. 
(See  Art.  391.)  Thus,  (2^7^  -  4c~^  ;  (r  -  df  =  c'^  —  2cd+dK  Hence,  by 
formula  2,  letting  a  =  2c''^  and  d  =  c  —  d,  we  have  {2c'^  —  c  -\-  dj-  = 
4,-4  _  ^c\c  -d)  +  c''-  2cd  +  ^*  =  4r*  -  ic"-  +  4chi  +  c""  -  2cd  +  dK  Ans. 
This  method  is  sometimes,  though  not  always,  more  convenient  than 
direct  multiplication. 

DIVISION. 

435.  Division,  in  Algebra,  is  that  process  by  which, 
when  a  product  and  one  of  its  factors  are  given,  the  other 
factor  may  be  found.  The  product  of  the  two  factors  is 
called  the  dividend,  the  given  factor  the  divisor,  and  the 
required  factor  the  quotient. 

From  these  definitions,  it  is  clear  that  the  quotient  multi- 
plied by  the  divisor  produces  the  dividend.  Division,  there- 
fore, is  the  converse  of  multiplication,  and  the  following 
principles  may  be  proved  directly  from  those  given  in  Arts. 
416-419: 

436.  If  the  dividend  and  divisor  have  like  signs,  the 
quotient  ivill  have  the  plus  sign;  if  they  have  nnlike  sigits, 
the  quotient  zvill  have  the  minus  sign. 

437.  The  coefficient  of  the  quotient  is  equal  to  the  coeffi- 
cient of  the  dividend  divided  by  the  coefficient  of  the  divisor. 

438.  The  exponent  of  a  letter  in  the  quotient  is  equal  to 
its  exp07ient  in  the  dividend,  minus  its  exponent  in  the 
divisor. 

439.  Let  it  be  required  to  divide  d^  by  d^.  We  have  to 
obtain  a  quotient  which,  when  multiplied  by  the  divisor  d^, 
will  produce  the  dividend  d^.  The  quotient  is  evidently  1. 
By  Art.  438,  however,  we  know  that  d^  -~  a^  =  «*~°  --=  a"^ 
Hence,  any  quantity  ivhose  exponent  is  0  is  equal  to  1. 

From  the  foregoing  principles,  the  rules  for  division  are 
obtained. 
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DIVISION    (»!•     MOXOMIAI.S. 

440.  Rule. — Divide  the  coefficient  of  the  dividend  by 
that  of  the  divisor.  Annex  to  the  result  the  letters  of  the 
dividend,  each  with  an  exponent  equal  to  its  exponent  in  the 
dividend,  minus  its  exponent  in  the  divisor,  omitting  all  let- 
ters whose  exponents  become  zero. 

Make  the  sign  of  the  quotient  plus  7chen  the  dividend  and 
divisor  have  like  signs,  and  minus  when  they  have  unlike 
signs. 

ExAMi'LK.— Divide  G^W^  by  —  3<7»<5r'. 

Solution.— The  quotient  of  6  -^  3  is  2.  The  letters  to  be  annexed,  and 
their  exponents,  are  «*-*  =  a^,  and  b*-^  =  b^.  The  c  has  an  exponent 
of  3  —  3  =  0,  so  that  it  becomes  equal  to  1,  and  is  omitted.    The  sign  of 

the  quotient   is  minus.       Hence,  &a^b*c^  -. ^a'^bc^  =  —  2^'^'.      Ans. 

Proof:  -  'id-^bc^  X  -  'ia^b^  =  (ia''b\-\ 

Example.— Divide  —  10<7«^W  by  —  2ab^c. 

Solution.—    -  Ida^bhui -^  -  'iabH  =  5rt«-'<J»-V«-V/=5aV^/.     Ans. 


IvXAMI>I,i:S   FOR   PHACTICK. 

441.  Divide  the  following: 

1.  V2/Jt'-n  by  4n.  Ans.  3w'. 

2.  'Mxy-bc^  by  -  e.r&^V.  Ans.  —rixbc. 
8.  -  Ua^b^c^  hy  -  liable*.  Ans.  4a* b. 
4  —  100.i-«)'3r«  by  xY'  Ans.  —  lOO.rv^'. 
5.  1?>fiq'Kv^m*  by  75.r'.  Ans.   pg'>fn*. 


DIVISION    OF    POLYXOMIAI.S. 

442.     When  the  divisor  i.s  a  monomial: 

Kulc. — Divide  each  term  of  the  dividend  by  the  divisor, 
remembering  that  like  signs  produce  plus  and  unlike  signs 
minus. 

Example.— Divide  12rt'/^—9rt/5^H-6<i'<J*  by  3rt/^. 
Solution.—  Zab^)V2a-b*  -  %ab^  +  Qa'^b* 

\ab    -  3        4-  2rt»/J   quotient.     Ans. 


BXA.Mi»i.i:s  row  i»w.\ctice. 

443.      Divide  the  following: 
1 .     64»i''/i^  —  32w«*  -h  8/«'«  by  8/nn.  Ans.  8ww'  —  4«  +  rn. 
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2.  21ixy^z  —  9x^ys''  —  333.ry^2'2  by  —  Zx^s.    Ans.   -  Oy  +  Zs  +  llljz. 

3.  10(x  +  fy  —  5a{x  +.;')  +  5a-(.r  +  j)  by  5(.r  +  j).      . 

Ans.  2(.r  -;-  y)  —  a  +  «'. 

444.     When  the  divisor  is  a  polynomial: 

Rule. — Arrange  both  dividend  and  divisor  according  to 
the  ascending  or  descending poiucrs  of  some  letter. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of 
the  divisor  for  tJie  first  term  of  tJie  quotient. 

Multiply  the  zvhole  divisor  by  the  first  term  of  the  quotient, 
and  subtract  the  product  from  the  dividend. 

Regard  the  remainder  as  a  nczv  dividend,  and  divide  its 
first  term  by  the  first  term  of  the  divisor,  for  the  second  term 
of  the  quotient.  Multiply  the  zvhole  divisor  by  the  second 
term  of  the  quotient,  and  subtract  tJic  product  from  the  first 
remainder. 

So  proceed  until  a  remainder  of  zero  is  found,  or  a  re- 
mainder ivJiose  first  term  cannot  be  divided  by  the  first  term 
of  the  divisor. 

Example.— Divide  .i-«  +  .r^  —  O.r^  —  Ifi.i-  —  4  by  .r^  +  4.r  +  4. 

Solution. — 

jr2  +  4.r  +  4  )  .r-*  +  x^  —  O.r^  —  IQx  —  4  (  x^  —  3.r  —  1  quotient.  Ans. 
x^+4x^  +  4cx^ 


-dx^-13x^-16x 
-Sx^-12x"-  -  12.r 

_     .t-2_    4.r-4 
—     .1-2—    4.r  — 4 

0  0         0 

The  first  term  x^  of  the  divisor  is  contained  in  x-\  the  first 
term  of  the  dividend,  x^  times ;  hence,  x'  is  the  first  term  of 
the  quotient.  The  whole  divisor  multiplied  by  this  term 
gives  x^+  4.1-^-f-  Ax^  as  a  product,  which,  subtracted  from  the 
dividend,  gives  as  a  remainder  —  3,i'^— 13.i''— lG,r  —  4.  It 
is  not  necessary  here  to  bring  down  the  —  4,  since  only  three 
terms  are  required  to  contain  the  divisor. 

The  first  term  x'^  of  the  divisor  is  contained  in  —  ox\  the 
first  term  of  the  new  dividend,  —  3.r  times.  Multiplying 
the  divisor  by  this  new  term  of  the  quotient,  we  have  —  3x^ 
—  12^-"  —  12-1'.      Subtracting  this  from  the  first  remainder, 
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we  obtain  —  .r'—  4.r  —  4  for  a  new  remainder,  the  —  4  being 
brought  down  from  the  original  dividend.  The  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  new  re- 
mainder or  dividend  —  1  time.  Multiplying  the  divisor  by 
this,  we  get  —  .i'—  4.i"  —  4,  which,  subtracted  from  —  x*— 
ix  —  4,  the  last  remainder,  leaves  a  difference  of  zero.  The 
work  ends  here,  since  there  are  no  more  terms  in  the  divi- 
dend to  be  brought  down. 

Example.— Divide  9xy^  +  .r^  —  4^  —  6.r»^  by  x*  +  2/*  —  3.17. 

Solution. — First  arrange  the  dividend  and  divisor  according  to  the 
descending  powers  of  .r. 

x^  —  Zxy  4-  2j'«)  .r*  -  dx^  +  O.ry-  —  Ay*  (.r»  -  Zxy  —  2y      Ans. 
■r^  -  3.r»/  4-  2.ry 

—  Zx^y  +  Ix^y*  —4y* 

—  3.rV  +  9.r»j'»  —  Ctxy 

—  2.r  •■)'■'-+-  (ixv-'  —  4y* 

—  2.rV  +  Gxy^  —  4y* 

0  0  0 


EXAMPLKS  FOR   PRACTICE. 

445.      Divide  the  following: 

1.  .r«  — 7jr  +  12  by  .r— 3.  Ans.  .r-4. 

2.  .r'-H  J-— 72  by  .r+9.  Ans.  .r  — 8. 

3.  2x^  —  x^  +  3.1-  -  9  by  2x  —  3.  Ans.  x^  +  x+9. 

4.  x*  +  Ux^  —  12.r  —  5.r'  +  6  by  3  +  .r«  —  3.r.  Ans.  .r'  —  2.r  +  2. 

5.  .r*  -  6xy  -  9.i-»  -y^  by  x^  +y  +  3.r.  Ans.  .r'  -  Sx-y. 

6.  .r«  —  1  bv  -r  —  1.  Ans.  .r'  +  x*  +  .r*  +  .r*  +  .r  +  1. 


FACTORING. 

446.  In  multiplication,  two  or  more  factors  are  multi- 
plied together  to  form  ^.  product.  Factoring  is  the  process 
of  resolving  a  product  into  its  fiictors. 

447.  The  factors  of  a  quantity  are  those  quantities 
which  multiplied  together  will  produce  the  quantity.  Thus, 
6rt'  and  b"  \  2a'  and  3^';  rt*  and  Gd*;  2a  and  3ad';  2,  3,  a,  a, 
b,  b  and  b,  etc.,  are  all  factors  of  Grt"^',  since  Grt'X  b*=  G^/'/^', 
2rt'X  3<^'  =  GrtY',  rt'x  G/^'=  Ga'b\  2a  X  3ab'=  Za'b^  and  2  X  3 
X  axax  bx  bx  b=  Oa''b\ 

In  solving  algebraic  problems,  it  is  frequently  very  neces- 
sary to  be  able  to  recognize  a  factor  of  one  or  more  algebraic 
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expressions,  and  Arts.  446-471  give  some  of  the  simplest 
methods  of  discovering  factors. 

448.  A  quantity  is  a  perfect  square  when  it  has  two 
equal  factors.  One  of  the  equal  factors  is  called  the  square 
root  of  the  quantity.      (Art.  363.) 

449.  Equal  factors  are  those  whose  letters  have  the 
same  exponents  and  coefificients,  and  which  have  the  same 
signs.  Thus,  3{4:cd'^  —  j>)  and  3{4:cd-  —  y)  are  equal  factors  of 
^4,a^^-J')  X  3(4^^^  -/)  =  di^cd'-jf;  but  3{4:cd'-j')  and 
—  S^-icd"^  —  J')  are  unequal  factors,  since  the  signs  of  the  co- 
efficient 3  are  not  the  same.  The  factor  —  3{4:cd' —  j)  is 
equivalent  to  3( j  —  4:cd^),  an  expression  which  will  have  in 
general  a  different  value  from  3{4:cd"  —  j'),  when  the  numerical 
values  are  substituted  for  the  letters. 

450.  A  quantity  is  a  perfect  cube  when  it  has  three 
equal  factors.  One  of  the  equal  factors  is  called  the  cube 
root  of  the  quantity. 

451.  In  factoring,  it  is  important  to  be  able  to  easily 
distinguish  quantities  that  are  perfect  squares  and  cubes, 
and  to  determine  their  roots.  By  definition,  da^d''  is  a  per- 
fect square  because  3ad  X  oal?  =  9a'd'',  and  Sad  is  its  square 
root.  Also,  Sa'  is  a  perfect  cube  because  2d^  X  2a^  X  2a-  = 
8a\  and  2a'^  is  its  cube  root.  In  each  of  these  cases  the  co- 
efficients are  multiplied  together,  and  the  exponents  are 
added,  to  produce  the  coefficients  and  exponents  of  the 
power,  according  to  the  rules  of  multiplication.  Hence,  a 
quantity  is  a  perfect  square  %v/icn  its  coefficient  is  a  perfect 
square,  and  the  exponents  of  all  its  letters  can  be  divided  by 
2  ;  it  will  also  be  shown  later  that  a  perfect  square  must  be 
a  positive  quantity.  A  quantity  is  a  perfect  cube  xuJien  its 
coefficient  is  a  perfect  cube  and  the  exponents  of  all  its  letters 
can  be  divided  by  8.  For  example,  36,r'°,  49(^VV/',  IG^'^" 
and  1  are  all  perfect  squares,  whose  roots  are  Qx\  '7bc'^d\ 
Aa^'b'  and  1,  respectively ;  27.r'',  —  G4/^VV,  Sa''b''  and  1  are 
all  perfect  cubes,  whose  roots  are  3x\  —  4:bc^d\  2a''b^  and  1, 
respectively. 
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CASK    I. 

452.  Wlicu  all  the  terms  of  an  expression  have  a  earn- 
vion  faetor,  the  expression  may  be  resolved  into  two  factors  by 
dividing  each  term  by  the  eommon  factor. 

Example.— Factor  16.r«y  +  4^y  —  \2xy*. 

Solution. — It  is  evident  that  each  term  contains  the  common  factor 
Axy^.  Dividing  the  expression  by  4.n'',  we  obtain  as  a  quotient 
4^  +  .r'  —  3_)''.  The  two  factors,  therefore,  are  A.ry^  and  4.r  -\-  x*  —  3/*. 
Hence,  by  Art.  452,  we  have 

16ay  +  4^'7»  —  12.ry  =  Axy\Ax  +  .r'  —  3.v»).     Ans. 

45C5.  When  examining  a  polynomial  for  a  monomial 
factor,  first  ascertain  if  the  numerical  coefficients  have  a 
common  factor.  This  is  readily  done  by  dividing  the  poly- 
nomial by  the  smallest  coefficient.  If  it  will  nut  divide  each 
term  exactly,  factor  this  coefficient,  and  divide  by  each 
factor.  If  none  of  the  factors  will  divide  each  term  of  the 
polynomial  without  a  remainder,  the  polynomial  has  no 
numerical  factor.  Having  ascertained  that  the  coefficients 
have  a  common  factor,  reserve  this  factor  and  examine  the 
polynomial  to  see  if  each  term  has  a  common  letter.  If  so, 
divide  each  term  by  this  letter,  affecting  it  with  an  expo- 
nent corresponding  to  the  lowest  exponent  of  the  letter  in 
the  polynomial,  and  multiply  the  numerical  factor  (if  any) 
previously  found  by  the  letter.  So  proceed  with  the  remain- 
ing letters. 

Example.— Ascertain  if  12a<5-<^  —  ISaV'^  +  24a»r«  —  ^%a*bc^y^  has  a 
monomial  factor. 

Solution. — 12  is  the  lowest  coefficient,  and  will  divide  each  term 
except  the  second.  Resolving  12  into  the  factors  2  and  0,  f5  will  divide 
the  second  term;  hence,  (5  is  a  numerical  factor  of  all  the  terms  of  the 
polynomial.  The  letters  a  and  c  are  common  to  all  of  the  terms,  and 
the  lowest  powers  of  a  and  c  are  it  and  r*.  Multiplying  together  6,  a, 
and  <■*,  6rtr'  is  a  factor  of  the  polynomial.  Dividing  the  polynomial  by 
6<7t»,  the  quotient  is  2/>-i  —  '.\a'-y  +  Am'  —  6rtV'<y  ;  consequently,  the 
factors  are  6a<r*  and  2^V  —  Za\Y  +  Aac^  —  Ga^bc^y*.     Ans. 


EXAMPLKS  FOR   PRACTICK. 

454.      Factor  the  following  expressions: 

1.  n^  +  ax.  Ans.  a{a*  ■\- x). 

2.  12a*  -  2a»  +  4a*.  Ans.  2a\6a^  -  1  +  2a> 
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3.     SOw*;/^  _  G„\ 

6.     49a-^dh-^  -  6Sa^l>^r*+':a*^^c'. 


Ans.  6«-(5;«''  —  «). 
Ans.  8(2.r2_y3  _  .i-s  +  i). 

Ans.  Axy{.x'^  —  Zxy  +  3/^). 
Ans.  'la'^b-^cXibc  -  ^ac  +  a'^). 


CASE    II. 

455.  To  factor  a  trinomial  zvJiicJi  is  a  perfect  square : 
This  case  is  simply  the  reverse  of  Arts.  428  and  429, 

and  may  be  expressed  by  the  following  formulas,  which  we 

have  from  1  and  2  in  Art.  432  : 

a"  +  "lab  +  If  =  {a  +  /;)  {a  +  /;)  =  {a  +  b)\  (4.) 

a"  -  'lab  +  b'  =  [a  -  b)  {a  -  b)  =  (a  -  by.  (5.) 

The  two  trinomials  a'^  -\-  lab  -\-  b"^  and  a"  —  lab  +  b'^  each 

have  two  equal  factors,  and  are,  therefore,  perfect  squares  ; 

moreover,  since  a  may  represent  one  quantity  and  b  any 

other  quantity,  it  is  evident  that  any  trinomial  having  the 

form    a"^  -\-  lab  +  b'^    or   a"^  —  lab  -{-  b'^   is   a   perfect  square. 

Hence, 

456.  Any  trinomial  is  a  perfect  square  zvhen  the  first 
and  last  terms  are  perfect  squares  and  positive,  and  the  sec- 
ond term  is  ttvice  the  product  of  their  square  roots. 

457.  By  examining  the  foregoing  trinomials  and  their 
factors,  the  following  rule  for  obtaining  one  of  the  equal 
factors  will  be  evident. 

Rule. — Extract  the  square  roots  of  the  first  and  last  terms 
of  the  trinomial.,  and  connect  the  results  by  the  sign  of  the 
second  term. 

Example. — Factor  x''-  +  'i.xy  +_y^ 

Solution. — The  square  root  of  the  first  term  is  x  ;  of  the  last  term,_y ; 
twice  this  product  equals  the  second  term  ;  the  sign  of  the  second  term 
is  plus.  Hence,  one  of  the  equal  factors  is  x-\-y.  Therefore,  by 
formula  4,  Art.  455,  letting  a  =  .v  and  b  —y, 

x^  +  2xy+y^  =  {x  +  y)  {x  +  y)  =  \x+yf.     Ans. 

Ex-\MPLE. — Factor  36w-  —  2imn  +  An-. 

Solution. — The  square  root  of  the  first  term  is  Qm  ;  of  the  last  term, 
2«  ;  twice  their  product  equals  the  second  term  ;  the  sign  of  the  second 
term  is  minus.  Hence,  one  of  the  equal  factors  is  6;«  —  2n.  There- 
fore, by  formula  5,  letting  a  =  6;«  and  b  —  2n, 

36;«2  —  2Amn  +  An-  —  (0;/^  —  2«)  (6/«  —  2«)  =  {Qm  -  2ny.     Ans. 


142  ALGEBRA. 

458.  When  the  terms  of  a  trinomial  which  is  a  perfect 
square  do  not  come  in  their  proper  order,  as  indicated  in 
Art.  45<>,  they  should  be  rearranged  to  brin^  them  so. 

ExAMi'LK. — Factor  G<rW  +  9a*^V*  -\- 1. 

St)iATioN. — By  Art.  451,  the  tc-rms  9//'//V'  and  1  arc  peifect 
squares,  and  da^dc  is  equal  to  twice  the  product  of  tlieir  square  roots, 
or  Qti^dc  =  2  X  Sa^dc  X  1.  Hence,  arranged  in  their  pro[>er  order, 
9<i*^V*  and  1  should  be  the  first  and  last  terms,  and  da^lfc  the  second 
term,  as  follows:  y<?V;V*  +  6</ V>r  +  1 .  Factoring  this  expression,  we 
have  3</V;t"  +  1  as  one  of  the  factors.     Thcrefcjre, 

Qa^c  +  Qn*Ah-*  +  1  =  (3a'/i<r  +  1)  {3a^c  +  1)  =  {Sa'dc  +  1)*.     Ans. 

459.  It  is  quite  as  important  to  be  able  to  distinguish 
trinomials  which  arc  perfect  squares  from  those  that  are  not, 
as  to  be  able  to  factor  them.  This  can  always  be  done  by 
the  aid  of  the  principle  stated  in  Art.  456.  For  example, 
to  find  whether  9^'^*  +  4  —  (Ja^d'  is  a  perfect  square,  we  first 
arrange  the  terms  so  that  the  first  and  last  are  the  perfect 
squares,  and  have  dti^d"  —  Grt"^'  +  •*•  Now,  it  will  be  ob- 
served that  the  second  term  is  not  equal  to  twice  the  prod- 
uct of  the  square  roots  of  the  first  and  last  terms,  or 
2  X  'Wl?'  X  2  does  not  equal  Ga^/f',  so  that  the  trinomial  is 
not  a  perfect  square.  Again,  4<?*  H- 4^'^' —^' is  not  a  per- 
fect square,  because  the  last  term,  ^*,  is  negative.  It  will 
be  noticed  that  the  second  term,  ■ia''/>\  is  a  perfect  square  in 
this  case.  It  must  be  placed  second,  however,  because  it  is 
the  only  term  that  is  equal  to  twice  the  product  of  the  square 
roots  of  the  other  two. 

460.  lu  ascertaining  whether  a  trinomial  is  a  perfect 
square,  first  find  whether  the  numerical  coefficients  of  two 
of  the  terms  have  like  signs  and  are  perfect  squares.  Then, 
see  if  the  coefficient  of  the  remaining  term  is  equal  to  twice 
the  product  of  the  square  roots  of  the  coefficients  of  the 
other  two  terms.  Lastly,  extract  the  square  root  of  those 
two  terms  whose  coefficients  are  perfect  squares,  and  multi- 
ply the  two  results.  If  twice  the  product  equals  the  re- 
maining term,  the  trinomial  is  a  perfect  square. 

Example.— Ascertain  whether  4^'  -f-  IGf^  —  \Gac'^  is  a  perfect  square. 

Solution. — Here  all  of  the  coefficients  are  perfect  squares,  and  the 

first  two  terms  have  like  signs.     \^T=  2,  and  |/l(}  =  4.    Twice  the  product 
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of  2  and  4  =  (3  X  4)  X  2  =  10  =  the  coefficient  of  the  remaining  term. 
Lastly,  4/4rt^  -  2^;  and  V'16^*  —  4c\  and  (2a  X  4c2)  X  3  =  Uac^  =  the 
remaining  term;  hence,  the  trinomial  is  a  perfect  square  and  is  equal 
to  {2a  -  4r'0  C2a  -  4r%  or  to  {ic^  -  2a)  (4^^  -  3^).      Ans. 

Example. — Ascertain  if  d-  —  Gdd—  Qd-  is  a  perfect  square. 
Solution. — The  two  terms  having  like  signs  are  6<!^<^and  OrtT'^.     Since 
(ibd  is  not  a  perfect  square,  the  trinomial  is  not  a  perfect  square.     Ans. 

Example. — Ascertain  if  2(iacd  —  4«-6'^  —  25^^  jg  ^  perfect  square. 

Solution.— The  two  terms  having  like  signs  are  —  Aa^'-c'-  and  —  25^-. 
According  to  Art.  456,  these  two  terms  must  be  positive.  Therefore, 
dividing  the  trinomial  by  —  1,  i.  e.,  changing  all  the  signs,  it  becomes 
—  (4a'-'t-  +  2Tid'^  —  20acd).  The  two  terms  having  like  signs  are  now 
perfect  squares,  and  twice  the  product  of  their  square  roots  is  {^2ac 
X  ^d)  X  2  =  20acd  =  the  remaining  term.  Consequently,  the  trinomial 
is  a  perfect  square  and  is  equal  to  —  {2ac  —  5dY,  or  —  {od  —  2acy.     Ans. 

Example. — Ascertain  if  Am'^n-  —  Zni^tip  +  4/^  is  a  perfect  square. 

Solution. — The  first  and  last  terms  have  like  signs  and  their  coeffi- 
cients are  perfect  squares,  but  the  coefficient  of  the  remaining  term  is  not 
equal  to  twice  the  product  of  the  square  roots  of  the  coefficients  of  the 
other  two  terms.    Therefore,  the  trinomial  is  not  a  perfect  square.    Ans. 


EXAMPLES  FOR   PRACTICE. 


461.      Determine  which 

of 

the  following  trinomials  are  perfect 

squares: 

1.     .r2  +  .ry+y. 

5. 

xy 

+  30.1J  +  256. 

2.     a^  —  2a^x'^  +  x\ 

6. 

le.r^ 

-  %xyz  +_y^z^. 

3.     w«  +  16  +  8^3. 

7. 

^2  + 

2/nn  —  «2. 

4.     100  +  22/+y. 

Ans. 

The  2d,  8d,  and  6th. 

Factor  the  following  trinomials 

: 

8.     x2-16.r+G4. 

Ans.  (x-Sy-. 

9.     ««  -  26«3  +  169. 

Ans.  {n^  -  13)5. 

10.     25x2  +  n^xyz  +  49j222. 

Ans.  i5x+1ifzY. 

11.     16^2  +b''  -  Uc. 

Ans.  (4<r  —  bf. 

12.     2mx^-nf+x'K 

Ans.  (m  +  x)''. 

13.     a^b^c^  -  2abH^  +  1. 

Ans.  (abh-^-lf. 

CASE    III. 
462.     To  factor  an  expression   wJiich   is  the  differe/ice 
between  two  perfect  squares  : 

This  case  is  the   reverse  of  Art.  431,   and  maybe  ex- 
pressed by  the  formula 

a^^b''={a-\-b)  {a-b),         (6.) 
which  we  have  from  3,  Art.  432. 
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4(>»{.  Since  n  may  represent  one  quantity,  and  /;  any 
other  quantity,  it  is  evident  from  formula  6  that  any  ex- 
pression which  is  the  difference  between  two  perfect  squares 
may  be  factored  by  the  following: 

Rule. — Extract  the  square  roots  of  the  first  and  last  terms. 
Add  these  roots  for  the  first  factor,  and  subtract  the  second 
from  the  first  for  the  second  factor. 

Example. — Factor  9.r*/*  —  4. 

Solution. — The  square  roots  of  the  first  and  last  terms  are  3.r*/* 
and  2.  The  sum  of  these  r(K>ts  is  3.r^v^  +  2  and  the  second  subtracted 
from  the  first  is  Zx^y'^  —  'l.  Hence,  by  formula  H,  letting  a  =  Zx*y* 
and  ^  =  2, 

9.«- V*  —  4  =  (a-ry'  +2)  i^^x^y''  —  2).     Ans. 

Example. — Factor  {a  -f-  hf  —  w*«*. 

Solution'. — The  square  roots  of  the  first  and  last  terms  are  a  +  b 
and  mn.  The  sum  of  these  roots  is  <z  +  ^  +  /««,  and  the  second  sub- 
tracted from  the  first  '\%  a  +  b  —  rnn.  Hence,  by  formula  6,  letting 
a  =  (2  +  b  and  b  =  mn, 

{a  +  b)'^  —  tn'^n^  =  (a  +  b  +mn)  {a  +  b  —  mn).     Ans. 


EXAMPI.KS   KOW   I»HACTICE. 

46-4.     Factor  the  following  expressions: 

1.  rt'^-16.  Ans.  (rt  +  4)(a-4). 

2.  a»-49r«.  Ans.  {a  +  'ic*){a-1c*). 

3.  81.r«^'^-l.  Ans.  {Qx^y"*  +\){Qx^y^  -\). 

4.  {ax  -<-  byf  —  1.  Ans.  {ax  -{-  by  +  \)  {ax  +  by  —  1). 

5.  25.1-^7'  -  {bx  +  1)«.  Ans.   [^x^y  +  {bx  +  1)]  [5x«j  -  {bx  +  1)]  = 

(5^»j/  +  bx+\)  C^xy  -  bx  -  1). 

6.  1  -  \mx^y*2\  Ans.  (1  +  13.r>'«r»)  (1  -  Vixy^z^). 


465.  In  example  5,  the  expression  {bx-\-iy  should  be 
regarded  as  a  single  term;  in  fact,  any  number  of  terms 
may  be  regarded  as  a  single  term  by  enclosing  them  in 
parenthesis  and  operating  on  them  as  though  they  were  a 
single  letter. 

When  solving  any  examples  requiring  the  application  of 
the  rules  in  Art.  463  or  466,  first  ascertain  if  the 
numerical  coefficients  of  the  two  terms  are  perfect  squares 
or  perfect  cubes;  if  not,  there  is  no  use  of  examining  further. 
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CASE  IV. 

466.  To  factor  an  cxp7-cssioii  which  is  the  sum  or  differ- 
ence of  two  perfect  cubes  : 

Letting  a  represent  one  quantity  and  b  some  other  quan- 
tity, the  sum  and  difference  of  two  perfect  cubes  will  be 
represented  by  «'  +  ^'  and  a""  —  b\  By  actual  division  it 
may  be  shown  that 

{a'  +  b')  -^  {a  +  /;)  =  a""  -  ab -[-  b\  and 
(^'  _  l/)  ^  (^a  -  /;)  =3  a'  +  ab  +  b\ 

Hence,  any  expression  which  is  the  sum  or  difference  of 
two  perfect  cubes  may  be  factored  as  follows: 

Rule. —  Extract  the  cube  root  of  each  term.  Connect  the 
results  by  the  sign  of  the  second  term  for  the  first  factor,  and 
obtain  the  second  factor  by  division. 

It  is  to  be  noticed  that  the  second  factor  will  not  be  a  per- 
fect square,  because  its  second  term  will  not  be  twice  the 
product  of  the  square  roots  of  the  other  two. 

Example.— Factor  8.r«  —  STy^ 

Solution. — The  cube  root  of  the  first  term  is  2jr'^,  and  of  the  second 
term  3/^;  the  sign  of  the  second  term  is  minus.  Consequently,  the 
first  factor  is  2.r'-  —  3/^.  The  second  factor  we  find  by  division  to  be 
Ax*  +  6^2^3  ^  9^6_  Hence,  the  factors  are  2.1-2  —  3/^  and  4.r*  +  Qxy^  + 
9/«.     Ans. 

EXAMPLES  FOR  PRACTICE. 

46T.      Factor  the  following  expressions: 

Ans.  {x  —  y)(.r''  +  xy+_y^). 

Ans.  (m  +  An-)  {m^  —Ainn'^  +  IQn^). 

Ans.  (3a  —  2x)  (9^'^  +  6rt.r  +  4.r-) 

Ans.   (10  -  Za^)  (100  +  ZQa'^l?  +  ^a^'^) 

Ans.  (1  +  9;;<!^;/5)  (1  —  9;//^;/5  4-81;««;^'") 

Ans.  {%a  -  Ab)  {Ua'^ +Z^ad -\-im\ 


1. 

-f  ^  —  y^. 

2. 

vi^  +  %An^. 

8. 

27^3  -  %x^. 

4. 

1,000  -  27rt«<5=» 

5. 

1  +  729w";;'5. 

6. 

512^3  _  64^3. 

CASE  V. 
468.  Sometimes  expressions  may  be  resolved  into  two 
or  more  factors  by  the  application  of  more  than  one  of  the 
given  rules.  The  student  should  make  himself  so  familiar 
with  the  first  four  cases  that  he  will  be  able  to  determine 
readily  when  any  of  them  may  be  applied. 
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]l7/rfi  Cdsc  I  is  to  be  used  in  connection  with  other  cases,  it 
should  he  applied  first. 

Example. — Kactor  :{///.r*v'  —  Vlmy"^. 

Solution.— By  Case  I.  3;//.r*/'»  —  12///>''  =  %my\x^  —  4y*).  Factoring 
the  expression  in  the  jiarenthesis  by  Case  III,  .r' —  4/*  =  (.r  +  2^*) 
(r  -  2/-).     Hence.  3///.1  *  r^  -  12/;;/'  =  3w/'  (.r  -+-  2/*)  (.r  -  2/').     Ans. 

Example.— Factor  80</^r»  -  40</.r»  +  S.r*. 

Solution.— By  Case  I,  80<j*.i«  -  40rt.r*  +  5.r»  =  5.r»(lGr/«  -  8a  +  1). 
Factoring  the  expression  in  the  parenthesis  by  Case  II.  ltt<7*  —8a  +  1  = 
(4rf  -  1)*.     Hence.  80rt«.r«  -  40a.r''  +  5x«  =  5^«(4a  -  1)».     Ans. 

E.x AMPLE. — Factor  Imn  +  1  —  ;;/'  —  //•. 

Solution. — Arrange  the  expression  as  follows:  1  —  ///*  +  Imn  —  «' 
=  1  -  (w^  -  2w//  +  «•')•  (Art.  408.)  By  Case  II.  this  equals  1  -  (w  - 
//)».  By  Case  HI.  this  equals  [1  +  {tn  —  //)]  [1  —  (///  —  «)]  =  (!  +  /«  — «) 
(1  —  ;//  H-  n).     Ans. 

Example.  — Factor  a^  —  b^. 

Solution.— By  Case  HI.  a^  -  b*  —  (a»  +  ^')  (a'  -  t^).  By  Case  IV,  a* 
+  ^  =  (rt  +  /^)(«-  —  ab  +  b%  and  a»  -  /J«  =  (<i  -  /J)(a»  +  a/J  +  b'').  Hence, 
<7»  -  /^*  =  (^z  +  b)  {a  —  b)  (a*  —  ab  +  b-)  (a«  +  a<5  +  /^'O-     Ans. 

Example.— Factor  4</*  +  .i-«  -  c-  +  2c J  +  4rt.r»  —  </*. 

Solution. — This  may  be  arranged  as  follows:  Aa^  ■+■  4rt.i'  +  .r'*  —  c^ 
+  2tv/-  r/*  =  4a»  +  4rf.r«  +  .r-*  —  (f*  -  2r</+  d^). 

By  Case  H,  this  equals  (2a  +  x^f -{c  —  df.     Hence,  by  Case  HI. 

4fl»  +  .r*  -  r*  +  2cd  +  4a^*  —  ^j'*  =  {2a  +  x*  +  c  —  d) {2a  -r  -i*  -  c  +  d). 

[Ans. 
Example. — Factor  ac  —  be  +  ad  —  bd. 

Solution. — We  observe  that,  if  the  first  two  and  last  two  terms  be 
factored  by  Case  I.  they  will  each  show  the  same  binomial  factor,  a  —  b. 
Thus,  ac  —  be  -h  ad  —  bd  =  {ac  —  be)  +  {ad  —  bd)  =  c  {a  —  b)  +  d  {a  —  b). 
Applying  Case  I.  again,  we  have  (dividing  by  a  —  b)  the  factors  {a  —  b) 
and  {c  +  d).     Ans. 

Example. — Factor  x*  +  ax  —  bx—  ab. 

Solution. — This  example  is  like  the  last.  Hence,  .r*  +  ax  —  bx  —  ab 
■=.  (jr»  +  ax)  —  {bx  +  ab)  =  x  {x  +  a)  —  b  {x  +  a)  =  {x  +  a){x  —  b).     Ans. 

4t>y.  When  factoring  polynomials  which  come  under 
Case  V,  first  ascertain  whether  there  is  a  monomial  factor 
in  the  expression.  If  there  is  one,  divide  it  out  and  reserve 
it.  If  the  remaining  terms  cannot  apparently  be  factored 
by  Cases  II,  III,  and  IV,  endeavor  to  so  arrange  the  various 
terms  that  they  may  be  factored  by  the  application  of  some  of 
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the  preceding  rules.  No  fixed  rules  can  be  given  which  will 
cover  all  of  the  different  expressions  which  fall  under  Case 
V,  and  the  results  depend  entirely  upon  the  ingenuity  of 
the  student,  who  must  have  considerable  practice  before  he 
can  factor  polynomials  successfully.  It  is  important,  how- 
ever, that  he  should  have  some  knowledge  of  the  process. 
The  explanations  to  the  following  examples  are  more  full 
than  those  given  above,  and  will  probably  afford  soine 
assistance  to  understanding  the  solutions  given  under 
Case  V: 

Example. — Factor  ^.r^  —  «/"  +  b'Kv^  —  b'^y^. 

Solution. — It  is  readily  seen  that  «  is  a  factor  of  the  first  two  terms, 
and  d'^  a  factor  of  the  last  two.  Enclosing  the  first  two  and  last  two 
terms  in  parentheses, the  polynomial  becomes(«,r^  —  ay^)  +  {d-x^—d'^j^), 
which,  of  course,  equals  a{x^  —  y^)  +  b'{x^  —  y^).  It  is  now  seen  that 
both  terms  of  this  binomial  have  the  common  factor  (.r^  —y^)-  Dividing 
it  out,  the  quotient  is  a  +  b"-.  Hence,  the  required  factors  are  {a  +  b-) 
and  {x^—y^).  But  since  .v^  and /^  are  perfect  squares,  the  quantity 
x^  —  j^may  be  factored  by  Case  III.  Thus,  x^  —  y^  =  {x'^  +  y^)  (-r*  —y% 
Both  of  the  factors  last  obtained  may  be  factored  by  Case  IV.  Thus, 
x^  +  y^  =  {x-  —  xy  +y-)  {x  +  y)  and  x^  —  y^  =  (.r^  4.  xy  +  y'^)  {x  —  y). 
Therefore,  since  it  is  impossible  to  factor  any  further,  ax''  —  ay^  +  b'-x^ 
—  b'Y  =  {a  +  b-) {x--xy  + /■)  {x'-+xy+y'')  {x  +  y)  {x - y).     Ans. 

Example. — Factor  4  —  9/;/'-  —  ;/-  +  Q;nn. 

Solution. — Apparently,  none  of  the  rules  will  apply  here  ;  hence,  the 
chief  dependence  must  be  placed  upon  the  proper  arrangement  of  the 
terms.  Noticing  that  the  terms  9/;/^  and  «-  are  both  perfect  squares  and 
have  like  signs,  and  that  the  term  Qtnn  is  twice  the  product  of  the  square 
roots  of  ^iii-  and  «-,  the  last  three  terms  are  enclosed  in  parenthesis,  and 
the  expression  becomes  4  —  (9/;/'^  +  ;/'^  —  Qinn).  The  second  term  of  this 
binomial  is  a  perfect  square,  according  to  Art.  456,  and  the  binomial 
may  be  written  4  —  (8/;;  —  ;/)-,  since  (3;«  —  tif  =  9w-  —  6w«  +  ;/-.  The 
binomial  4  —  (3w  —  «)'-  may  now  be  factored  by  Case  III,  since  both 
terms  are  perfect  squares.  Therefore,  4  —  (3;«  —  ;/)-  = 
[2  +  (3w  -  ;/)]   [2  -  (3/;z  -  ;/)]  =  (2  +  3;;/  -  ;/)  (2  -  3;;/  +  n).     Ans. 

If  the  student  will  carefully  study  Art.  470,  in  connec- 
tion with  Arts.  446 — 471,  he  should  experience  no  great 
difficulty  in  factoring.  Until  he  has  become  accustomed  to 
factoring,  the  student  should  prove  his  work  by  multiplying 
the  factors  together,  and  comparing  the  result  with  the 
original  expression. 
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KXAMPI.F-S  FOR    PRACTICE. 
470.      Factor  the  following  expressions  : 

1.  .i*-v*.     Apply  Case  III.  twice.        Ans.  (.r»4-^«)(.r+_>')(x->'). 

2.  Safix^  +  3<//*^  +  eui.vr/>.     Apply  Cases  I  and  II.    Ans.  3a*  (x  +  j')*. 

3.  a*l>'  -  tt/fK  Apply  Cases  I  and  IV.       Ans.  (id'ia  -  b)  (a*  +  ab -y  b*). 

4.  2bc-b*-c^  +  A.  Ans.  (2  +  /i-0  (2-/*4-r). 
r».  16/;/'  -  2r)</<  +  4//^  +  IT)/;///.  Ans.  (4///  4-  '2//  +  •'»'/'')  (4///  +  2//  -  .W*). 
fl.    y-i  _  „j  +  (6j  -  al>.  Ans.  (/  -  r.)  (y  +  /^). 

7.  ,-»_  1  ^_4.r— 4.r*  — 2tv/*  4-^/''.      Apply   Cases   II   and    III,    after 
arranging  the  terms  as  follows  :  {c^  —  led*  +d*)  -  (4.r«  -4.r  -I-  1). 

Ans.  (r-^/«+2.r- l)(t--</'- 2.r+ 1). 

8.  ,is  _  .1 -■' —  1  +  2.r.     Apply  Cases  II  and  III. 

Ans.  (n  +  \  —  x)  (<i  —  1  +  x). 

9.  4^^-16</^'»  + 16a'R     Apply  Cases  I  and  II.       Ans.  4(^'(1  -  2'/)». 
10.     .r»  -  ///».  Ans.  (.r-"  +  m*)  (.r»  +  itf)  (.r  +  ///)  {x  —  ///). 


CASK     VI. 

471.  Expressions  of  the  form  a"  ±  b"  frequently  occur, 
in  which  ;/  is  an  integer  (whole  number).  The  sign  ±  is 
read  plus  or  minus,  and  means  that  either  sign  may  be  used. 
One  of  the  factors  will  be  a -{■  /;,  when  n  is  an  even  number 
{2,  Jf,  6,  ete.),  and  the  connecting  sign  is  — ,  or  zchen  n  is  an 
odd  number  (J,  5,  7,  etc.,)  and  the  connect ing  sign  is  +. 
When  the  connecting  sign  is—,  a  —  b  is  always  a  factor. 
a"  -j_  /;"  cannot  be  factored  when  n  is  an  even  number,  unless 
n  has  a  value,  2/*,  /  being  any  number  greater  than  1. 

Thus,  -r'  —  y*  may  be  divided  by  x  -{-y,  and  also  by  .r— j'; 
X*  -(-  )'*  cannot  be  factored;  .v*  +j''  may  be  divided  by  x-\-y\ 
x''—y'ma.y  be  divided  by.r— j'.  A-*+j'*can  be  factored, 
since  it  equals  .r'  '^ »  -|-y  »;  it  is  divisible  by  .i'  +7'. 


LEAST  COMMON  MULTIPLE. 
472.     The  least  common  multiple  (L.  C.  M.)  of  two 

or  mure  quantities  is  the  least  quantity  that  may  be  divided 
by  each  without  a  remainder.  When  the  quantities  have  no 
common  factor,  the  L.  C.  M.  will  be  their  product;  but  when 
they  have  a  common  factor,  a  quantity  less  than  their  prod- 
uct may  be  found  that  each  will  exactly  divide. 

47»i.     To    obtain    the    L.    C.    M.   of   two    or    more 
quiintlties : 
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Rule. — Find  all  the  factors  of  each  quantity.  Select  the 
smallest  number  of  these  necessary  to  form  a  product  that 
each  quantity  zvill  divide  without  a  remainder.  TJie product 
of  the  factors  selected  will  be  the  L.  C.  M. 

Example.— Find  the  L.  C.  M.  of  .r^  +  2.ry  +  j^^  .r^  — /^  and  x  —  y. 
Solution. — Factoring  each  quantity, 

X  2  +  2.17  +  J''  =  (-1-  +  J')  (-1-  +  j).  (1) 

x=-y  =(.r+7)(.i--j).  (2) 

X   -y  =  x-y.  (3) 

To  be  divisible  by  (1),  the  L.  C.  M.  must  evidently  contain  the  fac- 
tors (.r+j)(-r+ 7);  hence,  we  select  these  for  two  factors.  To  be  divisi- 
ble by  (2),  it  must  contain  the  factors  {x+y){x  —  y);  but,  as  a  factor 
x+y  was  taken  before,  it  is  necessary  to  select  only  the  x  —  y.  To  be 
divisible  by  (3),  the  L.  C.  M.  must  contain  x  —  y\  but  as  a  factor  x  —  y 
has  already  been  taken,  this  is  not  to  be  selected.  Now,  expressing  the 
product  of  the  factors  selected,  we  have  as  the  L.  C.  M.  {-v  +  y){x+y) 
[x  —  y)  =  {x  +  yf  {x  —  y),  which  is  the  least  quantity  that  each  of  the 
other  quantities  will  exactly  divide.     Ans. 

Example.— Find  the  L.  C.  M.  of  36^//',  l^a^b\  and  bOabc. 

Solution. — Factoring, 

mab''   =3X3X2.X3X^?X^X^.  (1) 

12^2^2  =  3X2x2x«X^i:X^X'^.  (2) 

bOabc  =5x5x2x«X'^Xr.  (3) 

To  be  divisible  by  (1),  the  L.  C.  M.  must  contain  all  the  factors  of 

(1);  hence,  we  select  these.     To  be  divisible  by  (2),  it  must  contain,  in 

addition  to  those  already  selected,  the  factor  a,  which  we  select.     To 

be  divisible  by  (3),  it  must  contain,  in  addition  to  the  factors  taken,  the 

factors  5,  5,  and  c,  which  we  select.    The  product  of  the  factors  selected 

is8x3x2x2Xrt:X^X<^X^?X5x5x^  =  900a'^^V,  the  L.  C.  M. 

[Ans. 

474.     The  following  method  of  finding  the  L.  C.  M.  of 

several  quantities  is,  perhaps,  easier  to  understand  and  apply 

than  that  given  in  the  above.      It  will  be  explained  by  means 

of  examples: 

Example.— Find  the  L.  C.  M.  of  (.v^  _  1),  (.r^  -  1),  and  (r  +  1). 

Solution. — Factor  each  quantity  as  follows: 

x^-\^  (.r'^  +  X  +  1)  (.r-  1) ;  x'^  -  1  =  (.r  +  1)  (.r  -  1),  and  .r  +  1  = 
X  +  1.  Arrange  these  in  a  row,  separating  the  different  quantities  by 
commas,  thus, 

{x^+x  +  V){x-\\{x+\){x~l),x+\ 


x-1 
x+l 


-r'^  +  .r+l,  x-\l  -r+l 

x'+x+i,        i^         r~ 
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Xmv,  select  some  factor  and  diviilc  each  quantity  by  it.  if  possible; 
if  any  quantity  cannot  be  thus  divided,  bring  it  down.  Selecting 
.r—  1  and  dividing  each  quantity  by  it,  the  result  is  x*  +  x+\.  x+l 
and  x+  1.  Dividing  the  remaining  quantities  by  another  factor,  as 
.r+l,  the  result  is  .r*  +  .r+l.  Multiplying  this  last  remainder  and 
the  Uvo  preceding  divisors  together,  tlie  result  is  (r- -(- .r  4-  lU.r4-  1) 
(.r-1).  the  L.  C.  M.     Ans. 

Applying  the  above  method  to  the  first  example  in  Art. 

473, 


X+J' 

(.1-  +y)  (.r  +  ^).(.r  +y)  {x—y),  x  -y 

x-y 

x  +  y,                          x-y,  x-y 

x+y,  1,  1 

Hence,  the  L.  C.  M.  is  (x  +  y){x  —  y){x  +  y).     Ans. 

Applying  this    method    to    the    second   e.xample    in    Art. 
473, 


2al> 

S6al>\ 

12rtV;», 

50a/Jr 

6l> 

18^, 

dad. 

25r 

8 

3. 

a. 

25f 

a 

1. 

a. 

25f 

1.  1.  25^ 

Hence,  the  L.  C.  M.  =  2a^  X  6/^  X  3  X  «  X  25<r  =  900fl'(JV.     Ans. 

475.     The  L.  C.  M.  may  often  be  foimd  by  inspection. 

Example. — Find  the  L.  C.  M.  of  .r'— j^and  x  —  y. 

Solution. — The  least  quantity  that  .r^— /*  will  exactly  divide  is 
x^—y^.  As  x  —  y  will  also  divide  this  without  a  remainder,  x^  —  y^  is 
evidently  the  L.  C.  M. 


i:XA.MI»LES  FOR    PRACTICK. 

476.      Kind  the  L.  C.  M.  of  the  following: 

1.  9u-^^,'  \^a-b\  and  \ha''b.  Ans.  OOrt'^^. 

2.  2x  +  1  and  2(4.r*  -  1).  Ans.  2(4j-«  -  1 ). 


3.  ./'  -  /'*  and  ii^  -  A\ 

4.  2,1- 1.  4,/'^- 1.  and4,j'4- 1. 

5.  2rt'  +  2al>,  'iab  -  '6b\  and  4«V  -  4<JV. 


Ans.  {a  +  d)  (<»=•  —  /i-'). 

Ans.  \Qa*-  1. 

Ans.  V2abi\a-  —  b'). 
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FRACTIONS. 

477.  A  fraction,  in  Algebra,  is  considered  as  an  expres- 
sion indicating  division.  The  sign  -^  is  seldom  used,  it  being 
more  convenient  to  write  the  dividend,  or  quantity  to  be 
divided,  above  a  horizontal  line,  with  the  divisor  below  it,  in 
the  form  of  a  fraction. 

478.  Thus,  the  fraction >  means  that  ^  +  '^  is  to  be 

c  —  a 

divided  by  ^  —  ^,  and  is  the  same  as  {a  -\-  b)  -^  {c  —  d^.  It 
is  read  ^''  a  -\-  b  divided  by  ^  —  ^,"  or  "^  -f  ^''  over  c  —  c/. "  All 
fractions  are  read  in  this  way  in  Algebra,  except  simple 
numerical  fractions,  as  ^,  -||,  etc.,  which  are  read  as  in 
arithmetic. 

479.  The  dividend,  or  quantity  above  the  line,  is  called 
the  numerator,  and  the  divisor,  or  quantity  below  the 
line,  the  denominator.  The  numerator  and  denominator 
are  called  the  terms  of  a  fraction. 

480.  Any  whole  number  or  quantity  may  be  taken  as 

a  fraction  with  a  denominator  of  1,  and  in  this  treatment 

of  fractions  it  will  be  considered  as  such.     Thus,   24  is  the 

24 
same  as  — ,  since  24  ^-  1  =  24.     The  student  should  observe 

the  difference  between  this  and  the  definition  of  a  reciprocal 
which  follows. 

481.  A  reciprocal  of  a  quantity  is  1  divided  by  that 
quantity  ;  that  is,  a  reciprocal  is  a  fraction  having  the 
number  1  for  its  numerator.     The  reciprocal  of  5  is  1  -^  5 

=  i ;  the  reciprocal  of  x'  -\-  a  is  -^^- .     The  reciprocal  of 

"  ^  X'  -\-  a 

a  number  may  be  found  by  dividing  1  by  that  number; 
or  a  number  may  be  found  from  its  reciprocal  by  dividing  1 
by  the  reciprocal.  For  example,  the  reciprocal  of  250  = 
1  -^  250  =  .004  ;    the    number   whose    reciprocal   is    .004   is 

1-^.004  =  -^  =  250. 
.004 
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482.  The  signs  of  n  fraction  arc  three  in  number- 
namely,  the  si^ii  before  the  dividing  line,  which  indicates 
whether  the  fraction  is  to  be  added  or  subtracted  (if  this 
sign  is  -|-,  it  is  always  omitted  when  the  fraction  stands  alone), 
and  the  signs  of  the  numerator  and  denominator.  Any  two 
signs  of  a  fraction  may  be  changed  tvithout  altering  its  value  ^ 
but  if  any  one,  or  all  three  be  changed,  the  value  of  the  frac- 
tion xcill  be  changed  from  -\-  to  —  or  from  —  to  -\-.  These 
principles  can  be  shown  to  follow  from  Art.  436.  If  the 
numerator  or  denominator  is  a  polynomial,  its  sign  belongs 
to  the  entire  numerator  or  denominator;  and  when  changing 
signs,  care  must  be  taken  to  change  the  sign  before  each  term 
in  the  numerator  or  denominator.  Thus,  with  the  signs 
before  the  dividing  line  and  numerator  changed, 

a  —  b      —  a  -{-  b        ^  —  a  —  b 

-  =  ■ -J-,  not -j-. 

C  —  d  C  —  d  C  —  d 

^,  a  —  b  —a-\-b     ^   —  a-\-b         .       a  —  b 

That -,= f—j,  H -r  or  H r-/  can 

c  —  d  —  c  -\-  d'    '      c  —  d  '    —  c-j-  d 

be  readily  shown.      It  is  evident,  from  the  laws  of  fractions, 

that,  if  both  numerator  and  denominator  be  multiplied  by 

the  same   quantity,    the   value  of  the  fraction  will   not   be 

changed.      Multiplying  both  terms  of  the  fraction -, 

—  (a  —  b)  —  a  -\-  b       .  , 

by    -  1,    we    get    -  _^_^{  =  -  _  ,- ^  ,/•      Agam,    mul- 
tiplying and  dividing  a  quantity  by  another  quantity  does 

4 

not  alter  the  value  of  the  quantity.      For  mstance,  2  =  2  X-^- 

Now,  the  sign  before  the  dividing  line  of  a  fraction  applies 

,    ,     r         •  T  T  a  —  b  id  —  b\       , ,    , 

to  the  whole  fraction.      Hence, ^=— i ^1.      Mul- 

c  —  a  \e  —  a/ 

tiplying  this  last  expression  by  —  1,  it  becomes  -|-  I  ^ ^l  = 

,.     To  divide  a  fraction  by  any  quantity,  we  may  divide 

the  numerator  or  multiply  the  denominator.      Dividing  the 

numerator  of  the  last  expression  by   —  1,   the  fraction  be- 

—  (a  —  b)       —  a -\- b  ,•,•        .,      j  ... 

comes    — ^ ~  = -J-  ;  multiplying  the  denominator, 

€  —  a  c  —  d 
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a  —  b 


it  becomes  -. rv  = ; — >•     Therefore,    — 


a 


-{c-d)        -  c  +  cf  '         c-d 

—  a-\-b  _  —  a  -\-  b  _ 

—  c  -\-  d~     c  —  d    ~  —  c  -\-  d' 

If  the   above  demonstration  is  not   satisfactory,    let  the 
student  substitute  numerical  values  for  a,  b,  c,  and  d. 


REDUCTION   OF   FRACTIONS. 

483.  To  reduce  a  fraction  is  to  change  its  form  without 

10,1'  20.f 

changing    its   value.     Thus,    — -—   and    ——-   have    different 

forms,  but  like  values,  since  10,r  -^  5  and  20,r  -4-  10  are  each 
equal  to  2x. 

In  reducing  fractions  we  have  the  general  rule  that  the 
numerator  and  denominator  may  both  be  multiplied,  or  both 
divided,  by  the  same  quantity  zvithout  changing  the  value  of 
the  fraction. 

484.  To  reduce  a  fraction  to  its  simplest  form : 

Rule. — Resolve  the  numerator  and  denominator  into  their 
factors  and  cancel  those  that  are  common  to  both. 

This  is  in  effect  the  same  as  dividing  both  numerator  and 
denominator  by  the  same  quantity,  and  does  not  change  the 
value  of  the  fraction. 

485.  In  reducing,  or  performing  other  operations  upon 
fractions,  the  student  must  learn  to  use  polynomial  factors, 
wherever  they  occtir,  as  though  they  were  one  quantity — like 
monomial  factors.  This  is  illustrated  in  the  following 
examples,  where  there  are  polynomial  factors  in  both  numer- 
ator and  denominator  that  can  be  canceled.  (See  Art. 
391.) 

Example. — Reduce  ^ — -^  .,        to  its  simplest  form. 

x'^  —  y''  ^ 

Solution. — Factoring  both  numerator  and  denominator, 

.r"  +  2.tj  +  7'^  _  (.v  +  j)  (-1-  +  j) 
x'^  —y^        ~  (.r  +/)  (x—y") 
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Canceling  the  common  factor  x  +  j^  from  both,  gives,  as  the  result, 

Sx*  —  Qx*v 

Example.— Reduce  .    .  . ,,-^  ,  to  its  simplest  form. 

oxy*  —  12.ry*  '^ 

Solution.—     -   .  ^ — ttt^  =  a — 57 s-^-  when  factored. 

6xy*  —  12.r/^       6.r/*(.r  —  2j') 

Canceling  the  common  factors,  we  have,  as  the  result, 


486.  Sometimes  the  whole  numerator  is  contained  in 
the  denominator,  or  the  denominator  in  the  numerator. 
The  numerator  or  denominator  will  then  reduce  to  the 
number  1. 

Example. — Reduce  ^r^ — ^i-j  to  its  simplest  form. 

Solution. —    ^rjr, — ^-rr,  =  -xTri — si^r  =  ;rr-    Ana. 
2^'  4-  Qdc^       2^(^— t-ar*)       2d 

x*—l 

Example. — Reduce  -^ — r  to  its  simplest  form. 

x^  —  1 

x*-\       {.i^+  1)  (,*3 — i)      ^4-1 
Solution.—        _-   =  /J^,^ ■  =  — r —  =  -t*  -|-  1.    Ans. 

(Art.  480.) 


487.     From  the  last  example  it  will  be  seen  that  division 

X*  —  1 

may  sometimes  be  performed  by  cancelation.     Thus,  -^ - 

means  {x'  —  1)  ^  (,r'  —  1),  and  the  divisor  x'  —  1  canceled 
from  the  dividend  x'  —  1  gives  the  quotient  x'  -\-  I.  A 
factor  must  be  common  to  each  term  of  the  numerator  and 
to  each  term  of  the  denominator  in  order  to  be  canceled. 

Thus,  the  factor  x  cannot  be  canceled  from — -^. — ,  because 

X  +  4;« 

it  ii  not  common  to  both  terms  of  the  denominator. 
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EXAMPLES  FOR   PRACTICE. 

4S8.      Reduce  the  following  to  their  simplest  form: 
ni^  —  71^  711  —  n 

1.       -. 5 — ; ; ST.  AnS.     . 

77t{77V  +  77171  +  «^)  771 

3«  +  33  *  3 

Ans.  


2. 


4. 
5. 
6. 


a'  -  d^  '  7i^^' 

t;*—y 

12a'.v3  A  1 

1 m-  -^ris.   5. 

4«  +  4  «— 2 


-v-l  1/'* 

3.        „     -^,.  Ans.   ,r2  +  y*, 


n^ 


489.  When  fractions  are  to  be  added  or  subtracted,  it 
is  necessary  to  so  reduce  them  that  all  the  denominators  will 
be  alike.      This  is  called  reducing  them  to  a  common 

denominator.  The  common  denominator  may  be  any 
multiple  of  the  given  denominators,  but  it  is  always  better 
that  it  should  be  the  least  common  multiple,  also  called  the 
least  common  denominator. 

490.  To  reduce  fractions  to  a  common  denominator: 

Rule. — Find  the  L.    C.    M.   of  the  given  denominators. 
Divide  this  by  each  denominator.     Multiply  the  correspond- 
ing numerators  by  each  quotient  for  the  nezv  numerators^  and 
write  the  results  over  the  common  denominators. 

This  is  in  effect  the  same  as  multiplying  both  numerator 
and  denominator  by  the  same  quantity,  which,  by  Art. 
483,  does  not  change  the  value  of  the  fraction.  Before 
applying  the  rule,  all  fractions  should  be  reduced  to  their 
simplest  form. 

Example.— Reduce  r 7'    -T^ tt^.    and    -^ r-^    to    a    common 

\  —  0     (I  —  dy  (1  —  dy 

denominator. 

Solution.— The  L.  C.  M.  of  the  denominators  is  (1  —  t>f,  since  this 
is  the  least  quantity  that  each  denominator  will  divide  without  a 
remainder.  Dividing  this  by  1  —  3,  the  first  denominator  (use  the 
method  of  Art.  487),  the  quotient  is  (1  —  if;  dividing  it  by  (1  —  ^>)-, 
the  second  denominator,   the  quotient  is  {1  —  t>)  ;   dividing  it  by  the 
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third  denominator,  the  quotient  is  1.  Multiplying  the  corresponding 
numerators  by  these  quotients,  we  obtain  as  the  new  numerators, 
1  X  (1  -  ^)*  =  (1  -  i)\  4  X  (1  -  <5)  =  4<1  -  ^)  and  3  X  1  =  3.     Hence   the 

reduced  fractions  are  7^ ttt,   --; nr  and 7-..    Ans. 

(1  —  oy     (1  —  of  (1  —  of 


EXA.MI>LKS   FOR    I»RACTICE. 

491.      Reduce  the  following  to  a  common  denominator: 

1-     -w-,    -5— and -pi.  Ans.  — f ,   — ^ and  ,.^    -^  . 

2.r       3/  4z  Vixyz      V2xys  Vixys 

-       xy    xys       ,  lyz*  .        3x^y    2xys       ,  Tyr* 

»•     ~3— 3-   — '3  and  -5-.  Ans.  -^-^,    —^—5  and  -^-r. 

.      m  +  n       ,  m  —  n  .        tti^  +  2w«  +  «»       ,  w*  —  2w«  +  «» 

4.     and .  Ans. ; and . 

;;/  —  n  m  +  n  vv  —  rr  ///"  —  «* 

^       2  3  J    2x-l 

5.  — .   X r  and 


2.1-  -  1  4.r*  -  1 


Ans     ^^■''-'^'>      3-^(2.r+l)  -r(2x-l) 


AnniTIOX    AM>  SUBTR.VCTIOX  OF   FR.VCTIOXS. 

492.     To  add  or  subtract  fractions: 

Rule. — Reduce  thetn,  if  necessary^  to  a  common  denomina- 
tor. Add  or  subtract  the  tiumerators^  and  write  the  result 
over  the  eojnmon  denominator. 

Example. — Find  the  sum  of  — = —  and  — -. — . 

5  4 

_,  2a  —  b        ,    a  +  b        ,        , 

Solution. = —  and  — -. —  reduced  to  a  common  denommator 

o  4 

A(2a-b)         ,  r)(a  +  b)       ^.  ^            ,    Sa  -  4b         ,     rut  +  5b 
become  .^  — ~   and  — -^ — ,    which  equal  — -^ —   and    -^ — . 

Adding   the   numerators,  we  have  8^  —  4b  +  5<z  +  5b  =  Via  +  b.      The 

13<n-(J 
result  written  over  the  common  denominator  gives,  as  the  sum,  — ^ — . 

The  work  is  written  as  follows: 

2a  — b       a  +  b  _Sa-  4b      5a  +  5b  _ 
5  4      ~       20      "*"       20      ~ 

8a  —  4b  +  5a  +  5^  _  ISa  +  b 

20 ao~-      ^^ 
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Example. — Subtract  — -r^ —  from  — jr — . 

4<i-l         Qd-2         \2ab-U         \2ab-^a 
Solution. —     — -, —  —   — ^, —  =   — -:—. —  —   — j;— t — ,    when 
Za  QO  bao  bad 

reduced  to  a  common  denominator.     Subtracting  the  second  numera- 
tor from  the  first,  and  writing  the  result  over  the  common  denomi- 

12ab-'^b        12ab-4a        (12ab  -  Sb)  -  n2ab  -  4a) 
nator,  we  have  -^^^ ^^^  =  ^^ —  = 

12ab  —  3b  —  12ab  +  4a         .^,     ^,  ^,  j,      r^      -u-    ■ 

,  with  the  parentheses  removed.     Combmmg 


Gab 

.      i  .  ,  ,      4a  —  Sb      . 

like  terms  in  the  numerator  gives,  as  the  result,  — ^—7 — .  Ans. 

493.  -(f,  CIS  in  the  last  example,  the  numerator  of  the 
fraction  to  be  subtracted  has  more  than  one  term,  care  must 
be  taken  to  cJiange  the  sign  of  every  term  before  combining. 
It  will  usually  be  convenient  to  inclose  the  whole  numerator 
in  a  parenthesis  before  combining.  The  parenthesis  may 
then  be  removed  by  the  rules  of  Arts.  405  and  406. 

x^  x'^  X  1 

Example. — Simplify ; ; ; — I — . 

^     ^  x—\        ,r  +  1        X  —\       X  +\ 

Solution. — Reducing  to  the  common  denominator,  .r^  —  1, 

x^  x'^  .r       ,       1      _  x'^  +  x^       x^  —  x^      x'^  +  X      x  —  1 


x—1      x+1      x  -1       x+1        x'^  —  1  X-'  -  1        x''  —  l      x'^  —  1 

Adding  or  subtracting  the  numerators  as  required,  we  have 
(x*  +  x^)  —  {x^  —  x'^)  —  (x-^  +  .r)  +(x  —  1) 
x-^-1 
which,  with  the  parentheses  removed,  ■= 

X*  +  x^  —  x^  +  x^  —  x^  —  X  +  X  —  1 


x-^-1 
Combining  like  terms  we  have,  as  the  result, 
x*-l 


Example. — Simplify 


1 


=  x^+l.     Ans. 


{x-2y       2-x 

Solution. — If  the  denominator  of  the  second  fraction  were  written 
JT— 2  instead  of  2  —  x,  {x  —2y-  would  be  the  common  denominator. 
By  Art.  482,  the  signs  of  the  denominator  and  the  sign  before  the 

fraction-^ may  be  changed,  giving =  —  -r.     (Art. 

*  —  X  —  ^  -f-  .1'  x  —  )^ 

373.)    Hence,  we  have — r  +  -^ =  -. ^ 5-,  which, 

(.r  —  2)-         2  —  X        {x  —  2)-^         .r  —  2 

when  reduced  to  a  common  denominator,  = 

1  x-2         \-{x-2)       1  _  .r  +  2         3  -  .r 


(-r-2/        (^-2)'^  (-r-2)-^  k.x-2f         (x-2f 


Ans. 
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KXAMI»Li:S   row    I>MACTICB. 
-li-)  4.      Simplify  the  following  : 

XXX  .         47x 

1.     -3+  4  +-5-  Ans.  -g^. 

„     4^-8      74-+ 1       3^  .  i:i9.r-8 

2-    —5-  +  —3-  +  T-  ^"^-  —30— 

8. T.  Ans.  ^  i        i  ' 

x  —  y        X*  —  y*  X* —y* 

^-  —z 4—-   ^"'- 4 =  — r-' 

after  removing  parentheses  and  combining. 

5. r  H z —p.  Ans.  — T-, 

rt*  —  1        a  —  I  a+  1  a"  —  1 

4m'  4-  1  _  3w  -  1        1  -  12«  .         «  4-  w» 

~i^5  12;// «     "^      12«     •  •    12w»/»" 

_  >'  y 1 

'     (-r  +  yY  "^  -r"  -y        x+y' 

{x+yy{x  —  y)  -r*  +  ^^j/  —  xy*  —  y*' 

X               X  3.r  .  X 

+  -, h  ^ — 7-  Ans. 


jr+1  ^   l-.r    '   4r«-l'  jr«  -  1' 


MULTIPLICATION  OF  FRACTIONS. 
495.  Multiplication,  in  fractions,  is  the  process  of 
finding  a  fractional  part  of  a  fraction.  Thus,  ^  X  ^  means  | 
of  J.  One-half  of  J  inch,  for  example,  is  f  inch;  f  of  J  inch 
is  ^  or  j'g^  inch.  The  result  in  each  case  is  the  same  as  that 
which  would  be  obtained  by  finding  the  product  of  the 
numerators,  and  writing  it  over  the  product  of  the  denomi- 
nators. 

490.     Hence,  to  multiply  fractions: 

Rule. — Multiply  the  numerators  together  for  the  numer- 
ator of  the  product,  and  the  denominators  together  for  the 
denominator  of  the  product. 

497.  Two.or  more  fractions  may  be  multiplied  together. 
Common  factors  in  the  numerators  and  denominators  should 
be  canceled  before  performing  the  multiplication,  and  the 
product  should  be  reduced  to  its  simplest  form. 
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Example. — Find  the  product  of  ^^  .  -^ —  and  ^^. 

Solution. — The  product   of  the   numerators  is    6«- X  2fl(5  X  3  ^^  = 
24:a^dc,  and  of  the  denominators,  5  X  3t-  X  ^''  =  ISi^'V.     Writing  24:a*dc 

over  lod-c,  we  have,  for  the  product,    ^^  .,     =-F-r  when  reduced  to  its 

lowest  terms.     The  work  is  written  as  follows: 

Example. — Find  the  product  of  Sm^n'^  and 


;ir  +  4;;z«' 


Solution. — By  Art  480,  Zvi^n*  =  — - — .  The  product  of  the  num- 
erators is  3m^n*  X  11^^  —  Sdm^n^x^,  and  of  the  denominators,  1  X 
(x  +  4jnn)  =  x  +  Amn.     Hence, 

Sm^n*  X -, —  =  —^ A = A .     Ans. 

X  +  imn         X  +  4mn  x  +  4;«« 

498.  When  the  numerators  or  denominators  consist  of 
more  than  one  term  they  should  be  factored,  if  possible,  to 
aid  in  canceling  the  common  factors  of  the  result. 

x^  +  2x    x^ 1  jr' Ax +  4: 

Example. — Find  the  product  of -—rt   ft.  and  ^ — 

^  (.r— 1)-      jr— 2  x+2 

Solution. — Factoring  the  numerators  and  denominators  of  the  frac- 
tions, and  writing  the  factors  of  the  numerators   together  over   the 

x^  +  2y      v'^ 1        r" 4.r  +  4 

factors  of  the  denominators,  we  have :~  X— — ^  X  k —  = 

;t-(X>4-8)  {X  +  1)  {^ i:)  {X 3)  (;r  -  2)  _  x{x  +  \){x-  2) 

(^ — ^{x-'\)(je- — 2)(uw3)     ~      ^^^n:      ' 

499.  To  multiply  expressions  in  which  addition  or  sub- 
traction is  indicated,  first  perform  the  addition  or  subtrac- 
tion. 

Example. — Find  the  product  of  — and  — . 

^  a-^         a  1-1-  2ac 

1        4^2       i_4rtV^ 
Solution  — Performing  the  subtraction,  — = ^ 

1-  2ac 

Multiplying, X  ; ^ —  =  \-^ ,,    /C  =  1  -  ^ac.    Ans. 

r  J     a,         ^i  \  +  2ac         (4-  I  2ac)f^ 
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KXAMPI.i:S  FOW  IMiACTICE. 

5()().      Multiply  the  following  : 


by21.r>'.  Ans.  lo.rV'- 

:  product  of 
3.     ^-/      %^  and  =i^*.   .  Ans.    ^'^  '' 


2.     ^ 

Find  the  product  of 

3.1- »v      5v':r  

^       -ry  2>'  +  4  xy 

a  -\-  b      a  —  b       ,  4  .  1 


9rt«  +  6fl^  +  />»■  ■    8a 


DIVISION  OF  FRACTIONS. 
501.  Division,  in  fractions,  is  the  process  of  finding 
how  many  times  one  fraction  is  contained  in  another.  For  ex- 
ample, \  inch  is  contained  in  ^  inch  3  times;  f  inch  is  con- 
tained in  I  inches  2  times.  The  result  in  each  case  is  the 
same  as  that  which  would  be  obtained  by  multiplying  the 
denominator  of  the  first  fraction  by  the  numerator  of  the 
second  for  the  numerator  of  the  quotient,  and  the  numer- 
ator of  the  first  fraction  by  the  denominator  of  the  second 
for  the  denominator  of  the  quotient. 

5()2.     Hence,  to  divide  by  a  fraction: 

Kulc. — Invert  the  divisor,  and  proceed  as  in  viultiplication. 

Example. — Divide^         by 


5.1-^,'     -^  10.1- y 

10.r*v* 
Solution. — The  divisor  inverted  =     ^    ^  . 

la  xy 
8a»<5        9.7^    _  Za^b      10.rV  _  Xx  yi(^/x^/  _  2arv    . 

r+  1 
Example. — Divide  .r'  +  2.r  +  1  by . 

,,      .r-f-1      ^»  +  2.r-(-l   ^.f— 1 
Solution.— By  Art.  480,  (.r«  +  2^  +  1)  -s-  ^-—^  = ^ X  j^ 
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EXAMPLES   FOR  PRACTICE. 

503.      Divide  the  following: 

1.  24         ^y  -8--  ^^'-  -^^- 

n      rti5  —  ^.r  ,       «<:  —  f.r  ^          b 

2.     by  Ans.  — . 

a  +  z              a  -\-  z  '  c 

3.  1^2^          by  -3^.  Ans.  3^(1-2^). 

4.  6«2<:^_6«i5^^by-— — ^^^-— r^.  Ans.  «3  _  ^3, 

a'  -{■  ao  +  o' 


MIXED  QUANTITIES  AND  COMPLEX  FRACTIONS. 

504.     A  mixed  quantity  is  an  expression  containing 

c  -\-  d 
both  integral  and  fractional  parts,  as  '^a^ ^ — .    Consider- 
ing the  integral  part  as  a  fraction  with  a  denominator  of  1 
(Art.  480),  a  mixed  quantity  becomes  simply  the  indicated 

c  ^d 


4 


addition  or  subtraction  of  two  fractions;  thus,  '•Id^ 

Id"        c^d      ^      . 
— J — ■.     By  integral  part   is  meant    any    expression 

which  does  not  contain  fractions  or  negative  exponents. 

505.  Any  fraction  may  be  reduced  to  either  an  entire  or 
mixed  quantity  by  dividing  the  numerator  by  the  denomi- 
nator. It  frequently  happens  that  by  performing  the  indi- 
cated division,  the  fraction  will  be  reduced  to  a  simpler 
form.  The  case  of  reducing  a  fraction  to  an  entire  quantity 
was  taken  up  in  Art.  486. 

4t-2  _|_  I2i-—  1 
Example. — Simplify  ~^~^ . 

Solution. — Performing  the  indicated  division, 

2^  +  3  )  4.1-2  ^  i2.r  _  1  (  2.1-  +  8  -  ^"^^      Ans. 
4.r'  +    6.r 

6a- -1 
6.r  +  9 


-10 
When  any  operation,  as  multiplication  or  division,  is  to 
be  performed  with  a  mixed  quantity,  it  is  sometimes  easier 
to  first  reduce  it  to  a  fraction. 
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5()<i.     To  reduce  a  mixed  (juantity  to  a  fraction: 
Rule. — Cousiiiir  the  integral  part  to  be  a  fraction  ivith  a 
denominator  of  i,  and  perform  the  indicated  addition  or  sub- 
traction. 

Example. — Reduce  x^  +  xy  +  y* to  a  fraction. 

<,          b            .r'  +  .TV+y*           b  . 

Solution. —    .r»  +  .ry  +  y' =  ^ — ■ ;  sub- 

tracting  the  second  fraction  from  the  first  gives 

{x^  +  xy-iry*){x-y')-b  _  x^  - y*  -  b      ^^^ 
x-y  x-y 

Example.— Multiply      ^       .       ^      by  1  +  "^  "*"  '^* 

a  +  X       a  —  X  2ax    ' 

Performing  the  additions, 

a  a  2a^        ^       a^  +  x^       a^  +  2ax  +  x* 

Solution. 1 =  —5 5- ;  1 H — 5 = ^ • 

a  +  X       a  —  X       a^  —  X*  2ax  2ax 

a                     a  +  X 
--  ,,.  ,   .          jZa^        .a'>  I  ^ax  \  .r*       a(a  +  x)       . 
Multiplying,  ^,-^X—^j =  ^(^—^'    ^^ 

a  —  x 

EXAMI»Li:S  FOR  PRACTICE. 

507.      Solve  the  following: 

ci-c  +  b^  b'* 

1.  Reduce to  a  mixed  quantity.  Ans.  a'  -{ — . 

„      „.       ,.,    ^»+4.ry  4-5y«-8.r  .  „        o     ^  +  ^y 

2.  Simplify  — — — -^      y Ans.  x+2y  —  S  +-^ ^ . 

x+2y  -^  X  +  2y 

Ix  +  3  2x^ 

8.     Reduce  x  +Z  —  rr to  a  fraction.  Ans. 


2x+\  2x+\ 

4     From  3^  h ^ —  subtract  a -} — . 

a  a 

.        ^        2a       2a((i+\) 
Ans.  2^  +  — r  =  —     7      . 
a  a 

5.     Divide  m  -t  n by  m  —  fi .  Ans. . 

///  —  ft  in  4-  //  ///  —  n 


508.  A  complex  fraction  is  one  having  a  fraction  in 
its  numerator,  or  denominator,  or  both.  Since  any  fraction 
is  an  expression  of  division,  a  complex  fraction  may  be 
simplified  by  dividing  the  part  above  the  line  by  the  part 

below  it.     Thus,  the  complex  fraction  -i  =  |  -r-  3 .  inverting 

the  divisor  and  multiplying,  «  X  ^  =  f • 
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The  same  result  would  have  been  obtained  if  both  terms 

had  been  multiplied  by  the  least  common  denominator  of 

the  denominators   of  the  fractions   in   the   numerator  and 

—  X  8 

denominator.     Thus,  | =  4. 

'  I  X  8       ^ 

The  latter  is  generally  the  simpler  method  to  use. 


509.     Hence,  to  simplify  a  complex  fraction: 

Rule. — Multiply  both  terms  by  the  least  common  denomi- 
nator of  the  denominators  of  the  fractional  parts. 

y      X 
Example. — Simplify  -:j r. 

J  ~  X 

Solution. — The  least  common  denominator  of  the  denominators  is 
xy.     Multiplying  each  term  by  this,  we  have 

^Xxy-^Xxy       ^,  _    ^ 

L ± = —  —  x+y.     Ans. 

1  1  -^~y 

-x^'/--x^/ 

The  multiplication  can  generally  be  performed  mentally,  without 
writing  the  least  common  denominator,  at  the  same  time  canceling 
common  factors. 

X 

Example. — Simplify  — — r-. 

1  +  - 

X 

Solution. — The  L.  C.  D.  is  x.  Multiplying  each  term  by  this,  we 
have 

■^   "^  "^      x'^-x+l.     Ans.     (Art.  466.) 


Example. — Simplify 


x+1 

1 


1  H 


1-a 

Solution. — This  is  the  case  of  a  complex   fraction  in  which  the 
denominator  is  itself  a  complex  fraction. 

a 


First,  consider  the  part 


1-a 
Multiplying  both  terms  by  1  —  a,  we  have 

a(l  —  a)  __        a  —  n'' a~  a* 

a  +  a){i-a)  +  2a'  ~  1-  a'  +  2a'  '~  1  +  a^' 
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The  fraction  thus  becomes 


1  + 


1  +a* 

Multiplying  both  terms  by  1  +  <z*,  the  L.  C.  D.,  we  have 

1  +  a*  1  +  a» 


1  +  rt*  +  rt  —  a*       I  +  a 


Ans. 


EXAMPLES    FOR    I»WACTICE. 

^  I  ().      Simplify  the  following  : 

1  '"  A        ''^' 


1  +  ^ 


Ans. 


c 

2|  A  23 

'  Ans. 


Note. — 2^  means  2  +  |.     Hence  for  the  numerator  multiply  2  by  the 
least  common  denominator  8,  and  add  7. 

^"^-  3JT3- 


Ans. 


1 

1 

f     1_ 

1 

a 
~b~ 

1     "^-^^ 

'   3-.r 

a*  +  a^  4-  <J*'  ■    fl^^ 


INVOIvUTIOX. 

511.  Involution  is  the  process  of  raising  a  quantity  to 
any  required  power  (Art.  362),  by  taking  it  as  many  times 
as  a  factor  as  there  are  units  in  the  exponent  of  the  power. 

The  rules  for  raising  a  monomial  to  any  power  follow 
directly  from  the  rules  of  multiplication.  For  example,  let 
it  be  required  to  raise  3^'  to  the  4th  power.  Writing  3^* 
tour  times  as  a  factor  and  performing  the  multiplication,  we 
have,  by  Art.  42(), 

{?,ay  =  3a'  X  3rt'  X  3^'  X  3rt*  =  ^\a\ 

Here  the  power  is  81^'",  and  the  exponent  of  the  power 
is  4.  It  will  be  observed  that  the  exponent  of  a  in  the 
power,  produced  by  adding  together  the  exponents  of   a    in 
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the  factors,  is  the  product  of  4,  the  exponent  of  the  power, 
and  2,  the  exponent  of  a  in  3cz^,  or  4  X  3  =  8. 

512.  Again,  since  like  signs  produce  plus,  it  is  evident 
that  any  power  of  a  positive  quantity  will  be  positive,  and  by 
multiplying  a  negative  quantity  by  itself  a  number  of  times 
it  will  appear  that  any  odd  power  of  a  negative  quantity  will 
be  negative,  and  any  even  power  positive.     Thus,  (  —  aY  = 

(-«)  X  (-«)  =  ^a^\  (  -^r  =  (  +  «^)  (-«)  =  -^^^; 

(-«)*  =  (-  rt=)  (  -  rt)  =  +  a\  etc. 

513.  From  the  preceding,  we  have,  to  raise  a  monomial 
to  any  power: 

Rule. — Raise  the  numerical  coefficient  to  the  required 
power,  and  multiply  the  exponent  of  each  letter  by  the  expo- 
nent of  the  power.  If  the  power  is  even,  make  its  sign  plus  ; 
if  odd,  make  its  sign  the  same  as  that  of  its  root. 

Example. — Find  the  value  of  (  —^bc^-d^J'. 

Solution. — Four  raised  to  the  required  power  equals  4  X  4  X  4,  or  64; 
the  exponent  of  b  in  the  power  is  3  X  1  =3;  of  f,  3x3  =  6,  and  of  d, 
3x3  =  9.  Since  the  power  is  odd,  the  sign  is  the  same  as  that  of  its 
root,  or  minus.     Hence,  (  —  Abc'^d^f  =  —  Mb^c^d^.     Ans. 

514.  A  fraction  may  be  raised  to  any  power  by  raising  both 
numerator  and  denominator  to  the  required  power. 

Example. — Find  the  value  of  (  —  ^— j ). 

Solution. —  (2.r^)*  =  16.r'^,  for  the  numerator  of  the  power; 
(3j/*)*  =81^'"  for  the  denominator  of  the  power.  Since  the  power  is 
even,  its  sign  will  be  plus.     Hence, 

/_2£;V      16£^    Ans. 
V     3j/  V  ~  81/"^ 


EXAMPLES  FOR  PRACTICE. 

515.      Find  the  values  of  the  following: 

1.  {2a-b^y.  Ans.   IGa^b^K 

2.  {-5axy^)*.  Ans.  e25a*x^yK 

3.  (_  mhty.  Ans.   —  7n^ht'^\ 

5.     {laxy.  Ans.  {'^^aKr^K 

6-        [—Q^T^J'  ^S.       -     316^6^9- 
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INVOI.UTIOX    OF    l»<)I.YXOMIAI.S. 

516.  Since  involution  consists  of  successive  multiplica- 
tions, a  polynomial  may  be  raised  to  any  power  by  multiply- 
ing it  by  itself  until  it  has  been  taken  as  many  times  as  a 
factor  as  there  arc  units  in  the  exponent  of  the  power. 

When  finding  the  square  of  a  binomial,  however,  the 
method  of  Arts.  428  and  429  should  be  used,  for  it  saves 
actual  multiplication.  If  a  polynomial  of  more  than  two 
terms  is  to  be  involved,  it  may  sometimes  be  divided  into 
two  parts,  thus  forming  a  binomial  which  can  be  squared  by 
this  method,  as  explained  in  example  11,  Art.  434. 

This  method  may  be  extended  to  include  any  power,  by 
first  raising  the  binomial  r^  +  ^  to  that  power  by  multiplica- 
tion, and  then  substituting  for  a  and  b  in  the  result  the  two 
terms  of  the  binomial  that  it  is  required  to  raise  to  the 
given  power.  The  student  need  not  use  this  method,  how- 
ever, for  any  except  the  second  power. 


EXAMPLES  FOR  PRACTICE. 

517.      Find  the  values  of  the  following: 

1.  ('2^1  —  .r  —  4;')--  Ans.  4^'^  —  4rt.r— 16rtj-f  .r« -f- 84j -f- ICj*. 

2.  (-  3a».r  -  2a^«  -f-^')'.     Ans.  ^a*x^  +  Vita^x^  -  2a*x*  -iax^  +  x*. 

3.  (x^-ax+ay. 

Ans.  x^  —  Zax^  +  %a^x*  -  7a'.r»  +  Qa*x^  —  Za^x+  a\ 


EVOLUTION. 

518.  Evolution  is  the  process  of  extracting  any 
required  root  of  a  quantity.  It  is  exactly  the  reverse  of 
involution.  Thus,  by  involution,  (2^)*  =  2rt  X  2^i  X  2«  X  2rt 
=  IGa*;  by  evolution,  \/lM*  =  2a. 

5 1 9.  Since  every  cirn  power  of  both  positive  and  nega- 
tive quantities  is  positive  (Art.  512),  it  follows  that  the 
even  roots  of  a  positive  quantity  may  be  either  positive  or 
negative.  Thus,  since  both  (+  ay  and  (—«)'  =  -|-  a* ^ 
y  -\-  a*   equals  either  -{-  a  or  —  a.     When  it  is   desired   to 
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indicate  that  a  quantity  is  either  positive  or  negative,  the 
double  sign  ±'  is  used.  Thus,  ±  a  means  that  a  is  to  be 
taken  as  either  -{-  a  or  —  a,  and  is  read  "  plus  or  minus  a." 

520.  From  Art.  512  it  follows,  also,  that  there  can  be 
no  even  root  of  a  negative  quantity.  A  negative  even 
power  is  impossible ;  hence,  an  even  root  of  a  negative  quan- 
tity is  impossible. 

521.  Since  evolution  is  the  reverse  of  involution,  we 
have  the  following  for  extracting  any  root  of  a  monomial : 

Rule. — Extract  the  required  root  of  the  numerical  coeffi- 
cient^ and  divide  the  exponent  of  each  letter  by  the  index  of 
the  root.  Make  the  sign  of  every  even  root  of  a  positive 
quantity  ±,  and  the  sign  of  every  odd  root  of  any  quantity 
the  same  as  that  of  the  quantity. 


Example. — Find  the  value  of  y  256(2*'^iV^. 

Solution. — The  4th  root  of  256  is  4.  The  exponent  of  a  in  the  root 
is  4  -T-  4  =  1 ;  of  b,  13-^4  =  3;  and  of  <r,  8  -e-  4  =  2.  As  this  is  an  even 
root  of  a  positive  quantity,  the  sign  should  be  ±.  Hence,  |/  256fl:'*^'V* 
~  ±  4fl^V-.     Ans. 


„ -  ,-9 

Example. — Find  the  value  of  .., 

-  -    li 


s/27^^3 


Solution.—    ^'llm^x'^  =  Zmx^\    ^  a^d'^d'^  =  a^d'-c*.     The  quantity  is 
positive,  and,  as  this  is  an  odd  root,  its  sign  must  be  the  same,  or  positive. 


TT              s/27;«a.r9        Z7nx^        . 
Hence,  A/ .  =  — „,„  ,  .     Ans. 


EXAMPLES  FOR  PRACTICE. 

522.      Find  the  values  of  the  following: 

1.  ^  - 125^3^;^.  Ans.   -bxy'^z\ 

2.  ^10,OOOa'«^'^o<r'*.  Ans.    ±10a^b'-c'^. 


3.      Y  243;;z'V/2».  Ans.  Zm'^nK 


4.       |/  —  Aa^b'K  Impossible. 

a*bh-'d' 


'^.  Ans.    ±  2^^ 
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syiAwi:   wooT  of   im)i.v\omiai.s. 

523.  In  Art.  455,  ih*--  method  of  extracting;  the  square 
root  of  a  trinomial,  which  is  a  perfect  square,  was  explained. 
The  method  of  extractinjjf  the  square  root  of  <?///  poly- 
nomial which  is  a  perfect  scpiare,  is  as  follows: 

Kulc. — Arr(in_i;;r  the  terms  accordini:;  to  the  ptmurs  of  some 
Utter. 

Write  the  square  root  of  the  first  ten/i  as  the  first  term  of 
the  required  root,  and  subtract  its  square  from  the  given 
polynomial. 

For  a  trial  divisor,  divide  the  first  term  of  the  remainder 
by  tivice  the  part  of  the  root  already  found ;  annex  the  result 
to  the  root,  and  also  to  the  divisor. 

Multiply  the  divisor  as  it  noiu  stands  by  the  term  of  the 
root  last  obtained,  and  subtract  the  product  from  the 
remainder. 

If  there  is  still  a  remainder,  use  twice  the  part  of  the  root 
already  found,  for  a  trial  divisor,  and  continue  as  directed 
above. 

Example. — Find  the  square  root  of  the  expression  1  -j-  lO.r*  -f  25.r*  + 
16.r«  -  24.r'  -  20^»  -  4.r. 

Solution. — First,  arrange  the  expression  according  to  the  decreasing 
powers  of  x:  ^^^f 

|4.r3-3.r»  +  2.r-l.  Ans. 


16.r«  -  24^"  +  25.r  ^  -  20x»  +  10-r*  -  4r  •+- 1 
16.i-« 


8.r»  -  3.1 


-24.r''  +  25.r* 
-24^»+    9.r< 


8.r'  — 6.r''4-2^ 


ar»  — r).r»4-4.r—  1 


16.r<  —  20.r»  +  10.r« 
16.r*-12.r»+   4.r« 


-  8.r»+    6.r»-4.r-+-l 

-  8.r'4-    6.t-»- 4.1+1 


The  sqtiare  root  of  the  first  term,  lO.r*,  is  4.r',  which  is 
the  first  term  of  the  root.  This,  squared  and  subtracted 
from  the  given  polynomial,  leaves  a  remainder  of  —  '24.r'  -f- 
25.r*,  plus  the  terms  that  were  not  brought  down.  Doubling 
4.r*,  the  part  of  the  root  already  found,  gives  8,1'' ;  —  24-r* 
divided  by  ^x*  =  —  3^',  which  is  the  second  term  of  the  root. 
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Annexing  this  to  the  8.1',  the  trial  divisor,  we  have  for  our 
complete  divisor  8.r'  X  3.i'\  which,  multiplied  by  —  3,r^,  = 
—  24:x''-\-9x\  Subtracting  this,  and  bringing  down  the  next 
two  terms,  we  have  16x*  —  20.r^  +  lO.r'.  For  a  new  trial  di- 
visor, double  the  root  already  found,  and  obtain  2(4-f^  —  3x^) 
=  B.v'  —  G.r',  which  is  contained  in  the  above  dividend  +  2-i' 
times,  the  third  term  of  the  root.  In  like  manner,  the  last 
term  is  found  to  be  —  1.  Since  this  is  an  even  root,  it  would 
have  the  double  sign  ±.  (Art.  519.)  In  such  examples, 
however,  it  is  not  necessary  to  consider  the  minus  sign. 

Example. — What  is  the  square  root  of  x^ +  Sx*y^  —  4.vy  —  4:.ry^  + 
8x-y  —  10.r3j/3  +  j8  ? 

Solution. —  [-r^  —  2-r-j  +  2xy-  —  j^.   Ans. 

.t-o  —  4x^f  +  8xY  —  10,r3_y3  +  Sx-j*  —  Axj^  +/« 
x^ 


2x^  -  3.1-^ 


—  4.1-^1'  +  Ax*y- 


2x^  —  4:x-y  +  2.9'- 


4.1-y-'  -  10.r=y3  +  SxY 
4x*y-  —    Sxy^  +  4-ry 


2x^  —  4:X-f  +  4:xy^  ~y^  ~    2,r^/^  +  4.r"^_y'  —  4.ij5  +_y^ 

—    2x^}'^  +  Ax^  —  4xy  +  y 


EXAMPLES  FOR  PRACTICE. 

52/-4:.      Extract  the  square  root  of  the  following  polynomials: 

1.  4x*  +  9-  30.r  -  20.r3  +  dlx^.  Ans.  2.r^  -  5x  +  3. 

2.  16/*  +  24/3  +  89/2  _f.  60)/  +  100.  Ans.  4y^  +  3/  +  10. 

3.  -  2.r  -  12.1-5  ^  10.1-*  +  5.r'2  -  10.ir3  +  9.r«  +  1. 

Ans.  3.r3  _  2.r^  +  x  —  1. 

Note, — Arrange  according  to  the  decreasing  powers  of  x. 
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(CONTINUED.) 


EXPONENTS. 

525.  In  Art.  361,  an  exponent  was  defined  as  a  fig- 
ure Avritten  to  the  right  and  above  a  quantity  to  show  how 
many  times  the  latter  is  taken  as  a  factor.  This  definition 
is  not  complete,  because  it  applies  only  to  positive  integral 
exponents.  Fractional  and  negative  exponents  sometimes 
occur,  and  require  a  more  extended  definition.  The  rules 
for  positive  integral  exponents  are  used  for  fractional  and 
negative  exponents,  however,  and  will  be  repeated  here: 

526.  I.  In  multiplication,  exponents  of  like  quantities 
are  added.      (Art.  418.) 

II.  In  division,  the  exponents  of  quantities  in  the  divisor 
are  subtracted  from  the  exponents  of  like  quantities  in  the 
dividend.      (Art.  438.) 

III.  When  raising  a  monomial -to  any  power,  its  exponents 
are  multiplied  by  the  exponent  of  the  power.      (Art.  511.) 

IV.  When  extracting  the  root  of  a  monomial,  its  expon- 
ents are  divided  by  the  index  of  the  root.      (Art.  521.) 

527.  Since  letters  may  represent  numbers,  they  maybe 
used  for  exponents,  the  same  as  figures.  Thus,  a'^  means 
that  a  is  to  be  taken  as  many  times  as  a  factor  as  there  are 
units  in  w,  or  cr  x  <^  X  a^  etc.,  to  n  factors.  Such  exponents 
are  called  literal  exponents.  Fractional,  negative  and 
literal    exponents  are  all  read  by  using  the  word  exponent. 

77, 

Thus,  al,  a~\  a"\  and  a'\  are  read,  "(?,  exponent  f,"  "«, 
exponent,  minus  4,"  "<7,  exponent  «  -^  ;/z,"  and  "«,  exponent 
«,"  respectively. 
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52S.  The  meaning  of  frcictional  exponents  will  be 
evident  from  the  following  illustration:  By  Art.  52(>,  IV, 
the  square  root  of  a*  is  a*,  obtained  by  dividing  the  exponent 
6  of  the  power,  by  the  index  2  of  the  root.  Since,  however, 
a  fraction  is  an  expression  of  division  (Art.  477),  the  square 
root  of  a"  might  be  indicated  by  writing  the  exponent  of  a, 
as  I,  thus  indicating  the  division  of  G  by  2.  Thus,  a^, 
means  the  square  root  of  a*.      Hence, 

The  numerator  of  a  fractional  exponent  denotes  a  J>ozL>er, 
and  tJie  denominator^  a  root. 

m  m  

For  example,  a\  =  \^;  rl  =  4/?;  .x^  =  V-V*;  2r^=  2  f^, 
the  exponent  -^  applying  only  to  the  c. 

Since  |  =  ^x  0,  <?»  =  ^J  '^^ ;  in  other  words,  a^  may  also  be 
read  as  the  sixth  power  of  the  square  root  of  a. 

529.  The  meaning  of   negative  exponents  may  be 

illustrated  as  follows:  Let  it  be  required  to  divide  a*  hy  a^. 

By  Art.  526,  II,  we  have  ~  =  a*'""  =  a'' \  sXso,  a'' -^  a""  = -— 

■'  a  a 

-0 

=  r?"-'  =  a\  and  a"  ^a""  =  ^  =  rt"-'  =  a-\  etc.     From  this,  it 

a 

will  be  seen  that  -^  =  «"' ;  but,  by  Art.  439,  a"  =  1,  so  that 
a 

1  may  be  written  for  a",  in  this  expression,  thus:    -^  =  -y  = 

a'"*.     Hence, 

A  quantity  affected  ivith  a  negative  exponent  denotes  the  re- 
ciprocal of  the  same  quantity  affected  with  an  equal  positive 
exponent.     (Art.  481.) 

530.  Also,  since  in-y  =  a-*,  the  a'*  changes  to  a*  when 

placed  in  the  denominator,  we  may  state  that, 

A  factor  may  be  changed  from  the  numerator  to  the  denom- 
inator, or  from  the  denominator  to  the  numerator,  if  the  sign 
of  its  exponent  be  changed. 

T.  ,     n'*         1  ;/         ;//''        x-\  r        .^ 

For  example,  — r  =  —r^  '>    ~r~i  = '  '>   ~= — r  =  '^~ri  ^'-^• 

*     '  ab       abn' '  ab  *        a         oy'        5j-« 

In  the  last,  the  positive  exponent  1  of  the  /  is  not  written. 
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Example. — Express,  with  positive  exponents, 

Solution. — Since  these  terms  may  be  taken  as  fractions,  with  one 
for  the  denominators,  we  have,  by  transferring  the  letters  with  nega- 
tive exponents  to  the  denominators, 

a -^b-h-^  +  a-^-h-l  +  a^b-^  =  -4;  +     ,,a  .  +  ^,-     Ans. 

ab-       a^o*ci        b^ 

531.  It  should  be  observed  that  only  factors  of  the 
whole  denominator  or  numerator  can  be  changed,  and  that 
they  must  become  factors  of  the  ivJiolc  numerator  or 
denominator    to    which    they    are    transferred.      Thus,    in 

-7 — 7, V,  the  c'^  cannot  be   transferred  to  the   numerator, 

be-'  -\-  a 

by  merely  changing  the  signs   of  the  exponent,  because  it 

is  not  a  factor  of  the  whole  denominator ;  but  the  exponent 

may  be  made  positive  in  the  following  manner: 

a                   a                  a                 a  c'^  ^     ac'^       ,         , 
—  =  =   In -7-^ — >,  the  c    , 


dc-'-i-d        b  b^c'd       b-\-c''d'  b  +  d' 


c'    '  c' 


when   transferred,    must   become    a    factor    of    the    whole 

a 


denominator,  thus. 


c\h+d)' 


532.  The  method  of  dealing  with  fractional,  negative, 
and  literal  exponents  will  be  clearly  shown  by  the  examples 
which  follow: 

Example. — Find  the  products  of  the  following:  ^^  and  «"' ;  ;z  and 

n  2n  ^ 

«"♦;  r'"'  and  c^^  ;  x-'  and  \^x-;  2c~^  and jj=.     Write  all  the  prod- 

—  3  yc'^ 

ucts  with  positive  exponents. 

Solution. — Apply  Art.  526, 1,  in  each  case.  The  exponents  of  the 
first  are  3  and  —  1 ;  their  sum  is  3  —  1  =  2.     Hence,  a^  X  «"'  =  a'^-    Ans. 

In  like  manner,  n  X  «~^  =  «'"*  =  ''^.  Ans.,  the  exponent  f  being  the 

n  2  n  an 

sum  of  1  and  —  i ;  c'^  X  ^  "^  =  <r  "^._Ans. 

To  multiply  the  next,  change  \/x-  to  x'  by  Art.  528.  Thenx"'  X  -i'^ 
1  ,       2 

=  x-l  =  —,.      Ans.      (Art.    530.)      In    the    last    one  2^s  =  —^    and 
,r  >  ^^ 

1  1,21  2  2 

■ ;  whence,  -^  X -^-r  = ^-T  =  —  ~Z~i-     Ans. 


_3  ^^5-  -   _3J  '  '  .-§  ""    -3rS  -   -3^S  -        3^*' 
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Example. — Find  the  quotients  of  the  following:  rt' -4- <7-' ; //  i -h //-I; 


Solution. — Apply  An.  526,  II.  in  each  case.     The  exponents  of  the 
first  are  3  and  —  1 ;  subiructing,  ;{  — f— U  =  4.     Hence,  a^ -t- a  ^  =  ti*. 

In  like  manner,  «"* -i- //"'  =  «~'^' = //•.     Ans. ;      r"' -»- r*"  =  f  "•    ■•  = 

r~  "•.  Ans. ;     x' -i-   \^~^  =  .v^ -i- .r^  =  .i^     Ans. 

Example. — Find    the   values  of    the   following:     («-')"*;    (r//-*)*  ; 

Solution. — Apply  Art. 526,  III.  Inlhefirst,  multiplying  the  expon- 
ents (see  Art.  51 1),  —  1  X  —  i  =  *•  Hence,  {a-')  *  =  a^,  or  f^a.  Ans. 
In  like  manner,  (tv/--)'  =  c^(H,  Ans.,  since  1  X  |  =  f,  and  —  2  X  |  =  —  •'>. 
-In  the  next  one,  (^'')~*  =  x""'' and  (.r-")"*  =  ^°''.  Dividing,  .i""'' -*- 
x"''  =  x~°'*-*'''  =  .r-*"*.  Ans.  For  the  last  example,  apply  Art.  526,  IV. 
Since  this  is  the  square  root,  divide  the  exponents  by  2,  thus:  —  2 -h 
2  =  —  1,  and  J  -r-  2  =  |.     Hence,    i^  9w-».rJ  =  ZnrKri.     Ans. 


EXAMr»I.nS  FOR  r»RACTICE. 
53»i.      Clear  the  following  of  negative  exponents: 

1.     x^jr-iz- 1  Ans. 


y 


^=i 


2.     3a-'^  +  -r^  +  c-\  Ans.  —  4-  2fl^f  +  -1. 

^-         2c  +  d    ■  ^"^-  a\lc  +  d^ 

Express  the  following  without  radical  signs: 

Ans.  (^"*)*or^"'. 
Ans.  4«'a~*i^  ■  =  4aVr*. 

Ans.  m\. 
Ans.  2a\b\. 

Ans.  r". 
Ans.  2^-'. 

Ans.  r*"*. 

RADICALS. 

534.  A  radical  is  a  root  indicated  by  a  radical  sign. 
(Art.  363.) 

535.  An  indicated  root  that  can  be  exactly  obtained  is 
called    a    rational    quantity;    \vhen    the     root    cannot    be 


4. 

f^-«. 

5.  \a  '^a-'b-*. 

Pind  the  values  of  the  following: 

6.  ;«*  X  t>ri- 

7.  2ab\  X  a-ib. 

8.  c^  -H  \^c-"- 

9.  a^-«  -1-  (.r»)-|. 

^°-     C^-")      X   Vd*". 
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exactly    obtained,    it    is    called    a    surd.      Thus,  y^9   is    a 
rational  quantity,  and  ■|/2  is  a  surd. 

536.  The  degree  of  a  radical  is  denoted  by  the  index  of 

the  radical  sign ;  thus,  \/'a  +  3  is  of  the  third  degree. 

537.  By  Art.  511,  an  expression  like  {ab)^  =  a'b^,  or 
a^Xb^.  Hence,  expressing  the  exponent  ^  by  the  radical 
sign  (Art.  528),  \^ab  =  \/aX  {^b.  That  is,  the  product  of 
two  radicals  of  the  same  degree  is  equal  to  a  radical  of  like 
degree,  consisting  of  the  product  of  the  quantities  under  the 
radical  sign. 

538.  In  like  manner,  \/a-b  =  \/d^  X  \/~b  =  a^fb.  That 
is,  when  the  quantity  tinder  the  radical  sign  has  a  factor 
whose  indicated  root  can  be  extracted^  the  quantity  may  be 
placed  outside  the  radical  sign. 


Example.— Simplify  the  following:    |/48;  ^-lla-'x'^;  -^108;  3^4fli-'. 

Solution. — In  each  case,  resolve  the  quantity  under  the  radical  sign 
into  two  factors,  one  of  which  is  the  greatest  factor  of  which  the  indi- 
cated root  can  be  extracted,  and  apply  Art.  538. 


4/48  =  |/16  X  3  =  |/16  X  ■/S  =  4|/3.     Ans. 

f/27a\ri=:  |/9a*x«  X  3fl.r=  |/9a^4r«  X  »i/  'iax^Za^x^  i^ ^ax.  Ans. 
-^108=  ^27  X  4  =  -^27  X  ^4  =  3^4     Ans. 
3^4a^=3^a^^X4  =  3^^X#'4  =  3a-'^I     Ans. 

539.  Until  the  student  becomes  accustomed  to  the 
handling  of  radicals,  it  may,  perhaps,  be  better  for  him  to 
use  the  fractional  exponent  method  of  expressing  them,  in 
preference  to  the  radical  sign.  Thus,  in  simplifying  4/48, 
write  it  48^,  and  solve  as  follows:  48'=  (16  X  3)^=  16^  X  3^  = 
4x3'  =  4|/3.  In  a  similar  manner,  \/  27rt'.r'  =  27iX  ^^X 
;i'5  =  9'  X  3'  X  «'  X  «i  X  x%  X  x^  =  3  X  3i  X  ^?'  X  <^^  X  x''  X  x^  = 
da^'x'  X  S^aKvi  =  3a-x'  \/'iax. 

540.  When  the  quantity  under  the  radical  sign  is  a 
fraction,  multiply  both  terms  by  such  a  quantity  as  will  make 
the  denominator  a  perfect  power  of  the  same  degree  as  the 
radical. 
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Example. — Reduce    vX**"^  V^  ^*^  their  simplest  forms. 
Solution. —     i/ .1  =  i/ !!_ii_  =  4/ —     Factoring   this  expression, 

as    was    done    in     the    last     example,    \^  -  vT><6  =  ^  X  f^  = 
I  /«.     Ans.     (Art.  53H.) 

/f  =  f^.        Factoring,     this     equals      /^,  x3  =  f^  X  /2  = 
J 1^.     Ans. 

5-41.      E.XAMPLE. — Remove    from    under    the    radical     sign    the 

denominator 


Solution. — It  is  necessary  to  multiply  both  terms  of  the  fraction  by 
such  a  quantity  as  will  make  the  exponents  of  the  denominator  all 
equal  to  4.  Hence,  the  denominator  must  be  2-*(^V.  Dividing  2-'/^r' 
by  2^V*,  the  result  is  2^^^*  =  ^bc^.     Multiplying  both  numerator  and 

denominator  by  8^t*,  the   radical   becomes  i/  ..^f,  ^  =  oT~  '^\'<Sabc*. 
Ans. 

542.  It  follows,  also,  from  Art.  538,  that  a  factor  out- 
side a  radical  sign  may  be  placed  under  it  by  raising  it  to  a 
power  corresponding  to  the  degree  of  the  radical. 

Example. — In  Zx^'Lv,  introduce  the  3.r,  and  in  lorb^'iab,  the  ^a^b, 
under  the  radical  signs. 

Solution. — Squaring  3.r,  we  have  9.r'.  Hence,  since  this  is  the 
reverse  of  Art.  538. 

3.1-/2.T-  =  v'uF*  X  V^  =  i/ibJ*.    Ans. 

Since  {^a'^bf  =  Ba'^b\  2a^b  ^Aab  =  ^/6a*b>  X  ■^3a^  =  ^'Ma-b*.     Ans. 


EXAMPLES  FOR  1»K.\CTICE. 

543.      Simplify  the  following: 

1.  yM  Ans.  5|/2! 

2.  3  ^'24.  Ans.  6^. 

3.  2  (/SO.  Ans.  4  (^ 

4.  i^l25a*d\  Ans.  rmh/i^. 

Ans.  Jl/M 

Ans.  i^l5. 

Ans.    — -  i^2ab. 
2ab 


i^l25a*d». 

♦4 

n 

bV   2a' 
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Introduce  the  coefficients  of  the  radicals  in  the  following,  under  the 
radical  sign: 

8.  r)|/32.  Ans.    |/800. 

9.  x^xlyK  Ans.    ^/.i-y^. 
10.     2.x-Vty'-                                     Ans.    i/»2xy. 


ADDITION    AND    SUBTRACTION    OF     RADICALS. 

544.  Rule. — Reduce  the  radicals  to  their  simplest  forms, 
and  proceed  as  in  addition  or  subtraction,  combining  like  radi- 
cals, and  indicating  the  addition  or  subtraction  of  unlike 
terms. 

Example.— Find  the  sum  of   -/iS.    V^.  and  ^\. 
Solution. — Simplifying,  by  Art.  538, 

4/18=  l/sTx  |/2'=3V'2: 

4/27=  ^X  i/W=^)/S. 

fT=  V¥=  ViX  V^=  \^. 
Sum  =(3 +  4)  1/2"+ 3 1/3"=  11^ +3  4/3:     Ans. 

Example.— From  2 -intake  ^l63. 
Solution. — Simplifying, 

2^48  =  2#'8'x  #6"=  4-^ 

-#'162  =  -f27  X  # 6  =  3f^ 
Difference  =  (4  -  3)#'6"=  -fa     Ans. 

545.  In  addition  and  subtraction  of  radicals,  it  is  better 
to  use  the  fractional  form  of  expressing  them  in  all  cases, 
since  the  liabilities  of  making  mistakes  are  then  greatly 
reduced.  Thus,  in  finding  the  sum  of  4/18^  +  \/W  +  \/\, 
^  =  9i  X  2i  =  3  X  2i,  /If  =  9J  X  3i  =  3  X  3*  and  ^/i  = 
1 4/2  =  1  X  2i  Hence,  3  X  2J  +  3  X  3J  +  ^  X  2^  =  (3  +  |) 
X  2i  +  3  X  3s  =  3^4/2  +  3/3.  Here  it  is  perfectly  evident 
that  it  would  not  do  to  add  3  X  3*  and  3  X  2i,  and  get  6  X  5'. 

Example.—  4/32O  -  4/80  =  64'  x  5*  -  16*  x  5*=  8  X  5*  -  4  X  5*  = 
(8  -  4)5*  =44/5:      Ans.  

EXAMPLES  FOR   PRACTICE. 

546.  Find  the  value  of  the  following: 

1.      4/50  +  4/72.  Ans.  114/^ 

2-      /f  +  '/S'  +  Vil-  Ans.  ^Sj  4/15. 
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AfU  +  5^'V28+^W.                Ans.  32^/*2  +  3f8: 

i'uy2Q-('wi.                                Ans.  afa 

5. 

l>l'2'ia''d  -  f  216fl«M                       Ans.  -  ^a^b^'b. 

MLI.TIPMC.VTIOX  AM)  DIVISION'  <>I^   RADICAI.S. 

547.  Rule. — //  t/tc  radicals  arc  of  the  same  t/cjfrcc, 
multiply  or  divide  the  quantities  under  the  radical  signs,  and 
ivrite  the  results  under  the  common  radical  sizn. 

Example. — Find  the  product  of  f/lTand  |/"3. 
Solution.—    |/T3  X  4/ 3  =  1^12x3  =  4/36  =  6.     Ans, 

Example. — Divide  ^ D^^  by  ^3rt. 

Solution.—  ^9;^  ^  ^'37,  _  ^9,1^.^3,,  =  ^s^JI  =  a  ^~S.   Ans. 

548.  It  the  radicals  are  not  of  the  same  degree,  they 
must  be  reduced  to  equivalent  ones,  all  of  which  have  the 
same  degree,  as  follows:  Express  the  radicals  with  fractional 
exponents  ;  reduce  these  fractions  to  a  common  denominator^ 
and  express  the  resulting  fractional  exponents  with  radical 
signs. 

Example. — Multiply  together  ■f^^J^and  \^. 

Solution.— By  Art.  52H,  /2=  2*;  ^  =  3'';  |^=5»;  reducing 
the  exponents  to  a  common  denominator,  6, 

2*  =  2J  =  \/¥  =  fS 

3i  =  3«  =  f^'  =  fo: 

5»  =  f  .5: 
Multiplying,    l^b'x  i^^X  f  5"=  f/3(M).    Ans. 

549.  Example.— Multiply  Tfo^  2  y^  andfT 

Solution. — Writing  these  surds  with  fractional  exponents,  and 
multiplying,  the  result  is  (7  x  5i)  X  (3  X  Gi)  X  4i  =  14(0*  X  6i  X  4*). 
That  part  of  the  product  included  in  parenthesis  cannot  be  multiplied 
together  by  reason  of  the  difference  in  the  exponents.  For  example, 
2»X  5' =  8X25  =  200;  it  docs  not  equal  10^,  since  this  equals  100,000. 
Hence,  in  order  to  multiply  the  three  numbers  included  in  parenllicsis, 
they  must  all  be  affected  with  the  same  exponent.  To  effect  this,  the 
fractional  exponents  must  first  be  reduced  to  a  common  denominator. 
The  common  denominator  is  12;  5*  =  5'V  CI  3,  G"  and  4*  =  4^  But 
5*=  (S*)'"*  =  15,625'^,  61^  =  (6')'^  =  21Gi'»  and  4''*  =  (4*)'^  =  IC^.     Since 
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the  numbers  now  have  the  exponent,  they  may  be  multiplied  together; 
thus,  15,625^'»  X  216^  x  16^  =  (15,625  X  216  X  16)"  =  (54,000,000)^. 
Hence,  the  product  of  7  \/W,  2  i/U  and    (^4  = 

14  X  54,000,  OOO^'s  =  14'|/54,000,000.     Ans. 

To  prove  that  the  answer  is  correct,  perform  the  indicated 
operations  in  both  cases.      If  the  results  are  the  same,  the 

work  must  be  correct.  Thus,  in  the  last  example,  74/5  = 
15.G5248;  2  4/(7=3.13017  and  4/T=  1.25992.  Therefore, 
15.G5248  X  3.13017  X  1.25992  =  G1.7297. 

But  14 1/54,000,000  also  equals  01.7297,  showing  that  the 
work  Avas  correct. 

In  all  doubtful  cases  arising  from  the  use  of  surds  and 
radicals,  if  the  student  will  use  fractional  exponents  instead 
of  the  radical  sign,  he  should  experience  but  little  difficulty. 
In  addition  and  subtraction,  the  surds  (not  the  coefficients 
of  the  surds)  must  be  alike;  if  they  are  not  alike,  the  addi- 
tion or  subtraction  must  be  indicated.  For  example,  3  X  43 
+  14  X  4J  =  17  X  45,  for  the  same  reason  that  da  -{-  lAa  = 
17a ;  but  3  X  4J  +  14  X  5s  =  3  X  4J  +  14  X  5J,  for  the  same 
reason  that  Sa''  -\- 14(^''  =  Za'^  +  14;^^  In  multiplication  and 
division,  the  surds  need  not  be  alike,  but  the  fractional  ex- 
ponents of  the  surds  must  be  alike,  for  the  reason  stated 
above. 

550.  If  there  are  factors  outside  the  radical  signs, 
multiply  or  divide  them  separately. 

Example.— Divide  44/3"  by  2^^~3. 
Solution.—           44/'3  =  4  x  3«  =  4  x  3^  =  44^27. 
2^¥=  2  X  3'  =  2  X  3i  =  24/"9. 
4--2  =  2  and  27 --  9  =  3;  hence,   44/^-^-  2^  =  4f  27 -^  2{^  = 
2^3^  

^  EXAMPLES  FOR   PRACTICE. 

551.  Multiply  the  following,  reducing  the  answers  to  their 
simplest  forms: 

1.  54/8  by  34/5.  Ans.  30 4/10. 

2.  ^1  by  44/48.  Ans.  824/3^ 

3.  i-^byf^.  Ans.  i^. 
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Divide  the  following: 

4.  ;{  |/ir>  by  4  ^/JT  Ans.  J  i^W. 

5.  i  Vi^y  ^yi  Ans._^. 
fi.     (^2  by    ^3.              Ans.  'fj^f- 

IWOIA  TIO.N    AM)    i:V<)IA  TI(>\     OF     K.VDICAI.S. 

r*r>2.  A  radical  may  be  raised  to  any  power,  or  any  root 
of  a  monomial  radical  may  be  taken,  by  writing  the  radical 
with  fractional  exponents  and  proceeding  as  in  Art.  532. 
If  there  is  a  factor  outside  the  radical  it  should  be  involved 
separately  in  involution,  and  in  evolution  it  should  first  be 
introduced  under  the  radical  sign. 

553.  The  most  important  case  is  that  of  raising  a  radical 
to  the  power  corresponding  to  the  degree  of  the  radical, 
when  the  radical  sign  will  disappear;  thus,  to  raise  \/^  to 
the  third  poAvcr,  {V^Y  =  [(4^0*]'  =  (-I'O'  =  4^'.  or  la, 
Ans.  

EQUATIOXS. 

554.  As  defined  in  Art.  354,  an  equation  is  a  state- 
ment of  equality  between  two  expressions,  as  x  +0  =  14. 

555.  Every  equation  has  two  parts,  called  the  first 
and  second  nienil>ers.  The  first  member  is  the  part  on 
the  left  of  the  sign  of  equality,  and  the  second  member  the 
part  on  the  right  of  that  sign.  In  .r  +  G  =  14,  .r  -f  G  is  the 
first  member,  and  14  is  the  second  member. 

556.  Equations  usually  consist  of  known  and  un- 
known quiintitics;  that  is,  of  quantities  whose  values 
are  given,  and  of  quantities  who.se  values  are  not  given,  but 
are  to  be  found.  Thus,  in  x -\-  G  =  14,  6  and  14  are  known 
quantities,  and  x  is  unknown;  but  since  by  the  statement  of 
the  equation,  x  -\-  6  must  equal  14,  x  must  have  such^a  value 
that  when  added  to  6  the  sum  will  be  14.  Hence,  the  value 
of  X  is  fixed  for  this  particular  case,  and  in  a  similar  manner 
the  value  of  a  single  unknown  quantity  in  any  equation  is 
fixed  by  the  relations  that  it  bears  to  the  known  quantities, 
and  this  value  can  usually  be  found. 
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557.  To  solve  an  equation  is  to  find  the  value  of  the 
unknown  quantity.  This  is  done  by  a  series  of  transfor- 
mations by  which  the  first  member  becomes  the  unknown 
quantity,  and  the  second  member  becomes  a  known  quantity, 
which  is,  therefore,  the  value  of  the  unknown  quantity. 


TRANSFORMATIONS. 

558.  In  transforming  an  equation,  the  equality  of  its 
members  must  be  preserved ;  otherwise,  the  existing  relations 
between  the  known  and  unknown  quantities  will  be  destroyed. 
Transformations  are  based  upon  the  following  principles* 

559.  In  any  equation: 

I.  The  same  quantity  may  be  added  to  both  members. 
For  example,  if  2  be  added  to  both  members  of  x"^  =  16,  the 
members  of  the  resulting  equation,  x^  +  2  =  18,  will  be  equal. 

II.  The  same  quantity  may  be  subtracted  from  both  mem- 
bers.    Thus,  if  -r'  =  16,  then  x"  —  2  =  14. 

III.  Both  members  may  be  multiplied  or  both  divided 
by  the  same  quantity.     Thus,  if  x''  =  16,  then  2x^  =  32  and 

"2  -^- 

IV.  Both  members  may  be  raised  to  the  same  power. 
Thus,  if  x'  =  16,  then  x*  =  256. 

V.  Like  roots  of  both  members  may  be  extracted.  Thus, 
if  ,r'  =  16,  then.r  =  4. 

A  little  thought  will  show  that  none  of  these  operations 
will  destroy  the  equality  of  the  members.  In  the  equation 
16  =  16,  for  example,  by  I,  16  +  2  =  16  +  2 ;  by  II,  16  —  2  = 
16  —  2;  by  III,  16  X  2  =  16  X  2,  etc.  It  is  to  be  observed, 
however,  that  after  any  transformation,  the  nieinbcrs  do  not 
equal  their  original  values. 

560.  Transposition. — In  transforming  an  equation, 
it  is  frequently  necessary  to  transpose,  or  change  a  term 
from  one  member  to  the  other.  For  example,  in  the  equa- 
tion Sx  -{-  0  =  12,  let  it  be  required  to  transpose  the  -f-  5  to 
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the  second  member.     This  may  be  clone  by  subtracting  -f  5 
from    both    members,   which,    by  Art.    559,    11,   will   not 

destroy  the  equality;  thus, 

3.r  4-  5  =  12 
Subtracting  -f  5  from  both  members,  5        5 

Zx         =Yl-h-  7. 

Again,  let  it  be  required  to  transpose  the  —  5  in  3.r  —  T)  = 

12,  to  the  second  member.     This  may  be  done  by  adding 

+  5  to  both  members,   which,   by  Art.    559,   I,   will  not 

destroy  the  equality;  thus, 

3.1-  -  5  =  12 
Adding  -\-  5  to  both  members,  5         5 

3!^^         =12  +  5  =  17. 

Now,  what  was  really  accomplished  in  each  case  was  that 

5  was  transposed  from  the  first  to  the  second  member,  zvitli  its 

sign  changed ;  and  in  changing  a  term  from  the  second  to  the 

first  member,  the  same  operation  would  be  performed.    Hence, 

5(>1.  Any  tcrtn  may  be  transposed  from  citJicr  member 
of  an  equation  to  the  ot/ur,  if  its  sign  be  elianged. 

5H2.  Canccliition. —  When  the  same  tcrtn  appears  tuitk 
the  same  sign  in  both  members  of  an  equation^  it  may  be  can- 
celed from  both.  For,  in  the  equation  x  -{-  a  ^=  O  -\-  a,  we 
have,  by  transposing  the  a  in  the  first  member,  to  the  second 
member,  .r  =  G  -f-  ^  —  ^  ;  whence,  the  rt's  cancel,  leaving 
X  =  (J.  It  must  be  observed  that  terms  will  not  cancel  from 
both  members  unless  they  have  the  same  sign.  Thus,  in 
X  —  a  =  C}  -\-  a,  we  have,  by  transposing  the  —  a,  x  =  G  -\-  2a. 

5i>vJ.  CliaiiKiiiK  Si^ns. — It  is  sometimes  desirable  to 
change  the  sign  of  a  quantity  in  an  equation  from  —  to  -|-  or 
from  -j-  to  — .  To  change  it,  we  use  the  following  principle: 
the  signs  of  all  the  terms  of  both  members  of  an  equation  may 
be  changed  without  destroying  the  equality.  For,  in  the 
equation  —  .r  -|-  4  =  10  —  <7,  both  members  may  be  multiplied 
by  -  1  (Art.  559,  III),  giving  ,r  -  4  =  -  10  +  tf,  or  ^  -  10. 

564.  Clearing  of  IViictions. — When  an  equation 
contains  fractions  it  must  be  cleared  pf  them  in  order  to  find 
the  value  of  the  unknown  quantity. 
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Example. — Clear  the  equation  x-^  -^  +  -r  +  -^  =  100  of  fractions. 

3        4         o 

Solution. — The  L.  C.  M.  of  the  denominators  2,  4  and  6  is  13.  By- 
Art.  559,  III,  both  members  may  be  multiplied  by  the  same  quantity. 

12  r      36  f      24  r 
Hence,  multiplying  each  term  by  12,  we  have  12x  H — ^  H — ^  H — ^  = 

1,200.  Now,  reducing  each  fraction  to  its  simplest  form,  which  will 
not  alter  its  value  (Art.  483),  and  so  will  not  destroy  the  equality  of 
the  members,  we  have  13.r  +Gx  +  9x  +  4.r  =  1,200,  the  denominators  to 
all  the  fractions  having  canceled. 

565.  Hence,  to  clear  an  equation  of  fractions,  multiply 
each  term  of  the  equation  by  the  L.  C.  M.  of  the  denominators. 

566.  Instead  of  multiplying  the  numerators  by  the 
L.  C.  M.  and  then  reducing  the  fractions  to  their  simplest 
forms,  it  is  easier  to  divide  the  L.  C.  M.  by  each  denominator, 
and  then  multiply  the  corresponding  numerators  by  the  quo- 
tients, as  was  done  in  Art.  490. 

Example. — Clear  the  equation  ,  ■=-^ \ -.  of  fractions. 

^  .1-  +  2       2       .1-^  —  4 

Solution. — The  L.  C.  M.  of  the  denominators  is  2(jir2  — 4).  Divid- 
ing this  by  .r  +  2  and  multiplying  1x  by  the  quotient,  1{x—  2),  gives 
4ji(jr  — 2),  or  4.r'^  — 8.r;  dividing  2(.r'^  — 4)  by  2  and  multiplying  1  by 
the  quotient,  .r-  —  4,  gives  x'^  —  4;  and  dividing  2(.r''  —  4)  by  ,r'-  —  4  and 
multiplying  —  (3.r+  2)  by  the  quotient,  2,  gives  —  6.r—  4.  Hence,  the 
equation  becomes  4.r"  —  8.r=  x^  —  4  — 6.r— 4,  all  the  denominators 
having  canceled  in  the  process. 

567.  Where  a  fraction  is  preceded  by  a  minus  sign,  care 
must  be  taken  to  change  the  sign  of  every  term  of  the  numer- 
ator when  clear ifig  offractiofis.     See  Art.  493. 


EXAMPLES  FOR 

PRACTICE. 

568. 

Clear  the  following 

equations  of  fractions  : 

1. 

x  + 

3.r       5 

4+7 

=  16-1. 

X 

Ans. 

28.r2  +  21.r-^  + 

20.r  = 

USx 

-56. 

2. 

X 

4  ~ 

.r-3 

a 
'  6' 

Ans.  3.1 

,-_6.r+18: 

=  2a. 

2      ~ 

3. 

X 

-^--^  = 

a  —  b      ^ 

a  — 

'  a  +  b 

Ans.  ax+  b 

X  —  a^x  +  b^x  =  a^  —  2< 

2b  4-  b' 

-a' 

+  b\ 

4 

1 

X          a  +  b 

Ans. 

x  =  x'^ 

—  a^ 

+  b-^. 

(a- 

^)^'a- 

-b          X    • 
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SOIA'TIOX    OF    SIMPI.i:    i:(^)rATIOXS. 
509.     A  Hi  111  pic   c(|uation  is  one  containing  only  the 
first  power  of  the  unknown  quantity,  when  cleared  of  radical 
and  aggregation  signs  and  fractions.      It  is  also  called  an 
equation  of  the  first  deKree. 

570.  The  unknown  quantity  in  a  simple  equation  con- 
taining but  one  unknown  quantity  is  usually  represented  by 
the  letter  .v.  Known  quantities  are  represented  by  figures 
and  by  X.\\q  Jirst  letters  of  the  alphabet.  Equations  contain- 
ing known  quantities  represented  by  letters  are  called  literal 
eciuiitions,  and  if  any  literal  equation  be  solved  (Art. 
557),  the  value  of  the  unknown  quantity  will  usually  con- 
tain one  or  more  of  the  first  letters  of  the  alphabet. 

571.  To  solve  a  simple  equation: 

Kulc. — Clear  the  equation  of  fractions,  if  it  has  any. 

Transpose  the  terms  containing  nnknoicn  quantities  to  the 
first  member,  and  the  known  terms  to  the  second  member. 

Combine  the  terms  containing  the  unknown  quantity  into 
one  term  and  reduce  the  second  member  to  its  simplest  form. 

Divide  both  members  of  the  resulting  equation  by  the 
coefficient  of  the  unknoiun  quantity  {Art.  559,  III),  and  the 
second  member  of  this  last  equation  will  be  the  value  of  the 
unknown  quantity. 

This  rule  does  not  hold  absolutely  in  all  cases,  since  special 
methods  are  often  used,  of  which  the  student  can  learn  only 
by  practice. 

572.  To  verify  the  result,  substitute  the  value  of  the 
unknown  quantity  in  the  original  equation,  which  should 
then  reduce  so  that  both  members  Avill  be  alike.  "When  this 
occurs  the  equation  is  said  to  be  satisfied. 

573.  In  the  following  examples,  the  value  of  the  unknown 
quantity  x  is  to  be  determined.  All  the  transformations 
used  depend  upon  principles  explained  in  Arts.  55^i-567. 

Example. — Solve  the  equation  20  +  5.r  —  3.r  —  18  =  10. 
Solution. — Transp<ising  20  and  —  18  to  the  second  member, 

:,x  -  3.r  =  10  -  20  -h  18. 
Combining  like  terms,        2x  =  8. 
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Dividing  both  members  by  2  (Art.  559,  III), 

x  =  4.     Ans. 
To  verify  the  result,  substitute  4  for  .v  in  the  original  equation.    (Art 
572.)     Thus, 

20  +  5  X  4  -  3  X  4  -  18  =3  10, 
or       20  +  20  -  12  -  18  =  10. 
Combining,  10  =  10,  which  proves  the  result. 

Example. — Solve  the  equation  5.r  —  (10  —  x)  =  5.r  +  4(.r  —  1). 

Solution. — Removing  the  parentheses, 

5.1-  —  10  +  X  =  5.r  +  4.1-  —  4. 
Transposing  —  10  to  the  second  member  and  5.r  +  4.r  to  the  first 
member,  5.r  +-  .v  —  5.r  —  4.r  =10  —  4. 

Combining  like  terms,  —  Sx  =  6. 

Changing  signs  to  make  the  term  containing  x  positive, 

3.r  =  -  6.     (Art.  563.) 
.  Dividing  both  members  by  3,  .r=  —  2.     Ans. 

Proof:     5  X  -  2  -  (10  + 2)  =  5  X  -  2  +  4(  -  2  -  1), 

or      _  10  -  10  -  2  =  -  10  -  8  -  4. 
Combining,  —  22  =  —  22,  which  proves  the  result. 

Example. — Solve  the  equation 

16 -.r- 1 7.1-  -  [8.r  -  (9x-dx-6x)] }  =  ^■ 

Solution. — Removing  the  aggregation  signs  (Art.  407), 
16  -  .r  -  Ix  +  8x  -  9.r  +  3.r  -  6.r  =  0. 

Transposing  16  to  the  second  member, 

-  X-  Ix  +  8x -  9.1- 4-  3.1- -(ix=  —  16. 

Combining  like  terms,         —  12 x=  —  16. 

Dividing  both  members  by  —  12, 

x=  ^  =  1^.     Ans. 

Example. — Solve  the  equation 

2x  +  2      2  _  8  -  6-t-       2(6.r  +  7) 
2      "^  4  ~       5       "^  8 

Solution. — Reducing  the  first  term  of  the  first  member  and  the  last 
term  of  the  second  member  to  a  simpler  form,  the  equation  beccm2s 

1       8  -  6.r      6.r  +  7 

X+1  +   -r  = \ -. . 

4  5  4 

Clearing  of  fractions  by  multiplying  each  term  of  both  members  by 
20,  the  L.  C.  M.  of  the  denominators,  we  have 

20.r  +  20  +  5  =  32  -  24.r  +  30.r  +  35. 
Transposing  terms, 

20.r  +  Mx  -  30.r  =  33  +  35  -  20  -  5. 
Uniting  terms,  14.r  =  42. 

Dividing  by  14,  x~3.     Ans. 
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Example. — Solve  the  equation  .r  h 5 = r"  ~  ^* 

Solution. — Clearing  of  fractions  by  multiplying  each  term  by  40. 
the  L.  C.  M.,  and  remembering  that  the  sign  of  the  second  fraction  is 
minus  (Art.  567),         40.r  +  20.r  +  80  -  (24.r  -  32)  -  5.r  =  360. 

Removing  jarenthesis  and  transposing  terms. 

40.1-  +  20^-  -  24.r  -  5.i-  =  300  -  80  -  32. 

Uniting  terms,  31.r  =  248. 

Dividing  by  31,  x  =  8.     Ans. 

3  2  1 

Example. — Solve  the  equation •  — :; \-  z j  =  0. 

^  1  —  X       1  +  .1-       1  —  .r» 

Solution. — Clearing  of    fractions  by  multiplying  by  1  —  x*,   the 

L.  C.  M.. 

3(1  +  X)  _  2(1  -  ^)  4-  1  =  0- 

3  +  3.r  —  2  +  2,r  +  1  =  0. 
Uniting  terms,  5^  =  —  2. 

x=  —  A.     Ans. 

Note. — 0  multiplied  or  divided  by  any  number  =  0. 

574.  If  the  denominators  in  a  fractional  equation  are 
partly  monomial  and  partly  polynomial,  it  will  be  easier  to 
clear  of  fractions  at  first  partially,  multiplying  by  the 
L.  C.  M.  of  the  monomial  denominators. 

Example. — Solve  the  equation  — — ; —  =  — = -r, 5- 

^  14  7  6.r  +  2 

Solution. — Clearing  of  fractions  partially,  by  multiplying  each 
term  by  14,  and  noticing  that  2  may  be  canceled  from  the  denominator 
of  the  second  fraction  of  the  second  member  when  multiplying  by  14, 

8.r  +  5  =  8^+12-     .^  ^.    . 

6x  +  1 

Transposing  and  uniting  the  terms  (Art.  562), 

49.r  -  21  _  ,^ 

3.r+l     ~ 

Clearing  of  fractions  by  multiplying  each  term  by  3jr  +  1, 

49.r  -  21  =  21^  +  7 

28^=28 

X  =  1.     Ans. 

34-  ^-' 

Example. — Solve   the  equation  1  ■\ —  = r, . 

^  .r  —  1  o 

Solution. — Simplifying  the  second  member  by  multiplying  both 
numerator  and  denominator  of  the  fraction  by  1  —  x  (Art.  509), 
1    .        3  3(l-.r)  +  4-.r 

^  ^  'y^^  -  3(1  -  .r) 
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Changing  the  signs  of  the  first  fraction  so  as  to  bring  1  —  .r  in  the 
denominator  (Art.  482),  and  clearing  of  fractions  by  multiplying  by 
3(1  -  x),  3(1  -  .r)  -  9  =  3(1  -  .r)  +  4  -  x. 

Canceling  3(1  —  x)  from  both  members  and  transposing, 

X  =  13.     Ans. 

575.  When  powers  of  the  unknown  quantity  higher 
than  the  first  appear  in  an  equation,  they  will  often  cancel, 
the  equation  thus  reducing  to  a  simple  one. 

Example. — Solve  the  equation 

(.r  +  3)-^  -  3.r(4.r  +  1)  =  S.r^  -  (4x  -  5)«. 

Solution. — Performing  the  operations  indicated, 

x^  +  6x+9-  12.r'-^  -  3x  =  5^^  -  (IG.r^  -  40x  +  25). 

Removing  the  parentheses  and  transposing  terms, 

ji-'2  +  6.r  -  12,r2  -  3.r  -  5x^  +  Wx^  -  40x  =  —  25  —9. 

Combining  like  terms,     — 37.r=  — 34. 

Dividing  by  —  37,  x  =  |f .     Ans. 

576.  In  literal  equations  (Art.  570),  the  terms 
containing  known  or  unknown  quantities  cannot  always  be 
combined  into  one.  In  solving,  all  terms  containing  un- 
known quantities  must  be  brought  into  the  first  member 
without  regard  to  whether  they  contain  known  quantities. 

Example. — Solve  the  literal  equation  2ax  —  'Si  =  x+  c  —  3ax. 

Solution. — Transposing  the  terms  containing  the  unknown  quanti- 
ties to  the  first  member  and  the  remaining  terms  to  the  second  mem- 
ber, and  combining  like  terms,        5ax  —  x  =  dd  +  c. 

Factoring  5ax  —  x  with  a  view  to  bringing  x  alone  in  the  first 
member,  (5^:  —  1)  x  =  (id  +  c. 

The  coefficient  of  x  is  now  5a  —  1,  this  being  considered  as  one 
quantity.     (Art.  391.) 

Dividing  by  5^  —  1,  x= -.     Ans. 

Proof. — Since  the  original  equation  is  equivalent  to  ^ax  —  x  =  Si  + 
<r,  it  will  be  sufficient  to  satisfy  this  equation.  Hence,  substituting  the 
value  of  X, 

5a{'S6  +  c)      U  +  c  (5^_i)(3^  +  ^) 

5a_i  -5^rri  =  ^*  +  ^'  °^  — 5^^^: — -U  +  c. 

Canceling  the  5^  —  1,     %b  +  c  =^^1?  +  c. 

Example. — Solve  the  equation 

{x+a){x—b)  —  (.r—  d){x-\-  b)  —  a'^  —  b"^. 

Solution. — Performing  the  operations  indicated, 

.r*  -\-  ax  —  bx  —  ab  —  (x-  —  ax  +  bx  —  ab)  —  a'  —  6*. 
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Combining  like  terms,  2ax  —  2dx  =  a*  —  fi^; 
whence,  2{a  —  b)x  =  a*  —  ^*, 

a*  -  //»       {a  +  />)(a-  h)      (a  +  li) 

^   ,         ^  .       3.r  4-  1       3/J.i-  -2a  +  c 

Example. — Solve  the  equation r  =  t; n • 

'  X  +1       b(x  +  1)  —  a 

Solution. — Clearing  of  fractions, 

(3^  +  l)[^(.r  +  1)  -  a]  =  (.1-  +  1)  (Zbx  -  2a  +  c),   or 

8^^  +  1)  -  3rt.r  +  /H-f  +  1)  -  rt  =  Ux{x  +  1)  -  {2a  -c){x+  1). 

Canceling  3^r(.i  +  1)  from  both  members, 

—  Zax  +  i>x  +  />  —  a  =  —  2ax  +  ex  —  2a  +  c. 

Transposing  and  uniting  terms, 

—  ax->r  bx—  cx=  —  a  —  b  •\-  c. 

Changing  signs  and  factoring, 

{a  —  b-ir  c)x  =a  +  b  —  c; 

,  a  +  b  —  c       . 

whence,        x  = 7 •     Ans. 

a  —  b  +  c 


EXAMI'I.KS  FOR   PRACTICE. 

r>77.      Solve  the  following  equations: 

1.  1  r>  -  3  r  =  13  -  6.1.  Ans.  x  =  —  \. 

2.  3(4.1-  -  5)  +  6  =  1  +  2j-.  Ans.  .r  =  1. 

3.  6(5  -  2.r)  =  6  -  2(.r  -  2).  Ans.  .r  =  2. 

.      2x      4.1-      _      3.r  .  -rt 

4.  -75-  _  -75-  =  5 5-.  Ans.  X  =  60. 

6  6  4 

^       ^+1         .r+4       ^-       .r  +  3  .  ., 

h.     — —  =  16 -. — .  Ans.  .r  =  41. 

3  5  4 

^      X       .v»  -  5.r       2  AT 

^-     3  --37^=3-  Ans..r=-7. 

7.  i=if_^-=o.  Ans..r  =  4J. 

x+  1        jr  +  4 

8.  2.r  —  4a  =  Sax  +  a*  —  a^x.  Ans.  x  =  —. — 5 „. 

a'  —  3a  +  2 

-      fl.r  +  2.r      fl»  4-  4rt  +  4      -  .  5rt»  +  10a 

9.  — ^ jT =  0.  Ans.  .r= jj . 

5a  4b  4fi 

Suggestion. — Transposing  the  second  term  to  the  second  member, 
ax  +  2x      g^  +  4a  4-  4      {a  +  2)« 
5/;       -  4b         -       4b      ' 

Multiplying  both  sides  by  5a, 

5a(a  +  2)' 
ax  +  2.r  =         ., — -. 
4b 

Solving  for  .r, 

5a(a  4-  2)»       5a(a  4-  2)       5a»  4-  10a 


.r  = 


(a  4-  2)4b  4b  4b 


...      a(r*  4-  .1*)         ,      ax  ^  c 

10.     -^^ -  =  ab-\ .  Ans.   x  = -r- 

ex  c  o 


ALGEBRA.  189 

SIMPLE  EQUATIONS  CONTAINING  RADICALS. 

578.  To  solve  equations  containing  radicals,  the  radical 
signs  must  first  be  removed.  For  example,  to  solve  ^,r  =  4, 
we  know  from  Art.  559,  IV,  that  both  members  may  be 
raised  to  the  same  power.  Hence,  squaring  both  members, 
j/J  X  i^'  =  4  X  4,  or  .V  =  IG,  since,  by  Art.  553,  any  radical 
raised  to  a  power  corresponding  to  its  index  equals  the 
quantity  under  the  radical  sign.  Again,  in  \/x  =  4,  cubing 
both  members,  \^-  X  t^-v  X  V^'  =  4  X  4  X  4,  or  a-  =  G4. 

■    579.     Hence,    to   solve    equations    containing   a    single 
radical : 

Rule. —  Transpose  tJie  terms  of  the  given  equation  so  that 
the  radical  will  stand  alone  in  one  member  ;  then  raise  both 
members  to  a  power  corresponding  to  the  index  of  the  radical. 


Example. — Solve  the  equation  \/x'-  —  5  —  a- =  —  1. 

Solution. — Transposing  —  x  so  that  the  radical  will  stand  alone, 

\^x'^  —  5  =  x—  1. 
Squaring  both  members,  since  the  index  of  the  radical  is  2, 

.v2-5  =  .r'^-2.r+l. 
Transposing  and  uniting  terms, 

2.r=6, 
or        X  =  3.     Ans. 

580.     Before  clearing  of  the  radicals  the  equation  should 
be  simplified  as  much  as  possible. 


Example. — Solve  the  equation  iV-r  —  18  =  |. 
Solution.— Dividing  by  |,  \i'x—  18  =  |  x  |  =  6. 
Squaring  jr  —  18  rr  36, 

or        x  =  54.     Ans. 

581.  If  there  are  tivo  or  more  radicals  in  the  equation, 
remove  each  one  separately,  beginning  with  the  most  complex, 
as  directed  above. 


Example. — Solve  the  equation  \/ 4x  +  21  —  2\/x+  1. 

Solution. — The  square  of  'f/4.r4-21  is  4.r  +  21,  and  the  square  of 

2^x  4-  1  is  4jr  +  4|/  -r  +  1 ;  hence,  squaring, 

4.r  +  21  =  4.r  +  4|/~r  +  1. 

Transposing  and  uniting,     4\^x  —  20. 

Dividing  by  4,  |/.r  —  5. 

Squaring  again,  x  =  25.     Ans. 
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Example. — Solve  the  equation 


a/ax  +  f/lCr  +2=1  +  2  i/.r. 


SoLrrioN. — Squarinjjj,  4.r  +  |/  16.r  +  2  -=  1  +  4  |/.r  +  4x. 
Canceling  4.r  anil  squaring  again, 

16.r+2  =  l  +  8j/J+16.i-. 
Canceling  IG.rand  transposing, 

-8v'J=-l. 

Changing  signs,  S\/.v=  1, 

or       \/x  =  i. 
Squaring  again,  .r=^.     Ans, 

582.     Wlien  there  are   fractions   with   radicals   in   the 

denominators,  it  is  usually  better  to  clear  of  fractions  before 

squaring. 

/ 60 

Example. — Solve  the  equation  y  x  +  yx—  24  = 


i/^-24 

Solution. — The  product  of  |/.r  and  j/.r—  24  is  \/^x*  —  24.i-,  and  the 
product  of  y.r  —  24  and  ^x  —  24  is  ^—24.     Hence,  clearing  of  frac- 
tions, |/.r-  — 24.r  +  .r  —  24  =  60. 
Transposing  and  uniting, 

^x*-24x  =  84  -  .1-. 
Squaring,  .t-»  -  24jr  =  7,056  -  168.r  +  .r«, 

or        144^=7,056; 
whence,  .r  =  49.     Ans. 

Example. — Solve  the  equation  -j-  =  -^-^ ^-r=  • 

b        ^x-i/d 

Solution. — Clearing  of  fractions  by  multiplying  a  by  f^  —  V^  and 

4/7  +   1/7  by  d,  _ 

a^/x—  ai^b  =  (^■f/x+  b^b. 

Transposing,    — a  ^  b  and  b  ^  x, 

a  |/ X  —  b  ^~x  =  a^  +  b  ^Td. 

Factoring,  {a  —  b)\nv  =  (a  +  b)^; 

whence,  V  ^  = -r- — " 

a  —  b 

^  {a  +  bfb       (a  +  b\\       . 

Squaring,  x  =    ^^  _  ^^,    =  (^^^ j  b.     Ans. 

Example. — Solve  the  equation  ax-^  +  (i  =  c. 
Solution. — Transposing,     ax~^  =  c  —  d, 

or  —.=<■■-  J-    (Art.  530.) 
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Clearing  of  fractions,  a  =  x^{c  —  d), 

or        x^{c  —  d)  =  a. 

Dividing  by  c  —  d,  x^ 


a 


c  —  d  ' 

3 


cubing,  '=(7^) 


Ans. 


EXAMPLES  FOR   PRACTICE. 

583.      Solve  the  following  equations: 

1.  |/x+l-2  =  3.  Ans.  x-2^. 

2.  |/jr-32  =  16-  4/^.  Ans.  ;r  =  81. 

3.  ;r-i  +  2;jr-i  +  3.i-i  =  2.  Ans.  .r=9. 


■^a 


4.  \/x+\/a-irX=  Ans.  ;r  =  +«. 

y  a  +  X 

5.  2(|/:?  -  y  x-Z)  =  ^=-.  Ans.   ;r  =  4. 

6-     7T7. ^T^V-T-3  =  2-  Ans.   ;r  =  9. 

(10;r  +  35)-4  . 

PROBLEMS    LEADING    TO    SIMPLE    EQUATIONS 
WITH    ONE    UNKNOWN    QUANTITY. 

584.  There  are  two  steps  in  the  solution  of  problems  by 
Algebra : 

First. — The  relations  which  exist  between  the  known  and 
the  unknown  quantities — that  is,  between  those  whose  values 
are  given  in  the  problem  and  those  whose  values  are  required 
— must  be  stated  by  one  or  more  equations.  This  is  called 
the  statement  of  the  problem. 

Second. — The  resulting  equation  or  equations  must  be 
solved,  giving  the  values  of  the  required  quantities. 

585.  It  will  thus  be  seen  that  by  the  algebraic  method, 
the  answer  to  a  problem  is  used  in  the  solution  and  operated 
upon  as  though  it  were  a  known  quantity,  which  is  one  great 
advantage  over  the  arithmetical  method. 

The  ability  to  state  a  problem  by  means  of  an  equation 
depends  upon  the  ingenuity  of  the  operator  and  his  ability 
to  reason,  rather  than  upon  his  knowledge  of  Algebra.  No 
definite  rule  can  be  given  for  making  the  statement,  but  in 
general,  where  there  is  only  one  unknown  quantity  in  a 
problem : 
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5iS<^.     Decide  tufiat  quantity  it   is  -whose  value  is  to  be 

found.      This  will  be  the  unknoivn  quantity,  or  the  ansiuer. 

Then  represent   the  unknoicn   quantity   by  x  and  form  an 

equation  that  ivill  indicate  the  relations  betiveen  the  known 

and  the  unkno-wn  quantities  as  stated  in  the  problem. 

NdTK. — The  equation  will  also  indicate  the  operations  that  would  be 
performed  in  proving  the  statement  made  in  the  problem,  were  the 
answer  known.  Hence,  the  equation  may  often  be  formed  by  noticing 
what  operations  would  be  performed  upon  the  answer  in  proving. 

Example. — Find  such  a  number  that,  when  14  is  added  to  its  double, 
the  sum  shall  be  80. 

Solution. — The  quantity  whose  value  is  required  is  the  number 
itself.  As  this  is  the  unknown  quantity,  let  .r=  the  number,  whence 
2.r  must  be  double  the  number.  Now  the  problem  states  that  when  14 
is  added  to  double  the  number  the  sum  will  be  30.  In  other  words, 
when  14  is  added  to  2.r  the  sum  will  be  30.  Hence,  the  statement  of 
the  problem  in  the  form  of  an  equation  is, 

2.r  4-  14  =  30;  whence,  solving, 
X  =  8.     Ans. 

Example. — Find  a  number  which,  when  multiplied  by  4,  will  exceed 
40  by  as  much  as  it  is  now  below  40. 

Solution. — Let  .i-=the  required  number,  which,  when  multiplied 
by  4,  becomes  4.i-.  According  to  the  conditions  of  the  problem,  the 
amount  by  which  4  times  the  required  number,  or  4^,  exceeds  40  is 
equal  to  the  amount  that  the  number  itself,  or  x,  is  below  40. 

But  4.r  —  40  is  the  amount  by  which  4.r  exceeds  40,  and  40  —  ^  is  the 
ai^ount  by  which  .r  is  below  40. 

Hence,  by  the  conditions,  we  have  the  statement 

4.1-  —  40  =  40  -  .r. 

Transposing  and  uniting,        5.r=  80, 

or        J- =16.     Ans. 

Example. — Two  loads  of  brick  together  weigh  4,000  lb. ;  but  if  500  lb. 
be  transferred  from  the  smaller  to  the  larger  load,  the  latter  will  weigh 
7  times  as  much  as  the  former.     How  much  does  each  load  weigh  ? 

Solution. — If  the  weights  of  the  two  loads  were  known  and  it  was 
desired  to  prove  the  correctness  of  the  example,  we  should  add  500  lb. 
to  the  weight  of  the  larger  load  and  subtract  500  lb.  from  the  weight  of 
the  smaller  load,  as  stated  in  the  example.  The  larger  load  should 
then  weigh  7  times  as  much  as  the  smaller.  To  obtain  the  equation 
the  same  thing  is  done  by  letting  .r  =  the  weight  of  one  load,  whence 
4,000  —  X  equals  the  weight  of  the  other  load. 

Let  .r=  the  weight  of  the  smaller  load. 

Then   4,000  —  .r=  the  weight  of  the  larger  load. 

Also,  X  —  500  =  the  weight  of  the  smaller  load  after  transferring  500  lb. 
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And  4,000  —  .r  +  500  =  the  weight  of  the  larger  load  after  transferring 
500  lb. 

By  the  conditions,  the  larger  load  now  weighs  7  times  as  much  as 
the  smaller. 

Hence,  7(.r  -  500)  =  4, 000  -  .r  +  500. 

Solving,        7.r  -  3,500  =  4,500  -  x, 
or        8.1- =8,000; 
whence,  .r=  1,000  lb.  =  weight  of  smaller  load,  ^  . 

and   4,000  —  .r=  3,000  lb.  =  weight  of  larger  load.      ) 
Proof.— 1,000  -  500  =  500  =  weight  of  the  smaller  load,  and  3,000  + 
500  =  3,500  =  weight  of  the  larger  load  after  the  500  pounds  have  been 
transferred  ;  3,500  --  500  =  7. 

Until  the  student  has  attained  considerable  proficiency  in 
solving  problems  of  this  kind,  it  is  a  good  plan  to  prove  all 
problems. 

Example. — The  circumference  of  the  fore  wheel  of  a  carriage  is  10 
feet,  and  of  the  hind  wheel  12  feet.  AVhat  distance  has  the  carriage 
traveled,  when  the  fore  wheel  has  made  8  more  turns  than  the  hind 
wheel  ? 

Solution. — In  this  example  the  distance  traveled  is  not  known,  but 
is  required  to  be  found.  Suppose  that  the  distance  is  known,  and  that 
it  equals  x  feet,  and  that  we  wish  to  see  whether  the  statement  is  true 
that  the  fore  wheel  makes  8  more  revolutions  than  the  hind  wheel  in 
passing  over  x  feet.     The  number  of  revolutions  of  the  fore  wheel  is 

X  X 

evidently  -zrr:,  and  of  the  hind  wheel,  zr^.     The  example  states  that  the 
10  1* 

difference  between  them  equals  8. 

Hence,  ^ "  ^  =  S-        «       . 

Solving  for  x,  l%x—  \0x  =  960, 

or        2x=960,  and 

X  =  480  ft.     Ans. 

Proof. —  -j^  =  48  =  revolutions  of  fore  wheel. 

— —  =  40  =  revolutions  of  hind  wheel. 

la 

48  —  40  =  8.     Compare  this  proof  with  (1). 

Example. — A  water  cistern  connected  with  three  pipes  can  be  filled 
by  one  of  them  in  80  minutes,  by  another  in  200  minutes,  and  by  the 
third  in  300  minutes.  In  what  time  will  the  cistern  be  filled  when  all 
three  pipes  are  open  at  once  ? 

Solution. — Here  the  unknown  quantity  is  the  number  of  minutes 
required  to  fill  the  cistern  by  all  three  pipes  together.  Supposing  this 
to  be  X  minutes,  the  example  may  be  proved  by  noticing  that  the  sum 
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of  the  quantities  of  water  flowing  through  each  pipe  separately  in  a 
given  length  of  time,  as  1  minute,  must  be  ccjual  to  the  quantity  flow- 
ing through  all  three  together  in  the  same  length  of  time.  According 
to  the  problem,  the  quantity  discharged  by  the  first  pipe  in  one  minute 
would  be  ^,  by  the  second  yj^j,  and  by  the  third  ,J^  of  the  contents  of 
the  cistern.     In  like  manner  the  quantity  discharged  by  all  three  at 

once  in  one  minute  would  be  — .     Then,  if  the  example  is  stated  cor- 

X 

rectly.  we  must  have         ^  +  ^1^  +  yj^  =  L 

Clearing  of  fractions, 

.r(30  +  12  +  8)  =  2,400, 
or        50^=2,400; 
whence,        ^  =  48  minutes.     Ans. 

Example. — A  man  rows  a  boat  a  certain  distance  "w/Z/i  the  tide,  at 
the  rate  of  GJ  miles  an  hour,  and  returns  at  the  rate  of  3^  miles  an 
hour,  agai'nsf  a  tide  half  as  strong.  If  the  man  is  pulling  at  a  uniform 
rate,  what  is  the  velocity  of  the  stronger  tide  ? 

Solution. — If  the  following  statement  is  not  clear,  the  student 
should  reason  it  out  for  himself  in  a  manner  similar  to  that  used  in  the 
last  three  examples. 

Let  X  =  number  of  miles  per  hour  that  the  stronger  tide  is  running; 

X 

then,   -^=  number  of  miles  per  hour  that  the  weaker  tide  is  running. 

Hence,  6|  —  x  and  3^  +  ^  are  expressions  for  the  rate  at  which  the 

man  is  pulling.  But,  as  he  is  pulling  at  a  constant  rate  all  of  the 
time,  these  expressions  must  be  equal.     Hence, 


^-  x  =  z\  +  ^. 

or 

20                10      X 
3        -"  =  3   +  2- 

Clearing  of  fractions. 

40-6.r=  20-HS.r, 

or 

-9.r=-20; 

whence. 

x  =  2\  miles  per  hour. 

Ans. 

EXAMPLKS   FOR    PRACTICE. 

587.      Solve  the  following  examples: 

1.  The  greater  of  two  numbers  is  four  times  the  lesser  number,  and 
their  sum  is  400;  what  are  the  numbers?  Ans.  bU  and  320. 

2.  A  farmer  has  108  animals,  consisting  of  horses,  sheep  and  cows. 
He  has  four  times  as  many  cows  as  horses,  lacking  8,  and  five  times  as 
many  sheep  as  horses,  lacking  4;  how  many  has  he  of  each  kind  ? 

/  12  horses. 
Ans.   •]  40  cows. 
(  56  sheep. 
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3.  A  can  do  a  piece  of  work  in  8  days,  and  B  can  do  it  in  10  days ; 
in  what  time  can  they  do  it  working  together  ?  Ans.  4^-  days. 

4.  Find  five  consecutive  numbers  whose  sum  is  150. 

Ans.  28  +  29  +  30  +  31  +  33. 

5.  A  boat  whose  rate  of  sailing  is  6  miles  per  hour  in  still  water, 
moves  down  a  stream  which  flows  at  the  rate  of  3  miles  per  hour,  and 
returns,  making  the  round  trip  in  8  hours;  how  far  did  it  go  down  the 
stream  ?  Ans.  18  mi. 

QUADRATIC    EQUATIONS. 

588.  A  quadratic  equation  is  one  in  which  the 
square  is  the  highest  power  of  the  unknown  quantity,  when 
simpHfied  as  stated  in  Art.  569.  It  is  also  called  an  equa- 
tion of  the  second  degree. 

589.  A  pure  quadratic  equation  is  one  which  con- 
tains the  square  only  of  the  unknown  quantity,  as  x^  -j-  'iab 
=  10. 

590.  An  affected  quadratic  equation  is  one  con- 
taining both  the  square  and  the  first  power  of  the  unknown 
quantity,  as  x"^  -\-  2.r  =  6. 

591.  By  the  processes  used  to  reduce  simple  equations, 
any  pure  quadratic  equation  may  be  reduced  to  an  equation 
having  the  square  of  the  unknown  quantity  alone  in  the  first 
member,  and  some  known  quantity  in  the  second  member, 
as  in  x"^  =  a^  where  x'^  is  the  square  of  the  unknown  quan- 
tity and  «  is  a  known  quantity.  The  value  of  the  unknown 
quantity  may  then  be  found  by  extracting  the  square  root 
of  both  members,  which,  by  Art.  559,  V,  will  not  destroy 
the  equality  of  the  equation.  By  referring  to  Art.  519,  it 
will  be  seen  that  after  extracting  the  square  root,  each  mem- 
ber should  be  written  with  the  ±  sign.  Thus,  extracting 
the  square  root  of  both  members  of  x"^  =  a,  we  have  ±  x  =  ±, 
4/^.     This  may  be  taken  in  four  ways,  namely,  that 

-\-  X  =  -\-  \/^. 
-\-  X  =  —  ^~a. 

—  ;r  =  —  ^fa. 

—  .f  =  -\-  ^~a. 

But  by  Art.  563,  the  signs  of  both  members  of  the  last 
two  equations  may  be  changed,  making  -j-  .^-  =  -(-  /^~a  and 
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-f -t' =  —  f^    the    same    as    in    the    first    two    equations. 
Hence,  the  equation  .v*  =  er  has  the  two  values, 

X  =  -{■  ^~a  ami 

x=  -V^ 
and  these  may  be  expressed  by  writing  x  in  the  first  mem- 
ber  without   any  sign  (plus,   understood),  and  writing  the 
square  root  of  n  in  the  second  member  with  the   ±  sign, 
thus,  X  =  ±  s^. 

592.  From  the  foregoing,  we  have  the  following  rule 
for  solving  a  pure  quadratic  equation : 

Rule. — Reduce  the  given  equation  to  tlie  form  of  x^  =  a 
{Art.  S9I),  and  extract  tJie  square  root  of  both  uievtbers,  writ- 
ing the  ±  sign  before  the  square*root  of  the  second  member. 

Note. — The  root  of  an  equation  is  the  value  of  the  unknown  quan- 
tity. From  this  it  will  be  seen  that  a  simple  equation  has  one  root, 
and  a  quadratic  equation  has  two  roots.  In  general,  any  equation  has  as 
many  roots  as  there  are  units  in  the  e.\ponent  of  the  unknown  (juantity. 

v»       r'  — 3        1 

E.\ AMPLE. — Solve  the  equation  --^ z —  =  rrr-. 

10  5  20 

SoLUTiox. — Clearing  of  fractions  by  multiplying  each  term  by  80. 

5.r»-lC{.r*-3)  =  4. 
Transposing  and  uniting,  —  ll.r*  =  —  44, 

or        x^  =  4. 
E.\tracting  the  square  root  of  both  members, 

x=  ±2.     Ans. 

Example. — Solve  the  equation 


Vx-2  _^    i/TT2'_^ 

|/  .r  +  2         v'  .r  -  2 

Solution. — Clearing    of    fractions  by   multiplying  each  term   by 

^ x  +  2  X   V ^-^f  

.r— 2  +  .r+2  =  4  \/~x+Y  X   4/ .r  —  2  ; 


or,        2.r  =  4  4^.r»-4.     (Art.  547.) 
Dividing  by  2,  x=2  ^.r*  —  4. 

Squaring,  jr*  =  4<.r*  —  4), 

or         .r«  =  4.r''-16; 
whence.    —  3.r'  =  —  16, 
and         .r  *  =  ^. 
Extracting  the  square  root  of  both  members, 

.r  =  ±  4  |/  ^ .     Ans. 
By  Art.  540>  the  answer  may  also  be  written  ±  |  |/1?,  a  better  form. 
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EXAMPLES   FOR   PRACTICE. 

593.      Solve  the  following  equations: 

1.  3.1-2  -  57  -  4.r2  =  -  8.r'2  +  6.  Ans.  ,r  =  ±  3, 

2.  A  +  '^  =  A-  Ans.  .r=±i 

3.  35 ? —  =  x^ -T .  Ans.  x=  ±5 


4.  X  \^6  +  x-  =  1  +  x'K  Ans.  x—  ±  -J, 

5.  ^,  +      ,  :r=3.  Ans.  ;r=  ±3  |/i  =  ±  14/5 

6.  .r  ^a  +  .r^  =  <^  +  .r'-*. 

Note. — After  squaring,  transpose  all  terms  containing  x'^  into  the 
first  member  and  factor. 


s!  .r=±^/ ^ 


Ans.   x=  ±  ^Y^zr2l  =  ±  ^7^123  i^^^  -  2^- 

ft 

AFFECTED     QUADRATIC    EQUATIONS. 

594.  The  solution  of  affected  quadratic  equations  de- 
pends upon  the  form  of  the  trinomial  obtained  by  squaring 
a  binomial,  as  ;t'  -j-  «  or  x  —  a,  where  a  and  x  represent 
known  and  unknown  quantities,  respectively.  By  Arts. 
428  and  429,  {.r  ±  a)'  =  x'  ±  2ax  +  a\  It  is  to  be  ob- 
served that  the  first  term  of  this  trinomial  is  the  square  of 
the  unknown  quantity,  and  that  it  is  positive ;  the  second 
term  contains  the  first  potvcr  of  the  unknown  quantity,  and 
the  third  term  is  a  known  quantity,  which  is  a  perfect  square 
and  positive. 

595.  Every  affected  quadratic  equation  can  be  reduced 
so  that  the  second  member  will  become  a  knozvn  quantity, 
and  the  first  member  will  consist  of  only  two  terms,  corre- 
sponding to  x^  and  ±  2ax,  as  above.  When  reduced  to  this 
form,  it  may  be  solved  by  adding  a  known  quantity  to  both 
members,  corresponding  to  the  a^  above,  which  will  make  a 
perfect  square  of  the  first  member.  Then,  by  extracting 
the  square  root  of  both  members  of  the  equation,  the  first 
member  will  be  in  the  form  oi  x  ±.  a,  containing  only  the 
first  power  of  the  unknown  quantity. 

596.  Inspection  of  the  trinomial  x"^  ±  '%ax  -\-  a^  shows 
that  the  third  term,  or  the  quantity    to   be    added   to   both 
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members,  is  equal  to  the  square  of  half  the  coeflficient  of  x. 
Adding  this  quantity  to  both  members  is  called  complct- 
iiiK  the  square,  meaning  that  it  makes  a  perfect  square  of 
the  first  member. 

597.     Hence,  to  solve  an  affected  quadratic  equation: 

Rule. — Reduce  the  equation  to  the  form  of  x*  ±  ax  =  h ; 
that  is,  so  that  the  second  viejnber  consists  of  a  known  quan- 
tity, while  the  first  member  has  but  two  terms,  the  first  being 
the  square  of  the  unknoxun  quantity  and  positive,  its  co- 
efficiefit  being  1,  and  the  second  containing  the  first  poxver  of 
the  unknown  quantity  witJi  any  coefficient. 

Complete  the  square  by  adding  the  square  of  half  the 
coefiicicnt  of  x  to  both  members.  ■ 

Extract  the  square  root  of  both  members  and  solve  for  x. 

E.XAMPLE  1. — Solve  the  equation,  4.r*  —  16.v—  128  =  0. 

Solution. — Transposing  the  —  128, 

4.r»-16^=128.     (1) 
Dividing  by  4,  -r»  —  4.r  =  32. 

The  equation  now  fulfils  the  conditions  of  the  rule;  namely,  the 
second  member  is  a  known  quantity,  32,  while  the  first  member  has 
but  two  terms,  the  first  being  .r*  alone,  and  positive,  and  the  second 
containing  the  first  power  of  .r. 

The  coefficient  of  .r  divided  by  2  is  —  2;  the  square  of  this  is  4,  the 
quantity  to  be  added  to  both  members.     Hence,  completing  the  square, 

x-i  _  4.r  4-  4  =  32  +  4  =  36. 
Extracting  the  square  root  of  both  members, 

^-2=  ±6. 
Transposing  -  2,  .r  =  2  +  6,  or  2  -  6 ; 

whence.        x  =  8,  or  —  4.     Ans. 

Proof. — Substituting  8  for  .r  in  equation  (1), 

4(8)«  -16x8  =  4x64-128  =  128. 
Substituting  -  4  for  .r,  4(-  4)«  -  16(-  4)  =  64  +  64  =  128. 

E.XAMPLE  2. — Solve  the  equation  —  .r'+  13.r  =  —  14. 

Solution. — Changing  all  the  signs  to  make  the  first  term  positive, 

.r*-13.r=14.     (1) 
To  complete  the  square,  (—  Y)*  o""  H*  niust  be  added  to  both  mem- 
bers.    To  do  this,  change  14  into  fourths,  giving  *^. 
Completing  the  square, 

.      ,„        169      ,.       169       56      169      225 
.r'-13-r  +  -^=14  +  — =  -j  +  -^  =  -^. 
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Extracting  the  square  root,  x  —  J#  =  ±  J^ ; 

whence,        x  =  -^^  or  —  |  =  14  or  —  1.     Ans. 

Note. — It  is  better,  as  a  rule,  to  use  common  fractions  than  to  use 
decimals,  when  solving  affected  quadratic  equations.  Until  the  student 
has  attained  considerable  proficiency  in  solving  these  equations,  he 
should  prove  the  correctness  of  his  result,  as  was  done  in  example  1. 

Example  3. — Solve  the  equation,  —  3.r-  —  7.r  =  ^. 

Solution. — Dividing  both  members  by  —  3  to  make  x^  stand  alone, 
and  positive,  x^  +  fx=  —  J^. 

Completing  the  square  by  adding  Qy  =  |f, 

y2_r_7j-_i_49_   10_|_49   —     9 

X     -I-  -g^Jtr  -t-   3  g    —  -g-  -I-  j^g-  _  -j^. 

Extracting  the  square  root,  .r  +  |  =  ±  | ; 

whence,         .r  =  —  f  or  —  f .     Ans. 

X*  —  8 

Example  4. — Solve  the  equation  x—  — ; =  2. 

^  x'^  +  5 

Solution. — Clearing  of  fractions, 

x^  +  5x-x^ +  8  =  2x^  +  10. 

Transposing  and  uniting  terms, 

-2x2  +  5x=2. 

Dividing  by  —  2,  x^  —  ^x=:  —  l. 

Completing  the  square,  .r'  —  fx  +  f |  =  -f^. 

Extracting  the  square  root, 

x-i=  ±1; 

whence,        .r  =  2  or  |.     Ans. 

Example  5. — Solve  the  literal  equation,  acx'^  —  bcx  +  adx  —  bd. 

Solution. — Reducing  the  equation  so  that  the  first  member  will 
contain  two  terms,  one  with  x''^  and  one  with  x, 

acx'^  —  {be  —  ad)x  =  bd. 

Here,  be  —  ad  is  the  coefficient  of  x.  Dividing  by  ac  to  make  the 
first  term  a  perfect  square, 

„      be  —  ad         bd 

x^ x  =  — 

ae  ac 

Completing  the  square, 

„      be— ad         {be-ady       bd      b'^e'^  -2abed  +  a'^d'- 
ac  ia'e'  ae  Aa'e^ 

b^e^+  2abed  +  a^d'^ 
4aV^ 
Extracting  the  square  root, 

be  —  ad  _      be  +  ad 
2ae     ~  2ae 

Transposing  and  uniting, 

be  —  ad      be  -f  ad 


X  = 


lae  2ae 


whence,        .r  =  —  or Ans, 

a  c 
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598.  An  affected  quadratic  equation  always  contains 
three  terms:  the  first,  containing  the  square  of  the  unknown 
quantity;  the  second,  the  first  power  of  the  unknown  (juan- 
tity,  and  the  third,  containing  no  power  of  the  unknown 
quantity.  Every  such  ecpiation  may  be  solved  by  means  of 
the  rule  given  in  Art.  597. 

E.XAMPLE. — Solve  the  equation  (2/«  +  n).r-  —  vix  —  Am'^n'*. 

Solution. — According  to  the  rule,  the  coefficient  of  .r*  must  be  1 ; 
hence,  dividing  both  sides  of  the  equation  by  the  coefficient  of  jr'  (whicn 

will  not  alter  the  equality),  the  equation   becomes  .r' — -g x  = 

According  to  the  rule,  the  square  of  one-half  of  the  coefficient 


1m  +  n ' 

of  .r  (the  first  power  of  the  unknown  quantity)  must  be  added  to  both 

members  of   the  equation.     In   this  example,  the  coefficient  of  .r  is 

-rr ,  and  the  square  of  one-half  of  it  is     ^r-^^ .      Adding  this 

2///  +  H  ^  L2(2/«  -\-  //)J  *• 

to  both  members,  the  equation  becomes 


2m  +  n 


r        m        y  _    Am^n-         ['        ;//         1* 
L2<2w  +  n)\   ~  2m  +  n^  [2(2///  +  n)\ ' 

Simplify  the  right-hand  mtmber,  thus  : 

12(2//;  +  /I)}   ~  4(4m*  +  Amn  -t-  ««)  ~  IG/w*  +  16mn  +  An*" 


Therefore, 


4;«««»  w«  Am-/t\8m  +  An)  +  ///« 


2m  +  n       Wm^  +  16w«  +  An*  ~    10/;/^  +  16/////  +  An* 
S2mhi*  +  16///^//^  4-  m*      mHS2mn'  +  16//''  +  1) 
Wm'  +  16/////  +  An*     ~  4(2///  +  n)*  ' 

Extracting  the  square  root  of  both  sides  of  the  completed  square. 


which  is  now 

r    "'    T = 

L2(2///  +  //)J 


;//  f        ///        -|«      ///«(32/////«-f-16//»-fl) 


2m  +  H  '         L2(2///  -(-  //)J  4(2///  -f-  «)* 

///  /// 


^^  ^^^'^  ■'  -  2c2m  +  //)  =  ^  2(2//;  4-  //)  ^^^'""'  "^  ^^"'  "^  '' 


m  m 


""^      ■'  =  2(2^^7TT)  ±  2(2^T^)  ^  '^'^'""'  +  '^"'  ■+- 1  = 


//< 


2(2///  +  //)  ^^^  ^  '^^''""'  +  ^^"'  +  1)-     ^"^• 

This  example  is  quite  as  complicated  as  any  the  student 
will  probably  ever  be  called  upon  to  solve.  It  is  by  no 
means  difficult,  it  each  step  is  followed  by  reference  to  the 
rule.     It  should  be  noted  that  in  all  cases  the  coefficient  of 
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the  first  power  of  the  unknown  quantity  (i.  e.,  the  quantity 
whose  value  it  is  desired  to  find)  consists  of  all  the  numbers 
and  letters  which  are  multiplied  into  the  quantity.  Thus, 
in  Sa^dc^x  the  coefficient  of  x  is  da''dc\  and  one-half  of  it  is 

Example. — Solve  for  x  in  the  equation  80  —  3x'^  —  2x=  —  5. 

Solution. — Transposing  the  known  term  in  the  left-hand  member, 
—  3-r'^  —  2.r=  —  85.  Dividing  by  the  coefficient  of  .r  (which  is  —  3  in 
this  case),  the  equation  becomes  .r '  + |^.r  = -*/-.  One-half  of  the  coeffi- 
cient of  .r  is  I  X  i  =  i,  and  the  square  of  it  is  (i)'^  =  |.  Adding  |  to 
both   members,   .r'^  +  |.r  +  |-  =  -^  +  ^.      But,   -\^-  4-  ^^  =  (reducing  to  a 

common  denominator)  ^^-^ =  ^K 

Hence,  jr^  4-  f jr  -f-  ^  =  ^f^.  Extracting  the  square  root  of  both  mem- 
bers ^x'^  +  f.f  -t-  i  —  VH^.  or  x+i=  ±  J/;  whence,  x=  —  i±  -V-  =  5, 
or  —  -y^.     Ans. 

X  b 

Example. — Find  the  value  of  x  in  the  equation = 7- 

^  X  +  a        X  —  0 

Solution. — Clearing  of  fractions,  x{x—  b)  =  b{x  +  a)  or  .f-  —  bx-=  bx 

+  ab.     The  term  bx  in  the  right-hand  member  must  be  transposed  to 

the  other  side,  so  that  only  the  known  term  shall  be  on  the  right.     The 

equation  then  becomes  x^  —  bx  —  bx  —  ab,  or  x-  —  2bx  =  ab.     Here  the 

/2b\'^ 
coefficient  of  x  is  2b  and  the  square  of  one-half  of  it  is  (  -^  I   =  b''. 

Adding  b-  to  both  sides,  x'^  —  2b  x+  b-  —  ab  +  b''  —  (a  +  b)b.     Extracting 
the  square   root  of  both  members,  x—  b  :=  ±  \^{a  +  b)b,  or  x=  b  ± 
\^{a  +  b)b.     Ans. 

When  extracting  the  square  root  of  the  left-hand  mem- 
ber, after  the  square  has  been  completed,  it  is  easier  and 
quicker  to  apply  the  rule  given  in  Art.  457,  than  the  rule 
for  square  root  given  in  Art.  523. 


EXAMPLES   FOR   PRACTICE. 
599.      Solve  the  following  equations: 

1.  .1-2  +  2x  —  35.  Ans.  ;r  =  5  or  —  7. 

2.  9.1-2  + 6.1- =15.  Ans.  x=\  or  —  1|^. 

3.  5^2_24,f==5. 

4.  X  + 


r-l 

5.      -  5.r2  +  9.r  -  2J. 
X  -f  +  1 

X+  1  X 


6. 


Ans.  .r  =  5  or  —  ^. 

4 

Ans.  x  —  ^  or  —  2. 

Ans.  .r  =  ^  or  |. 

¥• 

Ans.  .r  =  2  or  —3. 
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9.r 


3* 


13.r  +  Qd        4.r  -  '2A 
2.ttr?  -  .r)  _  ,1 
da-2x  ~4' 


Ans. 


a 


E^JUATIOXS  IN  THK  ytADRATIC  FOUM. 
(SOO.  An  equation  is  in  the  quadratic  form  when  it  con- 
tains only  two  powers  of  the  unknown  quantity,  and  the  ex- 
ponent of  one  power  is  txvice  as  i^reat  as  the  exponent  of  the 
other.  Such  equations  are  solved  by  the  rules  for  quad- 
ratics. 

Example. — Solve  the  equation  x*  +  4x'  =  12. 
Solution. — Completing  the  square, 

.H  +  4.r»  +  4=16. 
Extracting  the  square  root,  .r'  +  2  =  ±4, 

or        0-'  =  2  or  —  6. 
Extracting  the  square  root  again, 

x=  ±  |/2^or  ±  f/  —  6.     Ans. 

Example. — Solve  the  equation  .r*  +  20.r'  —  10  =  59. 

Solution. — Transposing  the  —  10, 

.i-«  +  20^ '  =  G9. 
Completing  the  square,  .r«  +  20.r»  +  100  =  169. 
Extracting  the  square  root,  .r^  +  10  =  ±  13, 

or        .r'  =^or  -  2a 
Extracting  the  cube  root,  .r=  -^3^ or  —  |''23.     Ans. 

Example.— Solve  the  equation  .r'  4-  -r*  =  756. 
Solution. — Completing  the  square. 


x^-\-x^  +  \  = 


3.025 
4  ■ 
55 


-r*  +  i  =  ±  ^ 

a-i  =  27  or  -  28. 

Now,  to  obtain  a  value  for  .r,  we  must  extract  the  cube  root  of  both 
members,  and  then  raise  both  members  to  the  5th  power.  This  will 
clear  x  of  its  fractional  exponent. 

Extracting  the  cube  root,  .r*  =  3  or  —  ^28. 

Raising  to  the  5th  power,  .r  =  243  or  —  ^  i3fF.     Ans. 


EXAMI»I.KS   FOR   PKACTICE. 
601.      Solve  the  following  equations: 

1.  .r*  +  4.r«  =  117.  Ans.  or  =  ±  3  or  ±  f^^^ 

2.  -r«  -  2.t-»  =  48.  Ans.  4:  =  2  or  -  -^6. 
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8.     .r«  —  8x^  =  513.  Ans.  .r  =  3  or  -  ("197 

4.     .1-3  —  -r'  =  56.  Ans.  .r  =  4  or  (-  7)1 

PROBLEMS  LEADING  TO  QUADRATIC  EQUA- 
TIONS. 
602.  In  quadratics,  where  two  answers  are  obtained  by- 
solving  equations,  it  is  usually  the  case  that  only  one 
answer,  the  positive  value,  is  required.  In  some  instances, 
however,  the  negative  value  is  the  one  sought.  In  works 
treating  on  higher  mathematics,  the  negative  value  is  used 
as  frequently  as  the  positive  value. 

Example. — There  are  two  numbers  whose  sum  is  40,  and  the  sum  of 
their  squares  is  818.     What  are  the  numbers? 

Solution. — Let  x  =  one  number,  and  40  —  .r  =  the  other  number. 
Then,  by  the  conditions,  x-  +  (40  —  x)-  =  818; 
whence,  x^  +  1,600  -  80.i-  +  .r'^  =  818. 

Combining,  2.i--^  -  80.r  =  -  782, 

or         .r-'  — 40.r=  —  391. 
Completing  the  square,  x^  —  40x  +  400  =  9. 
Extracting  the  square  root,  .r  —  20  =  ±  3 ; 

Avhence,  x  =  23  or  17,  ) 

and        40  -  .r  =  17  or  23.  \  ' 

Both  answers  fulfil  the  conditions. 

Example. — An  iron  bar  weighs  36  pounds.  If  it  had  been  1  foot 
longer,  each  foot  would  have  weighed  i  a  pound  less.  Find  the  length 
of  the  bar. 

Solution. — Let  x  —  the  length  of  the  bar  in  feet. 

Then,  — ■  =  the  weight  per  foot,  and 

36 

'-  =  the  weight  per  foot  if  the  bar  were  1  foot  longer. 

By  the  conditions,  — ^^-— -  =  h 

■'  X        x+1        ' 

Clearing  of  fractions,  72.r  +  72  —  72.r  =  x-  +  x, 

or        x^  +  x=T2. 

,.         1   .•       .1  0  1      289 

Completing  the  square,    x-  +  x+  -j  =  — r-. 

1  17 

Extracting  the  square  root,      x  +  -^=  ±  -^ ; 

whence,        .r  =  8  ft.  or  —  9  ft.     Ans. 


k 
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Only  the  positive  value  is  required,  although  both  values  will  satisfy 
the  equation. 

Example. — A  number  of  men  ordered  a  yacht  to  be  built  for^U.iUK). 
Kach  man  was  to  jiay  the  same  amount,  but  two  of  them  with<lrew, 
makinj.j  it  necessary  for  those  remaining  to  advance  §2(H)  more  than 
they  t)therwise  would  have  done.     How  many  men  were  there  at  first? 

Solution. — Let  x  =  the  number  of  men  at  first. 

Then,  — —  =  what  each  was  to  have  paid,  and 

.r 

— — -  =  what  each  finally  paid. 

„      ,  ^.  .  6.300       6.300      „^ 

By  the  conditions,  — — ^ =  200. 

•'  .1—2  .r 

Clearing  of  fractions  and  combining, 

200^ « -  400.1  =  12,600, 

or      .r»-2.r=63. 

Completing  the  square  and  solving, 

x^-2x+l  =  M. 

.r  -  1  =  ±  8. 

.r  =  9  or  —  7.     Ans. 

Proof.-      ^  =  700 ;  |^  =  900 ;  900  _  700  =  200. 

Or,  ^^  =  -  900;   -^y^  =  -  700;  -  700  -(-  900)  =  200. 
Only  the  positive  value  can  be  used. 

Example. — A  and  B  start  at  the  same  time  to  travel  150  miles.  A 
travels  3  miles  an  hour  faster  than  B,  and  finishes  his  journey  8^  hours 
before  him.     How  many  miles  did  each  travel  per  hour  ? 

Solution. — Let  x=  number  of  miles  A  traveled  per  hour,  and 

x—d  =  number  of  miles  B  traveled  per  hour. 

150 
Then,  =  the  time  in  which  A  performs  the  journey,  and 

150 

=  the  time  in  which  B  performs  the  journey. 

X  —  o 

T.      ,             ,-  •                   150          1*>0      « 
By  the  conditions,        ;z =  8J. 

X  —  o  X 

Clearing  of  fractions  and  combining, 

25.r*- 75.1- =1,350, 
or      .r«  -  3.r  =  54. 
Compleiing  the  square  and  solving, 

.r»  -  3.r  +  f  =  H*- 

whence,  .r  =  9  or  —  6, 

and        x-d  =  Qor-9. 
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Using  the  positive  values,  A  traveled  9  miles  per  hour  and  B  traveled 
6  miles  per  hour.     Ans. 

603.  As  an  illustration  of  the  use  of  the  negative 
values,  consider  the  following  explanation,  which  refers  to 
the  preceding  example:     In   Fig.  1   let    C  be  the   starting 


c 

Fig.  1. 


-7> 


point.  Call  any  advance  in  the  direction  of  the  upper  ar- 
row, or  from  C  towards  D,  positive,  and  in  the  opposite  di- 
rection, negative.  Let  E  and  D  be  each  150  miles  from  C. 
Suppose  that  a  train  of  cars  150  miles  long  has  one  end  at 
C  and  the  other  end  at  D,  and  that  the  train  is  moving  in 
the  direction  from  C  to  E  Sit  the  rate  of  15  miles  per  hour. 
Now,  if  A  and  B  start  towards  D,  running  on  the  train  at  the 
rate  of  9  and  G  miles  per  hour,  respectively,  while  the  train 
moves  15  miles  per  hour  towards  E,  the  rate  of  travel  of  A 
towards  Z>  is  9  —  15  =  —  G  miles  per  hour,  and  of  B,  G  —  15 
=  —  9  miles  per  hour.  It  is  now  evident  that  A  is  travel- 
ing towards  D  3  miles  per  hour  faster  than  B.  When  A  has 
traveled  150  miles — in  other  words,  when  he  has  reached  the 
end  of  the  train — B  has  reached  the  point  j5";  he  has  traveled 
negatively  farther  than  A,  but  if  he  travels  to  the  end  of 
the  train  it  will  take  him  8^  hours  longer  than  it  did  A. 

The  preceding  paragraph  is  also  an  illustration  of  the 
statement  in  Art.  380,  that  of  two  negative  values,  the 
one  which  has  the  less  value  numerically  is  the  greater. 


EQUATIONS  CONTAIIVING  TWO  UNKNOWN 

QUANTITIES. 

604.  In  the  third  problem  in  Art.  586  it  was  shown 
how,  under  certain  conditions,  more  than  one  unknown 
quantity  in  an  example  may  be  represented  iit  an  cqnation^ 
by  expressing  the  value  of  each  quantity  in  terms  of  jr, 
thus  producing  only  the  one  unknown  quantity  x  in  the  equa- 
tion. 

605.  Sometimes,  however,  each  quantity  is  represented 
by  a  different  letter,  as  .^-,  y  or  ^,  in  which  case  it  is  neces- 
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sary  to  have  as  many  equations  as  there  are  unknown  quan- 
tities, in  order  to  effect  a  solution.  For  e.xamplc,  if  it  were 
required  to  find  the  vahie  of  .r  in  the  ecjuation  a -f-j'  =  1(», 
.r  and  r  being  unknown  quantities,  we  should  iiave  4-  =  10  —  r, 
X  being  still  undetermined  because  its  value  is  in  terms 
of  the  unknown  quantity  j'.  There  must  be  another  e(}ua- 
tion,  therefore,  expressing  some  other  relation  between  the 
unknown  quantities  x  and  r,  in  order  to  fi.v  their  values. 
The  equations  which  fi.\  the  values  of  the  unknown  quanti- 
ties must  be  independent  and  siuniltanecus. 

(SOG.  liKlcpciuIciit  cc|tiatioiis  are  those  which  ex- 
press dirterent  relations  between  the  unknown  quantities. 
Thus,  .i'-|-^=4and  aj' =  G  express  different  relations  be- 
tween X  and  jj',  and  are  independent.  But  x  -|- j  =  4  and  3.r 
-(-  3j' =  12  are  not  independent,  because,  by  dividing  both 
members  of  the  second  equation  by  3,  it  reduces  to  the  first 
equation,  and  thus  expresses  the  same  relations  between  the 
unknown  quantities. 

t>()7.  Siiiiultmicous  cquntions  are  such  as  will  be 
satisfied  (Art.  572)  by  substituting  the  same  values  for  the 
same  unknown  quantities  in  each  equation. 

608.  Equations  containing  more  than  one  unknown 
quantity  are  solved  by  so  combining  them  as  to  obtain  a 
single  equation  containing  but  one  unknown  quantity.  This 
process  is  called  cliniiiiiition.  In  what  follows,  equations 
containing  two  unknown  quantities  will  be  considered. 

(>4)9.      To  Kliminatc  by  Substitution  : 
Kulc. — From  one  equation^  find  tlie  valne  of  one  of  tJie  un- 
knoivn  quantities  in  terms  of  the  other.     Substitute  this  value 
for  the  same  unkno^vn  quantity  in  the  other  equation. 

Example. — Solve  the  equations: 

2.1-  +  Sy  =  18.  (1) 

3.r-2>'  =  l.  (2) 

Solution. — It  will  be  more  convenient  to  first  find  the  value  of  x  in 
(2),  since,  after  transposing  —  ly  to  the  second  member,  it  will  become 
positive. 

Transposing  —  2^  in  (2),  3^:  =  1  -h  1y. 
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Dividing  both  members  by  3, 

.  =  '-^.       (a)  • 

This  gives  the  value  of  x  in  terms  of  j. 
Substituting  this  value  of  x  for  the  x  in  (1), 

2(l  +  2,0^3_^^^^3_ 


3 

Removing  the  parenthesis, 

2  +  4y 


+  3/  =  18. 


8 

Clearing  of  fractions,        2  +  4/  +  9y  =  54. 
Transposing  the  2  and  uniting  the  4/  and  9y, 

13/ =  52; 
whence,        _y  =  4.     Ans. 
Now,  having  the  value  of _y,  we  may  substitute  it  for/  in  any  of  the 
above  equations  containing  both  x  and  y,  and  thus  obtain  a  value  for  x. 
Substituting  this  value  in  equation  (3), 

_1+2X4 

whence,        x=3.     Ans. 

610.     To  Eliminate  by  Comparison  : 

Rule. — From  each  equation  find  the  vahic  of  one  of  the 
unknoivn  quantities  in  terms  of  the  other.  Form  a  nezv  equa- 
tion by  placing  these  tzvo  values  equal  to  each  otlier  and  solve. 

Elimination  by  comparison  depends  upon  the  principle 
that  quantities  which  are  equal  to  the  same  or  two  equal 
quantities  are  equal  to  each  other.  Thus,  if  y  =  2,  and  x  = 
2,  y  is  evidently  equal  to  x. 

Example. — Solve  the  same  equations  as  before: 

2.V  +  3/  =  18.  (1) 

3jr-2j/=l.  (2) 

Solution. — First  obtain  the  value  of  x  in  each  equation,  it  being 
more  convenient  to  obtain  in  this  case  than/. 
Transposing  3/  in  (1),       2.r  =  18  -  3/, 

or        .r=i^^.  (3) 

Transposing  —  2/  in  (2),  3,r  =  1  +  2/, 

or        x= — g-^.  (4) 

Placing  the  values  of  x  in  (3)  and  (4)  equal  to  each  other, 

18-3/      1  +  2/ 
2        -       3     ■ 
Clearing  of  fractions,  54  —  9/  =  2  +  4/. 
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Transposing  and  uniting  terms, 

-13k  =-52; 
whence,  y=.\.     Ans. 

Substituting  this  value  in  (4), 

1  +  8       Q       A 
X  =  — —  =  3.     Ans. 

<>1  1.  To  Eliminate  by  Addition  or  Sul>traction  : 
l^ulc. — Si'li'ct  the  unk-itoi>.'n  quantity  to  be  climitiatcd,  and 
multiply  the  equations  by  sueh  numbers  as  will  make  the  eo- 
efficients  of  this  quantity  equal  in  the  resultins^  equations.  If 
the  signs  of  the  terms  having  the  same  coefficient  are  alike, 
subtract  one  equation  from  the  other;  if  unlike,  add  the  two 
equations. 

It  is  evident  that  this  will  not  destroy  the  equality,  be- 
cause adding  or  subtracting  two  equations  is  equivalent  to 
adding  the  same  quantity  to,  or  subtracting  it  from,  both 
members. 

Example. — Solve  the  same  equations  as  before: 

2a +3/ =  18.  (1) 

3.r-2>'  =  l.  (2) 

First  Solution. — Since  the  signs  of  the  terms  containing  x  in  each 
equation  are  alike,  .r  may  be  eliminated  by  subtraction.  If  the  first 
equation  be  multiplied  by  3  and  the  second  by  2,  the  coefficients  of  .rin 
each  equation  will  become  equal.     Hence, 

Multiplying  (1)  by  3.         6.i  +  9>' =  54.  (3) 

Multiplying  (2)  by  2,         6.r- 4 /  =  2.  (4) 

Subtracting  (4)  from  (3),  13y  =  52; 

whence,  ^  =  4.       Ans. 

Substituting  this  value  oi y  for  the  j  in  (2), 

3jr-8  =  l. 
Transposing,  Zx  =  9, 

or        .r  =  3.       Ans. 
Second  Solution. —         2.r  +  3j  =  18.  (1) 

3.r-2j  =  l.  (2) 

Since  the  signs  of  the  terms  containing  j  in  each  equation  are  unlike, 
^  may  be  eliminated  by  addition. 

Multiplying  (1)  by  2,         4.r+6>'  =  36.  (3) 

Multiplying  (2)  by  3,         9.r— 6>'  =  3.  (4) 

Adding  (3)  and  (4).  13.r  =  39; 

whence,  x  —  Z.      Ana. 

Substituting  in  (1).  6  +  3_>'  =  18. 

8/  =  12. 
J  =  4.       Ana. 
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MISCELLANEOUS  EXAMPLES. 

612.     From  the  foregoing  it  will  be  seen  that  any  one 

of  the  three  methods  of  elimination  can  be  applied  to  the 

solution  of  equations.     The  student  must  use  his  judgment 

as  to  which  is  the  best  one  to  apply  in  any  case. 

Example. — Solve  the  equations: 

3       1        5 

^_^=._1.  (2) 

X      y 


Solution. — Multiplying  (1)  by  3, 

3?  "*"/  ~  4  ■ 
Adding  (2)  and  (3), 

n  _i5  _    _i5  _i_n 

.r  ~   4  4        4  ~  4 

Clearing  of  fractions,  44  =  ll.r, 

or        X  —  4.     Ans, 
Substituting  this  value  of  x  in  (1), 

4  "^y  ~4" 

Clearing  of  fractions,  3/  +  4  =  5_)', 

Transposing,  —  2/  =  —  4, 

or       _y  =  2.     Ans. 

Example. — Solve  the  equations: 

X  +  36/  =  900.  (1) 

36x  +  /  =  1320.        (2) 
Solution. — Adding  (1)  and  (2), 

37.r +37^  =  2220.         (3) 
Dividing  by  37,  x  +  j  =  60.  (4) 

Subtracting  (4)  from  (1),     35/  =  840. 

y  —  24.     Ans. 
Substituting  this  value  in  (4), 

;ir  +  24  =  60. 

X  —  36.     Ans. 

Example. — Solve  the  equations: 

«+^=^.  (3) 

X       y 

Solution. — Multiplying  (1)  by  in, 

Vl^        1)171  „. 
1 =  a77i.            (o) 

X         y 

11^         7)1)1 

Multiplying  (2)  by  «, 1 =  bn.        (4) 


(3) 
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Subtractinff  (4)  from  (3), 

///"  —  «* 


=  am  —  f'tt. 


Clearing  of  fractions,  ///'  —  n"*  =  {atn  —  fin)x; 


whence, 


.r  = 


ttr  —  tr 
ti/fi  —  fifi 


.   Ans. 


Multiplying  (1)  l)y /;,      +  —  =  nri.        (5) 

Multiplying  (2)  by  ;;/,      —  +  'Jfl  =  bm.     (fi) 
Subtracting  (6)  from  (5), 


«*  —  w' 


=  an  —  i>m. 


Clearing  of  fractions,  tt"  —  w'  =  {an  —bm)y\ 


whence, 


y  = 


«*  —  ;//* 

an  —  hni 


,  or 


but  —  an 


Ans, 


EXAMPLKS    FOR    PRACTICE. 

(5  I  3.      Solve  the  following  equations: 


1. 

"Ax  +  y  =  :w. 

\ 

2^4-47  =  20.  ) 

2. 

8>'  +  12.r=116. 
2.r-j  =  3. 

3. 

ax  +  />j'  =  ;;/.  ) 
rx  +  tiy=  n.  ) 

4. 

a      b              1 

—  +  —  =  w. 

.r     7 

^-      ^ 

-+  —  =«. 

4-     7              J 

5. 

^      ^      4           1 

^     >' 

8      15 

—  H =  —  1. 

jr        >- 

Ans. 


Ans. 


Ans. 


Ans.  \ 
dm 


x=. 


x  =  \. 
j  =  3. 
J- =  5. 

j  =  7. 


_  an  - 
ad- 


be 
cm 


.r  = 


}'■= 


be 
be 


dm 
be 


bn 
ad 


em  —  an 


Ans.  \  •*■ 

^y 


=  2. 

=  -a 


OrAOR.VTIC       EQUATIONS      COXT.VIXIXG      TW^O 
UXKXOW.N    I^UAXTITIES. 

614.     The  methods  of  solving  will  be   illustrated  by  the 
solution  of  a  few  examples  : 

Case  I. —  When  cliuiiuation  may  he  performed  by  the  meth- 
ods given  for  simple  equations  in  Arts.  609-611. 
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Example. — Solve  the  equations: 

.1-2.1-/'  =  13.  (1) 

.r  +/  =1.  (3) 

Solution. — Transposing  the  .r  in  (2), 

_Y  =  1-  X.  (3) 

Substituting  the  value  of  j'  in  (1), 

'i-'^  +  (1  -  -rf  =  13, 
or        x"-  +  1  -  2.1-  +  .r'^=  13. 
Transposing  and  uniting  terms, 

2.1-2-2.1- --=12, 
or        .r*  — .r=6. 
Completing  the  square,  and  solving, 

x^-x  +  l  =  ^. 
.r-i=±|. 

X  =  3  or  —  2. 
Now,  two  values  must  be  found  for  _/  which  will  satisfy  the  equations 
when  .r  =  3  and  x  =  —  2. 

Substituting  these  values  of  x  in  (3),  we  have, 

when.r=3,j=-2;^      ^^^^ 


when  .r  =  —  2,  J/  =  3. 

This  is  the  form  in  which  answers  to  simultaneous  quadratic  equations 
should  always  be  written. 

Example. — Solve  the  equations: 

4.1-2  _  3y2  _  _  11_  (1) 

11  .r2  +  5/2  ^  301.  (2) 

Solution. — Multiplying  (1)  by  (5), 

20.1-2  -  15/2  =  _  55.  (3) 

Multiplying  (2)  by  (3), 

33ar2  +  15y2=  903.  (4) 

Adding  (3)  and  (4),  53.r2  =  848, 

or        x"-=  16. 
Extracting  the  square  root,  x  =  ±  4. 

Substituting  +  4  for  x  in  (2), 

11  X  16  +  5/2  =  301. 
or        5/2  r=  125. 
/2  =  25. 
/  =±  5. 
Substituting  —  4  for  x  in  (2)  will  evidently  give  the  same  result,  since 
(  —  4)2  =  16,  the  same  as  42.     Hence, 

whenx  =  4,/=  ±5;       I       ^^^^ 
♦  when  .r=  —  4,  /  =  ±  5.  ) 

615.     Case   II. — When  the  equations  may  he  so  eombined 
or  reduced  as  to  produce  an  equation  having  for  the  first 
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member  an  expression  of  the  form  .r'  +  2xy  +y,  or  x'  —  2xj> 

No  rule  can  be  given  for  solving  examples  under  this 
case.      The  student  must  depend  ujion  his  own  ingenuity. 

E.\ AMPLE. — Solve  the  equations: 

x^+y  =  2ri.  (1) 

xy  =  12.  (2) 

Solution.— Multiplying  (2)  by  2, 

2.17  =  24.  (3) 

Adding  (1)  and  (;{),         x^  +  2.xj +j'*  =  M.         (4) 
Subtracting  (8)  from  (1), 

.rJ-Ory+y  =  1.  (5) 

Extracting  the  square  root  of  (4), 

x  +  y=±l.  (6) 

Extracting  the  square  root  of  (5), 

.r-7=±l.  (T) 

This  gives  two  simple  equations,  from  which  cither  4- or  ^y  may  be 
eliminated  by  subtraction  or  addition.  Adding  (<})  and  (7),  the  first 
member  of  the  new  equation  will  be  2x,  and  the  second  member  may 
have  four  values  as  follows: 

7  +  1.  7  -  1,  -  7 -h  1  or  -  7  -  1, 
or        2.r  =  8,  6,   -6  or  -8; 
whence,"  .r  =  4,  3,  —  3  or  —  4. 

By  substituting  these  values  in  (2),  we  have  for  the  corresponding 
values  of  7,  f  =  3,  4,  —  4,  or  —  3. 

These  values  may  also  be  obtained  by  subtracting  (7)  from  (C).  The 
answers  would  be  written, 

when        x=4,_y  =  S,  x  =  5,y  =  4;  [       . 

.r=-3,j=:-4;  .r=-47=-3.  )      ''"  ' 

Note. — In  solving  examples  under  this  case,  the  object  is  always  to 
produce  two  equations,  one  with  x  +  y  and  one  with  x  —  )'  for  the  first 
member,  from  which  the  value  of  .ror  r  can  easily  be  ft)und. 

Example. — Solve  the  equations: 

.T»H-j'»  =  133.  (1) 

x'- -  xy  +  y'' =  \Q.  (2) 

Solution.— Since  both  members  of  (1)  may  be  divided  by  the  same 
quantity  without  destroying  the  equality,  they  may  be  divided  by  equal 
quantities.     Hence,  dividing  (1)  by  (2),  member  by  member, 

x  +  y  =  'J.      -  (3) 

This  gives  at  once  an  equation  with  x  +  y  for  the  first  member.     To 
obtain  a  value  for  x  —  y,  it  will  be  noticed  that  the  first  member  of  (2)  • 
lacks  only  one  —  xy  of  being  .r'  —  2xy  +y*,  from  which  x  —  y  may  be 
obtained;  hence,  we  should  proceed  to  obtain  a  value  for  —  xy,  to  add 
to  (3). 
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Squaring  (3),  ,r' +  2.17 +y  =  49.  (4) 

Writing  (2)  under  (4),  .r'^    -  .17  +y^  =  19, 


(5> 


and  subtracting, 

S.ry           = 

30, 

or 

xy          = 

10. 

Subtracting  (5) 

from 

(2). 

.r- 

-2.17+ J/ 2^ 

9. 

Extracting  the 

square  root, 

x-y=  ±3. 

Adding  (6)  and 

(3). 

2x  =  10  or  4. 

.r=5or  2. 

Subtracting  (6) 

from 

(3), 

27  =  4  or  10. 
7  =  2  or  5. 

Or,  solving  (5)  1 

for  X, 

10 

x  = 

y 

Substituting  the  value  of 

x  in  (3), 

10 

-^+y-- 

=  7. 

(6) 


y 

Clearing  of  fractions  and  changing  signs, 

7'^  -  77  =  -  10. 
Solving  for  7,  7  =  5  or  2. 

Substituting  their  values  in  (3), 

X  =  2  or  5. 
Hence,  when  x  =  5,  7  =  2 ;  ^ 

.r=2,  7  =  5.  S 


Ans." 


EXAMPLES   FOR   PRACTICE. 

616.      Solve  the  following  equations: 


1. 

jr2+7'^  =  29. 

x+7  =  3.     :" 

Ans.]-=5..r=^-a. 

Lr  =  -  2,  7  =:  5. 

2. 

2.1-'^ +72  =  9.       ) 
5^2  +  67«  =  26.   ) 

Ans.i-=-^=±l- 

<x=  -2,7=  ±  1. 

3. 

x  +  y=-\.) 
xy--m.      S 

Ans.]-=^'^=-^- 
(.r=-8,7  =  7. 

PROBLEMS     LEADING     TO     EQUATIONS     WITH 
TWO    UNKNOWN    QUANTITIES. 

617.  Most  problems  requiring  the  use  of  quadratics  in- 
volving two  unknown  quantities,  pertain  to  mensuration. 
As  this  subject  is  not  treated  before  the  paper  on  geometry 
is  reached,  no  examples  of  this  character  will  be  given. 
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KxAMi'LK. — A  certain  fraction  becomes  equal  lo  J  if :{  is  added  to  its 
nuriRTalor,  and  equal  to  i  if  8  is  added  t<>  its  denominator.  What  is 
the  fraction  ? 

f 

Solution. — Let  —  =  the  required  fraction. 

r  4-  3 

By  the  conditions  ' =  4,       and 

J, 

-i— =1. 
^  +  3       ^ 

Solving  these  equations,  .r  =  6  and_y  =  18. 

That  is,  the  fraction  is  ^g.     Ans. 

Example.— A  crew  can  row  20  miles  in  2  hours  down  stream,  and  13 
miles  in  3  hours  up  stream.     Required,  the  rate  per  hour  of  the  cur- 
rent, and  the  rate  per  hour  at  which  the  crew  would  row  in  still  water. 
Solution. — Let  .r  =  rate  per  hour  of  crew  in  still  water,  and 

V  =  rate  per  hour  of  current. 
Then,  x -h y  =  rate  per  hour  rowing  down  stream,  and 

.r— J'  =  rate  per  hour  rowing  up  stream. 
Since  they  row  20  miles  in  two  hours  down  stream,  in  one  hour,  they 

20 
would  row  -^  =  10  miles,  or  at  the  rate  of  10  miles  per  hour.     Also,  in 

12 

rowmg  up  stream,  they  would  row  at  the  rate  of  -^  =  4  miles  per  hour. 

o 

Consequently,  .1-4-,)'  — 10.  (1) 

.t-'y  =  A.  (2) 

Adding,  2.r  =  14, 

or        x  =  l. 

Subtracting,  2^  =  6, 

or       y  =  3. 

Hence,  the  rate  of  the  crew  is  7  miles  per  hour,  and  of  the  current,  3 

miles  per  hour.     Ans. 

E.XAMPLE. — A  wine  merchant  has  two  kinds  of  wine,  which  cost  72 
cents  and  40  cents  a  quart,  respectively.  How  much  of  each  must  he 
take  to  make  a  mixture  of  50  quarts  worth  60  cents  a  quart  ? 

Solution. — Let  .r  =  required   number  of  quarts  at   72  cents,  and 

y  =  required  numln-r  of  quarts  at  40  cents. 
Then,  72.r  =  cost  in  cents  of  the  first  kind; 

40/  =  cost  in  cents  of  the  second  kind,  and 
60  X  50  =  3,000  =:  cost  in  cents  of  the  mixture. 
By  the  conditions,  x  +  y  —  50,  and 

72.r  + 40/ =  3,000. 
Solving,  X  =  31^  qts.  and/  =  ISJ  qts.     Ans. 


LOGARITHMS. 


EXPONENTS. 

618.  By  the  use  of  logarithms,  the  processes  of  multi- 
plication, division,  involution,  and  evolution,  are  greatly- 
shortened,  and  some  operations  may  be  performed  that 
would  be  impossible  without  them.  Ordinary  logarithms 
cannot  be  applied  to  addition  and  subtraction. 

(319.  The  logarithm  of  a  number  is  that  exponent 
by  which  some  fixed  number,  called  the  base,  must  be  af- 
fected in  order  to  equal  the  number.  Any  number  may  be 
taken  as  the  base.  Suppose  we  choose  4.  Then,  the  loga- 
rithm of  16  is  2,  because  2  is  the  exponent  by  which  4  (the 
base)  must  be  affected  in  order  to  equal  16,  since  4^  =  16. 
In  this  case,  instead  of  reading  4^  as  4  square,  read  it  4 
exponent  2.  With  the  same  base,  the  logarithms  of  64  and 
8  would  be  3  and  1.5,  respectively,  since  4°  =  64,  and  4''*  = 
\i  =  8.  In  these  cases,  as  in  the  preceding,  read  4^  and  4'"^ 
as  4  exponent  3,  and  4  exponent  1.5,  respectively. 

620.  Although  any  number  eaii  be  used  as  a  base,  and  a 
table  of  logarithms  calculated,  but  two  numbers  have  ever 
been  employed.  For  all  arithmetical  operations  (except 
addition  and  subtraction),  the  logarithms  used  are  called  the 
Briggs  or  common  logarithms,  and  the  base  used  is  10. 
In  abstract  mathematical  analysis,  the  logarithms  used  are 
variously  called  hyperbolic,  Napierian,or  natural  loga- 
rithms, and  the  base  is  2.718281828-)-.  The  common  log- 
arithm of  any  number  may  be  converted  into  a  Napierian 
logarithm  by  multiplying  the  common  logarithm  by 
2.30258508+,  which  is  usually  abbreviated  to  2.3026,  and 
sometimes  to  2.3.  Only  the  common  system  of  logarithms 
will  be  considered  in  this  Course. 
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f>2  1 .  Since,  in  ihe  common  system,  the  base  is  10,  it  fol- 
lows that,  since  10'  =  10;  10'  =  100;  lU'  =  1,000,  etc.,  the 
loj^arithm  (exponent)  of  10  is  1 ;  of  100  is  2;  of  1,000  is  3, 
etc.  For  the  sake  of  brevity  in  writinjj,  the  words  "loga- 
rithm of,  "  are  abbreviated  to  "  log."  Thus,  instead  of  writ- 
ing logarithm  of  100  =  2,  write  log  100  =  2.  When  speak- 
ing, however,  the  words  for  which  "log"  stands  should 
always  be  pronounced  in  full. 

622.  From  the  above  it  will  be  seen  (see  Arts.  439 
and  529)  that,  when  the  base  is  10, 

Since  10°  =  1,  the  exponent  0  =  log  1 ; 

"      10' =  10,  "  "      1  =    "   10; 

"      10' =  100,  "  "      2=    "    100; 

"      10'  =  1,000,  "  "      3  =    "    1,000,  etc. 

Also, 
Since  10~'  =  -j'^  =  .1  the  exponent  —  1  =  log  .1; 

"      10-'  =  T^-7  =  .01,         "  "         -2="    .01; 

"      1-0"'  =  Winr  =  -001,     "  "         -  3  =  "    .001,  etc. 

From  this  it  will  be  seen  that  the  logarithms  of  exact 
powers  of  10  and  of  decimals  like  .1,  .01,  and  .001  are  the 
whole  numbers  1,  2,  3,  etc.,  and  —  1,  —  2,  —  3,  etc.,  respec- 
tively. Only  numbers  consisting  of  1  and  one  or  more  ciphers 
Jiave  whole  numbers  for  logarithms. 

623.  Now,  it  is  evident  that  to  produce  a  number 
between  1  and  10,  the  exponent  of  10  must  be  a  fraction;  to 
produce  a  number  between  10  and  100,  it  must  be  1  plus  a 
fraction;  to  produce  a  number  between  100  and  1,000,  it 
must  be  2  plus  a  fraction,  etc.  Hence,  the  logarithm  of 
any  number  between  1  and  10  is  a  fraction;  of  any  number 
between  10  and  100,  1  plus  a  fraction;  of  any  number 
between  100  and  1,000,  2  plus  a  fraction,  etc.  A  logarithm, 
therefore,  usually  consists  of  two  parts,  a  whole  number, 
called  the  characteristic,  w\\(\  a  fraction,  called  the 
mantissa.  The  mantissa  is  always  expressed  as  a  decimal. 
For  example,  to  produce  20,  10  must  have  an  exponent  of 
approximately  1.30103,  or  10' """  =  20,  very  nearly,  the 
degree  of  exactness  depending  upon  the  number  of  decimal 
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places  used.     Hence,  log  20  =  1.30103, 1  being  the  character- 
istic and  .30103  the  mantissa. 

624.  Referring  to  the  second  part  of  the  table.  Art. 
622,  it  is  clear  that  the  logarithms  of  all  numbers  less  than  1 
are  negative,  the  logarithms  of  those  between  1  and  .1 
being  —  1  plus  a  fraction.  For,  since  log  .1  =  —  1,  the 
logarithms  of  .3,  .3,  etc.  (which  are  all  greater  than  .1,  but 
less  than  1),  must  be  greater  than  —1;  i.  e.,  they  must 
equal  —  1  plus  a  fraction.  For  the  same  reason,  to  produce 
a  number  between  .1  and  .01,  the  logarithm  (exponent  of  10) 
would  be  equal  to  —  2  plus  a  fraction,  and  for  a  number 
between  .01  and  .001,  it  would  be  equal  to  —  3  plus  a  frac- 
tion. Hence,  the  logarithm  of  any  number  between  1  and 
.1  has  a  negative  characteristic  of  1,  and  a  positive  man- 
tissa; of  a  number  between  .1  and  .01,  a  negative  character- 
istic of  2,  and  a  positive  mantissa;  of  a  number  between  .01 
and  .001,  a  negative  characteristic  of  3,  and  a  positive  man- 
tissa; of  a  number  between  .001  and  .0001,  a  negative  char- 
acteristic of  4,  and  a  positive  mantissa,  etc.  TJie  negative 
characteristics  are  distinguished  from  the  positive  by  the  — 
sign  written  over  the  characteristic.  Thus,  3  indicates  that 
3  is  negative. 

It  must  be  remembered  that  in  all  cases  the  mantissa  is 
positive.  Thus,  the  logarithm  1.30103  means  +  1  +  .30103, 
and  the  logarithm  1.30103  means  —  1  +  .30103.  Were  the 
minus  sign  written  in  front  of  the  characteristic,  it  would 
indicate  that  the  entire  logarithm  was  negative.  Thus, 
—  1.30103=  —  1  —  .  30103. 

625.     Rules  for  Characteristic. — From  Art.  624,  it 
follows  that : 

I.  For  a  nu))iber  greater  than  1  the  characteristic  is  one 
less  than  the  number  of  integral  places  in  the  number. 

By    "integral    places"    is    meant    the    figures    (including 
ciphers)  to  the  left  of  the  decimal  point. 

II.  For  a   number   ivJiolly  decimal^   the  characteristic  is 
negative^  atidis  tiumerically  one  greater  than  the  number  of 
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ciphers  between  the  decimal  point  and  the  first  digit  of  the 
decintal. 

For  example,  the  characteristics  of  the  logarithms  of  2.56, 
31.24,  7.53,  and  l,T2H.(«»:jr.,  are  2,  1,  0,  and  3,  respectively,  or 
one  less  than  the  number  of  integral  places  in  each  case;  the 
characteristics  of  the  logarithms  of  .0(»05,  ,0(574,  and  .50072, 
are  4,  2,  and  1,  respectively,  or  numerically  one  greater  than 
the  number  of  ciphers  immediately  following  the  decimal 
point.  It  will  be  noticed  that  in  the  last  number  there  are 
no  ciphers,  and  the  characteristic  is  0  -|-  1  =  1. 


THi:  l<)(;aritiiaiic   i  ahi.e. 


TO    FIX!)    THE    LOGARITHM    OF    A    NLMHFR. 

C->2i>.  To  aid  in  obtaining  the  mantissas  of  logarithms, 
tables  of  logarithms  have  been  calculated,  some  of  which 
are  very  elaborate  and  convenient.  In  the  Table  of 
Logarithms,  the  mantissas  of  the  logarithms  of  numbers, 
from  1  to  0,000,  are  given  to  fi\'e  places  of  decimals,  and  the 
mantissas  of  logarithms  of  larger  numbers  can  be  found  by 
interpolation.  The  table  contains  the  mantissas  only,  and 
the  characteristics  may  be  easily  found  by  the  rules  of 
Art.  625. 

The  table  depends  uj)()n  the  principle,  which  will  be 
explained  later,  that  all  numbers  having  the  same  figures  ia 
the  same  order,  have  their  mantissas  alike,  without  regard 
to  the  position  of  the  decimal  point,  which  affects  the  char- 
acteristic only.  To  illustrate,  if  log  20G  =  2.31387,  then, 
log  20.0  =1.31387.  log  .200  =1.31387. 
log    2.00=    .31387.         log  .0200  =  2.31387,  etc. 

627.  To  find  the  logarithm  of  a  number  not  having 
more  thaii  four  figures: 

Rule. — I-'ind  the  first  three  significant  figures  of  the  num- 
ber Xk'hose  logarithm  is  desired,  in  the  left-hand  column;  find 
the  fourth  figure  in  the  column  at  the  top  {or  bottom)  of  the 
page,  and  in   the  column  under  [or  above)  this  fignre,  and 
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opposite  the  first  tJirec  figures  previously  found  zvill  be  the 
mantissa  or  deeinial  part  of  the  logarithm.  The  character- 
istic being  found  as  described  in  Art.  625,  write  it  at  the  left 
of  the  mantissa^  and  the  resulting  expression  will  be  the 
logarithm  of  the  required  number. 

628.  Example.— Find  the  logarithm  {a)  of  476  ;  {b)  of  25.47  ; 
{c)  of  1.073,  and  {d)  of  .06313. 

Solution. — {a)  In  order  to  economize  space,  and  make  the  labor  of 
finding  the  logarithms  easier,  the  first  two  figures  of  the  mantissa  are 
given  only  in  the  column  headed  0.  The  last  three  figures  of  the  man- 
tissa, opposite  476  in  the  column  headed  N  (N  stands  for  number),  page 
9  of  the  tables,  are  761,  found  in  the  column  headed  0;  glancing  up- 
wards, we  find  the  first  two  figures  of  the  mantissa,  viz.,  67.  The  char- 
acteristic is  3;  hence,  log  476  =  2.67761.     Ans. 

Note. — Since  all  numbers  in  the  table  are  decimal  fractions,  the 
decimal  point  is  omitted  throughout;  this  is  customary  in  all  tables  of 
logarithms. 

{b)  To  find  the  logarithm  of  25.47,  we  find  the  first  three  figures  254, 
in  the  column  headed  N  on  page  5,  and  on  the  same  horizontal  line, 
under  the  column  headed  7  (the  fourth  figure  of  the  given  number),  will 
be  found  the  last  three  figures  of  the  mantissa,  viz.,  603.  The  first  two 
figures  are  evidently  40,  and  the  characteristic  is  1 ;  hence,  log  25.47  = 
1.40603.     Ans. 

{c)  For  1.073,  the  last  three  figures  of  the  mantissa  are  found  in  the 
usual  manner,  in  the  column  headed  3,  opposite  107  in  the  column 
headed  N  on  page  2,  to  be  060.  It  will  be  noticed  that  these  figures  are 
printed  *060,  the  star  meaning  that  instead  of  glancing  jtpwards  in  the 
column  headed  0,  and  taking  02  for  the  first  two  figures,  we  must  glance 
down  and  take  the  two  figures  opposite  the  number  108,  in  the  left- 
hand  column,  i.  e.,  03.  The  characteristic  being  0,  log  1.073  =  0.03060, 
or,  more  simply,  .03060. 

{d)  For  .06313,  the  last  three  figures  of  the  mantissa  are  found  op- 
posite 631,  in  column  headed  3  on  page  12,  to  be  024.  In  this  case,  the 
first  two  figures  occur  in  the  same  row,  and  are  80.  Since  the  charac- 
teristic is  2,  log  .06313  ='2.80024.     Ans. 

629.  If  the  original  number  contains  but  one  digit  (a 
cipher  is  not  a  digit),  annex  mentally  two  ciphers  to  the  right 
of  the  digit ;  if  the  number  contains  but  two  digits  (with  no 
ciphers  between,  as  in  4008),  annex  mentally  one  cipher  on  the 
right,  before  seeking  the  mantissa.  Thus,  if  the  logarithm 
of  7  is  wanted,  seek  the  mantissa  for  700,  which  is  .84510; 
or,  if  the  logarithm  of  48  is  wanted,  seek  the  mantissa  for 
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480,  which  is  .08124.  Or,  find  the  mantissas  of  logarithms 
of  numbers  between  0  and  100,  on  the  first  page  of  the 
tables. 

The  process  ot  finding  the  logarithm  of  a  number  from 
the  table  is  technically  called  taking  out  tlic  loi;:iritlini. 

(>»{<).  To  take  out  the  logarithm  of  a  number  consisting 
of  more  than  four  figures,  it  is  inexpedient  to  use  more  than 
five  figures  of  the  number,  when  using  five-place  logarithms 
(the  logarithms  given  in  the  accompanying  table  are  five- 
place).  Hence,  if  the  number  consists  of  more  than  five 
figures,  and  the  sixth  figure  is  less  than  5,  replace  all  figures 
after  the  fifth  with  ciphers;  if  the  sixth  figure  is  5  or  more, 
increase  the  fifth  figure  by  one,  and  replace  the  remaining 
figures  with  ciphers.  Thus,  if  the  number  is  31,415,II2«;, 
find  the  logarithm  of  31,410,000;  if  31,415,4-20,  find  the 
logarithm  of  31,415,000. 

<">»i  1 .     Example. — Find  log  31,41G. 

Solution. — Find  the  mantissa  of  the  logarithm  of  the  first  four 
figures,  as  explained  above.  This  is.  in  the  present  case,  .49707  (see 
page  (5).  Now,  subtract  the  number  in  the  column  headed  1,  opposite 
314  (the  first  three  figures  of  the  given  number),  from  the  next  greater 
consecutive  number,  in  this  case  721,  in  the  column  headed  2.  721  — 
707  =  14;  this  number  is  called  the  difference.  At  the  extreme 
right  of  the  page  will  be  found  a  secondary  table  headed  P.  P.,  and  at  the 
top  of  one  of  these  columns,  in  this  table,  in  bold-face  type,  will  be  found 
the  difference.  It  will  be  noticed  that  each  column  is  divided  into  two 
parts  by  a  vertical  line,  and  that  the  figures  on  the  left  of  this  line  run 
in  sequence  from  1  to  9.  Considering  the  difference  column  headed  14, 
we  see  opposite  the  number  G  (0  is  the  last  or  fifth  figure  of  the  number 
whose  logarithm  we  are  taking  out)  the  number  8.4,  and  we  add  this 
number  to  the  mantissii  found  above,  disregarding  the  decimal  point  in 
the  mantissa,  i)btaining  49707  +  8.4  =  497ir).4.  Now,  since  4  is  less  than 
5,  we  reject  it,  and  obtain  f<jr  our  complete  mantissa  .49715.  Since  the 
characteristic  of  the  logarithm  of  31,416  is  4,  log  31,416  =  4.49715.     Ans. 

iV.i'Z.      Example.— Find  log  380.93. 

Solution. — Proceeding  in  exactly  the  same  manner  as  above,  the 
mantissa  for  3,H00  is  5S0.S1  (the  star  directs  us  to  take  58  instead  of  57 
for  the  first  two  figures),  the  next  greater  mantiss;i  is  5S092.  found  in 
the  column  headed  0,  opposite  381  in  column  headed  N.  The  difference 
is  092  —  081  =  11.     Looking  in  the  section  headed  P.   P.,  for  column 
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headed  11,  we  find  opposite  3,  3.3;  neglecting  the  .3,  since  it  is  less  than 
5,  3  is  the  amount  to  be  added  to  the  mantissa  of  the  logarithm  of  3809 
to  form  the  logarithm  of  38093.  Hence,  58081  +  3  =  58084,  and  since 
the  characteristic  is  2,  log  380.93  =  2.58084.     Ans. 

633.  Example.— Find  log  1,296,728. 

Solution. — Since  this  number  consists  of  more  than  five  figures 
and  the  sixth  figure  is  less  than  5,  we  find  the  logarithm  of  1,296,700, 
and  call  it  the  logarithm  of  1,296,728.  The  mantissa  of  log  1,296  is 
found  on  page  2  to  be  11201.  The  difference  is  294  —  261  =  33.  Look- 
ing in  the  P.  P.  section  for  column  headed  33,  we  find  opposite  7  on  the 
extreme  left,  23.1;  neglecting  the  .1,  the  amount  to  be  added  to  the 
above  mantissa  is  23.  Hence,  the  mantissa  of  log  1,296,728  =  11261  + 
23  =  11284;  since  the  characteristic  is  6,  log  1,296,728  =  6.11284.     Ans. 

634.  Example.— Find  log  89.126. 

Solution.— Log  89.12  =  1.94998.  Difference  between  this  and  log 
89.13  =  1.95002  -  1.94998  =  4.  The  P.  P.  (proportional  part)  for  the 
fifth  figure  of  the  number,  6,  is  2.4,  or  2. 

Hence,  log  89.126  .-  1.94998  +  .00002  =  1.95000.     Ans. 

635.  Example.— Find  log  .096725. 

Solution.—  Log  .09672  ="2.98552.     Difference  =  4. 

P.  P.  for  5  =  2 


Hence,  log  .096725  =  2.98554.     Ans. 

636.  To  find  the  logarithm  of  a  number  consisting  of 
five  or  more  figures: 

Rule. — I.  If  the  number  consists  of  vtore  than  five  figures 
and  the  sixth  figure  is  5  or  greater,  increase  the  fifth  figure 
by  1,  and  zvrite  ciphers  in  place  of  the  sixth  and  remainijig 
figures. 

II.  Find  the  mantissa  corresponding  to  the  logarithm  of 
the  first  four  figures,  and  subtract  this  mantissa  from  the 
next  greater  mantissa  in  the  table ;  the  remainder  is  the 
difference. 

III.  Find  in  the  secondary  table  headed  P.  P.  a  column 
headed  by  the  same  number  as  that  Just  found  for  the  differ- 
ence, and  in  this  column  opposite  the  number  corresponding 
to  the  fifth  figure  {or  fifth  figure  increased  by  1)  of  the  given 
number  {this  figure  is  always  situated  at  the  left  of  the 
dividing  lijte  of  the  columti)  will  be  found  the  P.  P.  {propor- 
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tionai  part)  for  that  uuuibcr.  The  P.  /'.  thus  found  is  to  be 
added  to  the  mantissa  found  m  If,  as  in  the  preceding  ex- 
amples^ and  the  result  is  the  mantissa  of  the  logarithm  of  the 
given  number,  as  nearly  as  may  be  found  with  fii'e-place 
tables.  

exami»m:s  fow  i'wacticf. 
<lCi7.      rind  the  logarithms  of  the  following  numbers: 

1.  .(»62.  Ans.  2.79'2:{n. 

2.  620.  Ans.  2.7»2:{0. 

3.  21.4.  Ans.^.:W(>41. 

4.  .(>(H)067.  Ans."5.82<i07. 

5.  89.42.  Ans.  2- 9-' 143. 
G.  .7H.-):5n8.  Ans.  l.S!)r)(»9. 

7.  .0010823.  Ans.  :i.  03435. 

8.  10,000.  Ans.  4. 

9.  1,923.208.  Ans.  3.28403. 
10.  3.0002(i.               Ans.  .47717. 

TO    FIND     A     NUMHKR    WHOSE     LOGARITHM    IS 

GIVEX. 

638.  Rule  I. — Consider  the  mantissa  first.  Glance 
along  the  different  columns  of  the  table  ivhich  are  headed  0 
until  the  first  tzi'o  figures  of  the  mantissa  are  found.  Then 
glance  down  the  same  column  until  the  third  figure  is  found 
{or  1  less  than  the  third  figure).  Having  found  the  first 
three  figures,  glance  to  the  right  along  the  rozo  in  which  they 
are  situated  until  the  last  three  figures  of  the  mantissa  are 
found.  Then,  the  number  which  heads  the  column  in  which 
the  last  three  figures  of  the  mantissa  are  found  is  the  fourth 
figure  of  the  required  number,  and  the  first  three  figures  lie 
in  the  column  headed  A',  and  in  the  same  row  in  which  lie  the 
last  three  figures  of  the  mantissa. 

II.  If  the  mantissa  cannot  be  found  in  the  table,  find  the 
mantissa  which  is  nearest  to,  but  less  than,  the  given  mantissa, 
and  which  call  the  next  less  mantissa.  Subtract  the  next  less 
mantissa  from  the  next  greater  mantissa  in  the  table  to  obtain 
the  difference.  Also  subtract  the  next  less  mantissa  from  the 
mantissa  of  the  given  logarithm,  and  call  the  remainder  the 
P.  P.      Looking  in  the   secondary  table  headed  P.    P.  for 
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the  column  headed  by  the  difference  Just  found,  find  the  num- 
ber opposite  the  P.  P.  just  found  {or  the  P.  P.  corresponding 
most  nearly  to  that  Just  found)  ;  this  number  is  the  fifth 
figure  of  the  required  number ;  the  fourth  figure  will  be 
found  at  the  top  of  the  column  containing  the  next  less  mantissa, 
and  the  first  three  figures  in  the  column  headed  N  and  in  the 
same  rotv  zvhich  contains  the  next  less  mantissa. 

III.  Havi'ig  found  the  figures  of  the  number  as  above 
directed,  locate  the  decimal  point  by  the  rules  for  the  character- 
istic, annexing  ciphers  to  bring  the  number  up  to  the  required 
munbcr  of  figures  if  the  characteristic  is  greater  than  If.. 

639.      Example. — Find  the  number  whose  logarithm  is  3.56867. 

Solution. — The  first  two  figures  of  the  mantissa,  56,  are  found  on 
page  7;  glancing  down  the  column,  we  find  the  third  figure,  8  (in  con- 
nection with  820),  opposite  370  in  the  N  column.  Glancing  to  the  right 
along  the  row  containing  820,  the  last  three  figures  of  the  mantissa,  867, 
are  found  in  the  column  headed  4;  hence,  the  fourth  figure  of  the 
required  number  is  4,  and  the  first  three  figures  are  370,  making  the 
figures  of  the  required  number  3704.  Since  the  characteristic  is  3,  there 
are  four  figures  to  the  left  of  the  decimal  point,  and  the  number  whose 
logarithm  is  3.56867  is  3,704.     Ans. 

6-40.      Example. — Find  the  number  whose  logarithm  is  3.56871. 

Solution. — The  mantissa  is  not  found  in  the  table.  The  next  less 
mantissa  is  56867;  the  difference  between  this  and  the  next  greater 
mantissa  is  879  -  867  =  12,  and  the  P.  P.  is  56871  -  56867  =:  4.  Looking 
in  the  P.  P.  section  for  the  column  headed  12,  Ave  do  not  find  4,  but 
we  do  find  3.6  and  4.8.  Since  3.6  is  nearer  4  than  4.8,  we  take  the 
number  opposite  3.6  for  the  fifth  figure  of  the  required  number ;  this 
is  3.  Hence,  the  fourth  figure  is  4;  the  first  three  figures  370,  and  the 
figures  of  the  number  are  37043.  The  characteristic  being  3,  the 
number  is  3,704.3.     Ans. 

6-41.      Example. — Find  the  number  whose  logarithm  is  5.95424. 

Solution. — The  mantissa  is  found  in  the  column  headed  0  on  page 
18,  opposite  900  in  the  column  headed  N.  Hence,  the  fourth  figure  is  0, 
and  the  number^  is  900,000,  the  characteristic  being  5.  Ans.  Had  the 
logarithm  been  5.95424,  the  number  would  have  been  .00009. 

6-12.      Example. — Find  the  number  whose  logarithm  is  .93036. 

Solution. — The  first  three  figures  of  the  mantissa,  930,  are  found  in 
the  0  column  opposite  852  in  the  N  column,  but  since  the  last  two 
figures  of  all  the  mantissas  in  this  row  are  greater  than  36,  we  must  seek 
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the  next  less  mantissa  in  the  preceding  row.  We  find  it  to  be  93034  (the 
star  directing  us  to  use  Wi  instead  of  92  for  the  first  two  figures)  in 
the  column  headed  8.  The  difference  for  this  case  is  039  —  034  =  5, 
and  the  P.  P.  is  03«»  —  034  =  2.  Looking  in  the  P.  P.  section  for  the 
column  headed  5,  we  find  the  P.  P.,  2,  opposite  4.  Hence,  the  fifth  fig- 
ure is  4;  the  fourth  figure  is  8;  the  first  three  figures  H.*)l,  and  the 
number  is  8.5184,  the  characteristic  being  0.     Ans. 

643.      Example. — Find  the  number  whose  logarithm  is  2.05753. 

Solution. — The  next  less  mantissa  is  found  in  column  headed  1 
opposite  114  in  the  N  column,  page  2;  hence,  the  first  four  figures  are 
1141.  The  difference  for  this  case  is  767  —  729  =  tVI.  and  the  P.  P.  is 
7,-);}  —  729  =  24.  Looking  in  the  P.  P.  section  for  the  column  headed  IW. 
we  find  that  24  falls  between  22.8  and  26.6.  The  difference  between  24 
and  22.8  is  1.2,  and  between  24  and  26.6  is  2.6;  hence,  24  is  nearer  22.8 
than  it  is  to  26.6.  and  6,  opposite  22.8,  is  the  fifth  figure  of  the  number. 
Hence,  number  whose  logarithm  is "2. 05753  =  .011416.     Ans. 


644. 

Find  the  nui 

rithms: 

1. 

.74429. 

2. 

4.38202. 

3. 

T.  84510. 

4. 

1.84510. 

5. 

4.96047, 

■ 

6. 

3.78943. 

7. 

.50210. 

8. 

■3.6;349L 

9. 

1.07619. 

10. 

li.  23417. 

EXAMPLES   FOR    PRACTICE. 

Find  the  numbers  corresponding  to   the   following  loga- 

Ans.  5.55. 

Ans.  24,100. 

Ans.  .7. 

Ans.  70. 

Ans.  .000913. 

Ans.  6,157.7. 

Ans.  3.1776. 

Ans.  .0043143. 

Ans.  .11918. 

Ans.  .0017146. 

645.  In  order  to  calculate  by  means  of  logarithms,  a 
table  is  absolutely  necessary.  Hence,  for  this  reason,  we  do 
not  explain  the  method  of  calculating  a  logarithm.  The 
work  involved  in  calculating  even  a  single  logarithm  is  very 
great,  and  no  method  has  yet  been  demonstrated,  of  which 
we  are  aware,  by  which  the  logarithm  of  a  number  like  121 
can  be  calculated  directly.  Moreover,  even  if  the  logarithm 
could  be  readily  obtained,  it  would  be  useless  without  a 
complete  table,  such  as  that  which  forms  a  part  of  this 
paper,  for  the  reason  that  after  having  used  it,  say  to  extract 
a  root,  the  number  corresponding  to  the  logarithm  of  the 
result  could  not  be  found. 
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MULTIPLICATION    BY    LOGARITHMS. 

.  646.  The  principle  upon  which  the  process  is  based  may 
be  illustrated  as  follows:  Let  ^ and  F represent  two  num- 
bers whose  logarithms  are  x  and  y.  To  find  the  logarithm 
of  their  product,  we  have,  from  the  definition  of  a  logarithm, 

10'^  =  X,        (1) 
and  lO"  =  Y.        (2) 
Since  both  members  of  (1)  may  be  multiplied  by  the  same 
quantity  without  destroying  the  equality,  they  evidently  may 
be  multiplied  by  equal  quantities  like  10"  and  Y.      Hence, 
multiplying  (1)  by  (2),  member  by  member, 

10-^  X  10'^  =  10^+"  =  X  F  (Art.  418) ; 
or,  by  the  definition  of  a  logarithm,  x  -{-  y  ^  log  X  Y.  But 
X  Y  vs,  the  product  of  X  and  F,  and  x  -\- y  is  the  sum  of 
their  logarithms;  from  which  it  follows  that  the  sum  of  the 
logarithms  of  two  members  is  equal  to  the  logarithm  of  their 
j)roduct.      Hence, 

647.  To  multiply  two  or  more  numbers  by  using  log- 
arithms: 

Rule. — Add  the  logarithms  of  the  several  numbers,  and 
the  sum  will  be  the  logarithm  of  the  product.  Find  the  num- 
ber corresponding  to  this  logarithm,  and  the  result  will  be  the 
number  sought. 

Example.— Multiply  4.38,  5.217,  and  83  together. 

Solution.—  Log  4.38=  .64147 
Log  5.217=  .71742 
Log       83  =  1.91908 

Adding.  3.27797  =  log  (4.38  X  5.217  X  83). 

Number  corresponding  to  3.27797  =  1,896.6.  Hence,  4.38  X  5.217  X 
83  =  1,896.6,  nearly.  Ans.  By  actual  multiplication,  the  product  is 
1,896.58818,  showing  that  the  result  obtained  by  using  logarithms  was 
correct  to  five  figures. 

648.  When  adding  logarithms,  their  algebraic  sum  is 
always  to  be  found.  Hence,  if  some  of  their  numbers  multi- 
plied together  are  wholly  decimal,  the  algebraic  sum  of  the 
characteristics  will  be  the  characteristic  of  the  product.  It 
must  be  remembered  that  the  mantissas  are  always  positive. 
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ExAMPLK.— Multiply  49.82,  .0024;}.  17,  and  .97  together. 
Solution.— Log    49.M2  =  l.<i!»740 

Log.(H)24:3  =  ;i.;wr)(ii 

Log         17  =J^.  23045 
Log       .97  =  1.98677 

Adding,  0.3(X)23  =  log  (49.82  X  .00243  X  17  X  .97). 

Number  corresponding  to  0.:}0023  =  1.99(53.     Hence,  49.82  X  .00243  X 
17x.97  =  1.99G3.     Ans. 

In  this  case  the  sum  oi  the  mantissas  was  2.;KH»2;5.      The 

integral  2  added  to  the  positive  characteristics  makes  their 

sum  =  2  +  l-|-l=4:;  sum  of  negative  characteristics  =  IJ  -|- 

1  =  4,  whence  4  +  (—  4  )  =  0.     If,  instead  of  1 7,  the  number 

had  been  .17  in  the  above  example,    the   logarithm  of  .17 

would    have    been    1.23045,  and  the  sum  of  the  logarithms 

would  have  been  2.30023;  the  product  would  then  have  been 

.oi'j'.k;;}. 

649.  It  can  now  be  shown  why,  as  stated  in  Art.  626, 
all  numbers  with  figures  in  the  same  order  have  the  same, 
mantissa  without  regard  to  the  decimal  point.  Thus,  sup- 
pose it  were  known  that  log  2.06  =  .31387.  Then,  log  20.6 
=  log  (2.06  X  10)  =  log  2.06  +  log  10  =  .31387  +  1  =  1.31387. 
And  so  it  might  be  proved  with  the  decimal  point  in  any 
other  position.  

EXAMI»I.i:S   FOR    1»KACTICE. 

6^0.  Find  the  products  of  the  following  by  the  use  of  logarithms: 

1.  lUO,  32.  and  31. G4.  Ans.  101,2.')0. 

2.  23.1,  .■)9.64.  and  7.863.  Ans.  10.833. 

3.  AWSrA,  .275.  and  .0198.  Ans.  .000019275. 

4.  2.703.  59.87,  .264,  and  .001702.  Ans.  .074328. 


DIVISION    IJV    I.<)(;.VieiTIIMS. 

651.  As  before,  let  A'  and  }'  represent  two  numbers, 
whose  logarithms  are  at  and  r.  To  find  the  logarithm  of 
their  quotient  we   have,  from  the  definition  of  a  logarithm, 

10'  =  a;        (1) 

and         10"=  V.  (2) 

Dividing  (1)  by  (2),  10'-"  =  y  (Art.  438),  or,  by  the  defini- 
tion of  a  logarithm,  x  —  j'  =  log  ^y.      But  '. ,  i^  the  quotient 
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of  X ^  F,  and  x — y  is  the  difference  of  their  logarithms, 
from  which  it  follows  that  tlie  difference  beiiveen  the  log- 
arithms of  tivo  numbers  is  equal  to  the  logarithm  of  their 
quotient.      Hence, 

652.  To  divide  one  number  by  another  by  means  of 
logarithms: 

Rule. — -Subtract  the  logaritJim  of  the  divisor  from  the 
logarithm  of  the  dividend^  and  the  result  will  be  the  logarithm 
of  the  quotient. 

Example.— Divide  6,784.2  by  27.42. 

Solution.—  Log  6,784.2  =  3.83150 

Log     27.42  =  1.43807 

difference  =  2.39343  r=  log  (6,784.2  --  27.42). 

Number  corresponding  to  2.39343  =  247.42.  Hence,  6,784.2  ^  27.42  = 
247.43.     Ans. 

653.  When  subtracting  logarithms,  their  algebraic  dif- 
ference is  to  be  found.  The  operation  may  sometimes  be 
confusing,  because  the  mantissa  is  always  positive,  and  the 
characteristic  may  be  either  positive  or  negative.  When 
the  logarithm  to  be  stibtracted  is  greater  than  the  logarithm 
from  ivhicJi  it  is  to  be  taken,  or  when  negative  characteristics 
appear,  subtract  the  mantissa  first,  and  then  the  characteristic, 
by  changing  its  sign  and  adding.      (Art.  399.) 

Example.— Divide  274.2  by  6,784.2. 

Solution.—  Log     274.2  =  2.43807 

Log  6,784.2  =  3.83150 

^.60657. 

First  subtracting  the  mantissa  .83150  gives  .60657  for  the  mantissa 
of  the  quotient.  In  subtracting,  1  had  to  be  taken  from  the  char- 
acteristic of  the  minuend  leaving  a  characteristic  of  1.  Subtract  the 
characteristic  3  from  this,  by  changing  its  sign  and  adding  1—3  =  2, 
the  characteristic  of  the  quotient.  Number  corresponding  to  2.60657  = 
.040418.     Hence,  274.2  ^6,784.2  =  .040418.     Ans. 

Example.— Divide  .067842  by  .002742. 
Solution.—  Log  .067842  ="2.83150 

Log  .002742  =  3!  43807 

difference  =  1 .  39343. 
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Subtracting,  .83150  -  .4:W07  =  .3ft:M:)  and  -  2  +  3  =  1.  Number  cor 
responding  to  1.39343  =  24.742.   Hence,  .<M>7H42  -i-  .(K)2742  =  34.742.    Ans. 

H5 4.  The  only  case  that  need  cause  trouble  in  subtract- 
ing is  where  the  logarithm  of  the  minuend  has  a  negative 
characteristic,  or  none  at  all,  and  a  mantissa  less  than  the 
mantissa  of  the  subtrahend.      For  example,  let  it  be  required 

to  subtract  the  logarithm  3.740:30  from  the  logarithm  :\.!)'Airt. 

The  logarithm  3.55145  is  equivalent  to  —  3  -}-  .55145.     Now, 
if  we  add  both  -|-  1  and  —  1  to  this  logarithm,  it  will  not 

change  its  value.     Hence,  3.55145  =—  3  —  l-(-l  +  .55145  = 

4+  1.55145.     Therefore,  3.55145  —  3.7403G  = 

l+l.rwUS 
3+    .74036 


difference  =  1  +    .81109  =  7.81109. 

Had  the  characteristic  of   the  above  logarithm    been  0 

instead  of  3,  the  process  would  have  been  exactly  the  same. 

Thus,  .55145  =1  +  1.55145;  hence, 

T+ 1.55145 
3+    .74036 


difference  =  ^+    .81109  =  4.81109. 

Example.— Divide  .02742  by  67.842. 
Solution.— Log  .02742  ='2.43807  =  3  +  1.43807 
Log  67.842  =  1.83150  =  1   +    .83150 

difference  =  4"  +    .60657  =  \.mf^^'l. 

Number  corresponding   to  "4.60657  =  .00040417.      Hence,    .0274-1  -*- 
67. 842  =  .000404 17.     Ans. 

E.XAMPLE.— What  is  the  reciprocal  of  3.1416? 

Solution.— Reciprocal  of  3.1416  =  Trvrrr..  'i"'!  lf>g  ..  ...^  =  log  1  — 
•^  .1.1411)  0.1410 

log  3.1416  =  0  -  .49715.     Since  0  =  -  1  +  1. 

1+  1.00000 
.49715 


dffercnce  =  1  +    .502a5  =  1.50285. 
Number  whose  logarithm  isT.50285  =  .31831.     Ans. 
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EXAMPLES   FOR   PRACTICE. 
655.      Find  the  quotients  of  the  following  by  the  use  of  loga- 


rithms 


1. 

564.35 --34.96. 

Ans.  16.143. 

2. 

9. 643 -=-200. 04. 

Ans.  .048204. 

3. 

.16071 --76.8. 

Ans.  .0020926. 

4. 

.00624-- 3.096. 

Ans.  .0020155. 

5. 

.0001 19  H-.  0719. 

Ans.  .0016551. 

6. 

1.19 -=-719. 

Ans.  .0016551. 

7. 

1  -^  1,728. 

Ans.  .00057870. 

INVOLUTION    BY    LOGARITHMS. 

656.  If  X  represents  a  number  whose  logarithm  is  x, 
we  have,  from  the  definition  of  a  logarithm, 

10^  =  X. 
Raising   both   numbers    to  some  power,   as  the  ;/th,  the 
equation  becomes,  by  Art.  511, 

10^"  =  X". 
But  ^Y"  is  the  required  power  of  X,  and  xnis,  its  logarithm, 
from  which  it  follows  that  the  logarithm  of  a  number  multi- 
plied by  the  exponent  of  the  po-vver  to  which  it  is  raised  is 
equal  to  the  logarithm  of  the  power.      Hence, 

657.  To  raise  a  number  to  any  power  by  the  use  of 
logarithms: 

Rule. — Multiply  the  logarithm  of  the  number  by  the  ex- 
ponent zvhich  denotes  the  pozver  to  zvhicJi.  the  number  is  to  be 
raised^  and  t lie  result  will  be  the  logaritJim  of  the  required 
power. 

Example.  — What  is  the  square  of  («)  7.92  ?  {b)  the  cube  of  94.7  ?  {t) 
the  1.6  power  of  512,  that  is,  512i-«  ? 

Solution. — («)  Log  7.92  =  .89873;  the  exponent  of  the  power  is  2. 
Hence,  .89873  X  3  =  1.79746  =  log  7.92'^.  Number  corresponding  to 
1.79746  =  62.727.     Hence,  7.92'^  =  62.727,  nearly.     Ans. 

{Jf)  Log  94. 7  =  1 .  97635 ;  1 .  97635  X  3  =  5. 92905  =  log  94. 73.  Number 
corresponding  to  5.92905  =  849,280.  Hence,  94.73  =  849,280,  nearly. 
Ans. 

{c)  Log  5121 -6  =  1.6  X  log  512  =  1.6  X  2.70927  =  4.334832,  or  4.33483 
(when  using  five-place  logarithms)  =  log  21,619.  Hence,  512^  •«  =  21,619, 
nearly.     Ans. 
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B58.  If  the  number  is  wholly  decimal,  so  that  the  char- 
acteristic is  negative,  multiply  the  tico  parts  of  the  loi^arithm 
si'paratily  by  the  exponent  of  the  number.  If,  after  multiply- 
ing the  mantissa,  the  product  has  a  eharaeteristic,  add  it, 
algebraically,  to  the  negative  eharaeteristie,  multiplied  by  the 
exponent,  and  the  result  zvill  be  the  negative  characteristic  of 
the  required  power. 

ExAMPLK. — Raise  .0751  to  the  fourth  power. 

Soi.iTioN.— Log  .OT."*!*  =  4  X  log  .0751  =  4  X  2^.87564.  Multiplying  the 
parts  separately,  4x2=  8^ and  4  X  .87.564  =  :5..50-J.56.  Adding  the  '.\  and 
8^  3h-(— 8)=  —  5;  therefore.  log  .0751*=^. .50'2.5r..  Number  corre- 
sponding to  this  =  .00<K)3181.     Hence.  .0751^  =  .(M)00:ilHl.     Ans. 

(>5J^).  A  decimal  may  be  raised  to  a  power  whose  ex- 
ponent contains  a  decimal  as  follows: 

E.XAMPLE. — Raise  ..8  to  the  1.21  power. 

SoLCTiox. — Log  .8'-' =  1.21  X  1*«'0:309.  There  are  several  ways  of 
performing  the  multiplication. 

First  Method. — Adding  the  characteristic  and  mantissa  algebraically, 
the  result  is  —.09691.  Multiplying  tliis  by  1.21  gives  —  .117'.i611,  or 
—  .117'2(i,  when  using  5-place  logarithms.  To  obtain  a  positive  mantissa, 
add  +  1  and  -  1 ;  whence,  log  .8'*'  =  -  1  +  1  -  .11726  =7.88274. 

Second  Method. — Multiplying  the  characteristic  and  mantissa  sepa- 
rately gives  —  1.21  +  1.09274.  Adding  characteristic  and  mantissa  alge- 
•braically  gives  —  .11726;  then,  adding  +  1  and  —  1,  log  .8'-''  =T.88274. 

Third  Method. — Multiplying  the  characteristic  and  mantissa  sepa- 
rately gives  —  1.21  +  1.09274.  Adding  the  decimal  part  of  the  charac- 
teristic to  the  mantissa  gives  —  1  +(— .21  +  1.09274)  =1.88274  =  log 
.8'*'.  The  number  corresponding  to  the  logarithm  1.MM274  =  .76:W8.  Ans. 

Any  one  of  the  above  three  methods  may  be  used,  but  we 
recommend  the  first  or  the  third.  The  third  is  the  most  ele- 
gant, and  saves  figures,  but  requires  the  e.xercise  of  more 
caution  than  the  first  method  does.  Below  will  be  found 
the  entire  work  of  multiplication  for  both  .S*-^'  and  .8-'. 

1.903  09  1.9030  9 

1^  .21 

90  3  09  90  3  09 

180618  180618 

*^^^®  -t- 1.1896489 


1.09  2  7  389  _1_.21 


—  1-2  1 1.9  7  9  64  8  9,  or  1.9796-5. 

1.882  7389,  or  1.88274. 
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In  the  second  case,  the  negative  decimal  obtained  by 
multiplying  —  1  and  .21  was  greater  than  the  positive  deci- 
mal obtained  by  multiplying  .90309  and  .21;  hence,  +  1  and 
—  1  were  added  as  shown. 


EXAMPLES    FOR    PRACTICE. 

660.      Find  the  values  of  the  following  by  logarithms: 


1. 

1,728^ 

Ans.   2,985,900. 

2. 

2.49' -24. 

Ans.  3.0995. 

3. 

32.16"*. 

Ans.  4.2961. 

4. 

.64". 

Ans.  .16777. 

5. 

.64-'». 

Ans.  .8365. 

6. 

.02412-8. 

Ans.  .000029489. 

EVOLUTION    BY    LOGARITHMS. 

661.  If  X  represents  a  number  whose  logarithm  is  x, 
we  have,  from  the  definition  of  a  logarithm, 

10^  =:  X. 
Extracting  some  root  of  both  members,  as  the  nth,  the 
equation  becomes,  by  Art.  521, 

i(y^=yx. 

But  'YX  is  the  required  root  of  X,  and  ^  is  its  logarithm, 
from  which  it  follows  that  the  logarithm  of  a  number,  di- 
vided by  the  index  of  the  root  to  be  extracted,  is  equal  to 
the  logarithm  of  the  root.      Hence, 

662.  To  extract  any  root  of  a  number  by  means  of 
logarithms: 

Rule. — Divide  the  logarithm  of  the  number  by  the  index 
of  the  root;  the  result  zvill  be  the  logarithm  of  the  root. 

Example. — Extract  («)  the  square  root  of  77,851;  (/;)  the  cube  root 
of  698,970;  {c)  the  2.4  root  of  8,964.300. 

Solution. — {a)  Log  77,851=4.89127;  the  index  of  the  root  is  2; 
hence,  log  y'77,851  =  4.89127  -^-  2  =  2.44564;  number  corresponding  to 
this  =  279.02.     Hence,  4/77,851  =  279.02,  nearly.     Ans. 


{l>)  Log  f  698,970  =  5.84446  --  3  =  1.94815  =  log  88.746;  or,  ^  698,970 
88.747,  nearly.     Ans. 
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(<•)  Log  VM^VThOO  =  6.9r)2r,l   +  2.4  =  2.89688  =  log    788.  M;    or 
'^8,964,300  =  788.64,  nearly.     Ans. 

(SHC5.  If  it  is  required  to  extract  a  root  of  a  number 
wholly  decimal,  and  the  negative  characteristic  will  not  ex- 
actly contain  the  index  of  the  root,  without  a  remainder, 
proceed  as  follows: 

Si/ara/i'  the  two  parts  of  the  logarithm;  add  as  many  units 
{or  parts  of  a  unit)  to  the  negative  characteristic  as  icill  tiuike 
■it  exactly  contain  the  index  of  the  root.  Add  the  same  num- 
ber to  the  mantissa,  and  divide  both  parts  by  the  index.  The 
result  will  be  the  characteristic  and  mantissa  of  the  root. 

Example. — Extract  the  cube  root  of  .0003181. 

log  .0003181  _  4^50256 


Solution.— Log  j'  .0003181  =  -^^ — g =  — g- 

(4  +  2"=  6)  +  (2  +  .50256  =  2.50256). 
(6-5-  3  ="2)  -I-  (2.50256  ^  3  =  .8:i419 ;  or. 
log  f  .0003181  ="2.83419  =  log  .068263. 
Hence,  ^.0003181  =  .068263.     Ans. 

Example.— Find  the  value  of  *'j/.0003181. 

T       '-'/nnnoiQi        log  .0003181        4.50256 
Solution.— Log    y. 0003181  =      ^        =         .       . 

If  —  .23  be  added  to  the  characteristic,  it  will  contain  1.41  exactly  3 
times.     Hence, 

[-  4  -f-  (-  .23)  =  -  4.23]  +  [.23  -I-  .50256  =  .73256]. 
(_  4.23  -5-  1.41  =  3)  -I-  (.73256  -^  1.41  =  .51955);  or, 
log  'V. 0003181  =3^51955  =  log  .0033079. 
Hence,  '"1^.0003181  =  .0033079.     Ans. 


EXAMPLES   rOH    I»K.\CTICE. 
6(54.      Find  the  values  of  the  following  by  logarithms: 

1.  ^/goO.  Ans.  5.4S76. 

2.  \'\\.  Ans.   1.6154. 

3.  .on»7i.  Ans.   .36760. 

4.  .128*.  Ans.   .7099. 


5.  i/.0227.  Ans.  .21999. 

6.  YTim.  Ans.  .62738. 
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665.      Example. — Solve  this  expression  by  logarithms: 

497  X  .0181  X  763_^ 
3,300  X.  6517      ~" 

Solution.—  Log  497  =  2.69636 

Log        .0181  ="2.25768 
Log  762  =  2.88195 

Log  product  =  3.8o599 

Log        3,300  =  3.51851 

Log        .6517=1.81405 

Log  product  =  3.33256 
3. 83599  -  3. 33256  =  .  50343  =  log  3. 18'<4 
„  497  X  .0181  X  762      _  ._.       . 

^^""^'  3,300  X  .6517      =^-^^'^-     ^"^• 


^  ,  3/   504,203x507     ,      , 

Example.— Solve,  |/  ^  75  ^  71  4  ^  37  ^V  logarithms 

Solution.—  Log    504,203  =  5.70260 

Log  507  =  2. 70501 

Log  product  =  8.40761 
Log  1.75=  .24304 
Log  71.4=1.85370 
Log  87  =  1.93952 

Log  product  =  4.03626 

^■^^'^^-^•^^-^«=  1.45712  =  log  28.65. 


3 


Hence.  /    504,203x507    ^ 

y  1.75  X  71.4X87 


X  71.4X87 

666.     Logarithms  can  often  be  applied  to  the  solution 
of  equations. 


Example. — Solve  the  equation  2Ad.r^  =   4/. 0648. 
Solution.—  2.43x^  =  |/.0648. 

Dividing  by  2.43,  x^  =     ^^         . 

Taking  the  logarithm  of  both  numbers, 

-      ,               log  .0648       ,        „  ,„ 
5  X  log  X  =  —2-^ log  2.43; 

_  ,  "2.81158         ___ 

or,        5  log  X  = 


6 

=  T.  80193 -.38561. 
=  2:41632. 
Dividing  by  5,  log  x  —  r88326 ; 

whence,  ^=,7643,    AnSt 


rsi 
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EXAMI»l.i:S   FOW    I»WACTICE. 
6H7.      Find  the  values  of  the  following: 


1. 


2. 


;j(i.7uy  X  .0!^4'J7 


»/ 7.932  X  .00057  X  .80464 


.03274  X  .6428 


'/'.  03271*  X  53.429  X  .77542' 


32.70!)  X  .(M)0371' 
Find  the  value  of  .r  in  the  following: 
12&.*x.71 


4.     5.r^  =- 


30 


loo  4  V   71' 
4/30 


Ans.  .2084a 
Ans.  12.583. 
Ans.  33.0:35. 

Ans.  .r  =  . 93237. 
Ans.  .r=.0()313a 


Geometry  and  Trigonometry. 


GEOMETRY. 

668.     Geometry  is  that  branch  of  mathematics  which 
treats  of  the  properties  of  lines,  angles,  surfaces, and  volumes. 


LINES    AND    ANGLES. 

669.  A  point  indicates  position  only.      It  has  neither 
length,  breadth,  nor  thickness. 

670.  A  line  has  only  one  dimension:  length. 

671.  A  straight  line,  Fig.  2,  is  one 

that  does  not  change  its  direction  through-      ■ 

out  its  whole  length.     A  straight  line  is 
also  frequently  called  a  right  line. 

672.  A  curved  line,  Fig.  3,  changes 
its  direction  at  every  point. 

673.  A  broken  line,  Fig.  4,  is  one 
made  up  wholly  of  straight  lines  lying  in 
different  directions. 

674.  Parallel  lines.  Fig.  5,  are 
equally  distant  from  each  other  at  all 
points. 

675.  A   line    is    perpendicular   to 

another  when  it  meets  that  line  so  as  not 
to  incline  towards  it  on  either  side,  Fig.  6. 

676.  A  horizontal  line  is  a  line 
parallel  to  the  horizon,  or  water  level, 
Fig.  7. 

677.  A  vertical  line.  Fig.  7,  is  a 
line  perpendicular  to  a  horizontal  line; 
consequently,  it  has  the  direction  of  a 
plumb  line. 


Fig, 


Fig.  3. 


Fig.  4. 


FIG.  5. 


Fig.  6. 


Horizontal. 

Fig.  7. 
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Wluii  two  lines  cross  or  cut  each  other,  as  in  Fig. 
S,  they  are  said  t<>  intersect,  and  the 
point  at  which  they  intersect  is  called  the 
point  of  intersection,  as  .1. 


Fig.  8. 


Fi(;.  y. 


079.  An  anyrlc.  Fig.  0,  is  the  open- 
ing between  two  lines  which  intersect 
or  meet;  the  point  of  meeting  is  called 
the  vertex  of  the  angle. 


<->N().  In  order  to  distinguish  one  line  from  another,  two 
of  its  points  are  given  if  it  is  a  straight  line,  and  as  many 
more  as  are  considered  necessary  if  it  is  a  broken  or  curved 
line.  Thus,  in  Fig.  10,  the  line  ^  .6^  would  mean  the  straight 
line  included  between  the  points  A  and  />'.  Similarly,  the 
straight  line  between  C  and  />,  or  between  />  and  /),  would 
be  called  the  line  C  />,  or  the  line  />  D.  The  broken  line 
made  up  of  the  lines  A  B  and  C  I\  or  A  B  and  B  D,  would 
be  called  the  broken  line  C  B  A  or  A  B  C,  and  A  B  D  ov 
D  B  A,  according  to  the  point  started  from. 

681.  To  distinguish  angles,  name  a  point  on  each  line, 
and  the  point  of  their  intersection,  or  vertex  of  the  angle. 
Thus,  in  Fig.  10,  the  angle  formed  by  the  lines  A  Z>' and  C B 
is  called  the  angle  A  B  C  or  the  angle  C  B  A  :  the  letter  at 
the  vertex  is  always  placed  in  the  middle.  The  angle  formed 
by  the  lines  A  B  and  B  D  is  called  the  angle  A  B  D  ox  the 
angle  D  B  A. 

When  an  angle  stands  alone  so  that  it  cannot  be  mistaken 
for  any  other  angle,  only  the  vertex  letter  need  be  given; 
thus,  the  angle  O,  or  the  angle  P,  etc. 


682.  If  one  straight  line  meets 
another  straight  line  at  a  point  between 
its  ends  (see  Figs.  10  and  11),  two 
angles,  .  /  B  C  and  .1  B  D,  are  formed, 
which  are  called  adjacent  anj^les. 
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B 

Fig.  11. 


683.  When  these  adjacent  angles, 
ABC  and  A  B  D,  are  equal,  they  are 
called  right  angles;   see  Fig.  11. 


684.  An  acute  angle  is  less  than 
a  right  angle.  ABC,  Fig.  12,  is  an 
acute  angle. 


Fig.  12. 


685.     An  obtuse  angle  is  greater 
than  a  right  angle.     A  B  D,  Fig.  13,  is 
n    an  obtuse  angle. 


686.  When  two  straight  lines  intersect,  they  form  four 
angles  about  the  point  of  intersection.  Thus,  in  Fig.  14,  the 
lines  A  B  and  C  D,  intersecting  at  the 
point  O,  form  four  angles,  B  OD,D  OA, 
A  O  C,  and  COB,  about  the  point 
O.  The  angles  which  lie  on  the  sa^/ie 
side  of  one  straight  line,  as  D  O  B  and 
D  O  A,  are  adjacent  angles.  The 
angles  which  lie  opposite  each  other  are  called  opposite 
angles.  Thus,  A  O  C  and  D  O  B,  also  D  O  A  and  B  O  C, 
are  opposite  angles. 


Fig.  14. 


When  one  straight  line  intersects  another  straight  line,  as 
in  Fig.  14,  the  opposite  angles  are  equal.  Thus,  D  O  B  = 
A  O  C,  and  D  O  A  =  B  O  C. 


B 

Fig.  15. 


When  one  straight  line  meets  another 
straight  line  at  a  point  between  its  ends, 
the  sum  of  the  two  adjacent  angles 
A  B  B>  and  A  B  C,  Fig.  15,  equals  two 
right  angles. 
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C>N7.     If  a  number  of  straight  lines  on  the  same  side  of  a 

given  straight  line  meet  at  the  same 
point,  the  sum  of  all  the  angles  formed 
is  equal  to  two  right  angles.  Thus,  in 
Fig.  10,  C  O  B  +  D  O  C-\-I£  O  D-\- 
F  O  li  +  '^  ^^  ^'  =  t^^'<'  right  angles. 

H.SiS.     If  a  straight  line  intersects  another  straight  line, 
so  that  the  adjacent  angles  are  equal, 
the  lines  are  said  to  be  perpendicular  to 
each  other.     In  such  a  case,  four  right 

angles  arc   formed   about    the   point  of    ^ _^ ^ 

intersection.  Thus,  in  Fig.  17,  B  O  C 
=  COA-  hence,  BOC.C  O A,  A  O D, 
and  D  O  B  are  right  angles.  From  this 
it  is  seen  that  four  right  angles  are  all 
that  can  be  formed  about  a  given  point. 


o 


D 

Fig.  17. 


689.     Through  a  given  point    any 

number  of  straight  lines  may  be  drawn; 

and  the  sum  of  all  the  angles  formed 

about  the  point  of  intersection  equals 

four  right   angles.      Thus,  in    Fig.  18, 

H  O  F+  F  O  C+C  O  A-\-  A  O  G  + 

G  O  E  +  F  O  D  +  D  O  B  -^  B  O  If  = 

four  right  angles. 

E.XAMi'LK. — In  a  fly-wheel  with  12  arms,  what  part  of  a  riglit  angle  is 
included  between  the  center  lines  of  any  two  arms,  the  arms  being 
spaced  equally  ? 

Solution. — Since  there  are  12  arms,  there  are  12  angles.  The  sum 
of  all  the  angles  equals  four  right  angles.  Hence,  one  angle  equals  -,", 
of  fi)ur  right  angles,  or  -jV  =  J  "f  one  right  angle. 

690.  A  perpendicular  drawn  from  a  point  over  or  under 
a  given  straight  line  is  the  shortest  distance  from  the 
point  to  the  line,  or  to  the  line  extended. 
Thus,  if  A,  Fig.  10,  is  the  given  point, 
and  C  D  the  given  line,  then  the  per- 
pendicular A  B  is  the  shortest  distance     

from  A  to  C  D. 


B 

Flu.  19 
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691.  If  two  angles  have  their  sides 
parallel  and  lie  in  the  same  or  in  oppo- 
site directions,  they  are  equal.  Thus, 
if  the  side  A  B,  Fig.  20,  is  parallel  to 
the  side  D  E,  and  if  the  side  B  C  is 
parallel  to  the  side  E  E,  then  the  angle 
E  =  the  angle  B. 


Fig.  20. 


692.  If  two  sides  of  an 
angle  are  perpendicular  to 
two  sides  of  another  angle, 
the  two  angles  are  equal. 
Thus,  ii  DE  and  G  Ef,  Fig. 
21,  are  perpendicular  to 
B  A,  and  E  E  and  Ef  K  are 
perpendicular  to  B  C,  then 
will  angle  E  =  angle  B  =■ 
angle  //. 


EXAMPLES   FOR   PRACTICE. 

1.  In  a  pulley  with  five  arms,  what  part  of  a  right  angle  is  included 
between  the  center  lines  of  any  two  arms  ?  Ans.  |  of  a  right  angle. 

2.  If  one  straight  line  meets  another  straight  line  so  as  to  form  an 
angle  equal  to  If  right  angles,  what  part  of  a  right  angle  does  its 
adjacent  angle  equal  ?  Ans.  |  of  a  right  angle. 

3.  If  a  number  of  straight  lines  meet  a  given  straight  line  at  a  given 
point,  all  being  on  the  same  side  of  the  given  line,  so  as  to  form  six 
equal  angles,  what  part  of  a  right  angle  is  contained  in  each  angle  ? 

Ans.  g  of  a  right  angle. 

PLANE    FIGURES. 

693.  A  surface  has  only  two  dimensions:  lengtJi  and 
breadtJi. 

694.  A  plane  surface  is  a  flat  surface.  If  a  straight 
edge  be  laid  on  a  plane  surface,  every  point  along  the  edge 
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of  the  straight  edge  will  touch  the  surface,  no  matter  in  what 
direction  it  is  laid. 

(>i^)5.  A  plane  fijiiirc  is  any  part  of  a  plane  surface 
bounded  by  straight  or  curved  lines. 

6i^)(^.  When  a  plane  figure  is  bounded  by  straight  lines 
only,  it  is  called  a  polygon.  The  bounding  lines  are  called 
the  Nicies,  and  the  broken  line  that  bounds  it  (or  the  whole 
distance  around  it)  is  called  the  perimeter  of  the  polygon. 

697.  The  angles  formed  by  the  sides 
are  called  the  angles  of  the  polygon. 
Thus,  .-/  B  CD  /:,  Fig.  2-2,  is  a  polygon. 
A  />',  B  C,  etc.,  are  the  sides;  /:  A  B, 
BC D^  etc., are  the  angles,  and  the  bro- 
ken line  A  B  C D  E  A  is  the  perimeter. 

Fio.  22.  ■ 

698.  Polygons  arc  classified  according  to  the  number 
of  their  sides:  One  of  three  sides  is  called  a  triangle  ;  one 
of  four  sides,  a  quailrikiteral  ;  one  of  five  sides,  a  penta- 
gon ;  one  of  six  sides,  a  hexagon  ;  one  of  seven  sides,  a 
lieptiigon  ;  one  of  eight  sides,  an  octcigon  ;  one  of  ten 
sides,  a  decagon  ;  one  of  twelve  sides,  a  dodecagon,  etc. 

699.  ICt|uiliiteral    polygons  are 

those  in  which  the  sides  are  all  equal. 

Thus,  in   Fig.  23,  A  B=  B  C=C  D- 

D  A  ;  hence,  A  BCD  is  an  equilateral 

polygon.  jh;.  -zi. 

■^  I \B       TOO.      An   equiangular  polygon 

is  one  in  whicli  all  of  the  angles  are 
equal.  Thus,  in  Fig.  24,  angle  A  = 
angle  B  =  angle  D  =  angle  C  ;  hence, 
ii,;. -1.  .i  /!  />  C  is  an  ecpiiangular  polygon. 

70I.  -V  rcgiiliir  polygon  is  one  in  ^ 
which  all  of  the  sides  and  all  of  the  angles 
are  equal.  Thus,  in  Fig.  25,  ./  /.' =  B  D  = 
D  C=  C  A,  and  angle  ./  =  angle  B=  angle 
D=  angle  C-  hence,  .1  B  D  C  is  a  regular 
polygon. 


iiG.  a& 
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702.     Other  regular  polygons  are  shown  in  Fig.  2G. 


Pentagon.        Hexagon.        Heptagon.        Octagon. 

Fig.  2G. 


Decagon.         Dodecagon. 


703.  The  sum  of  all  the  interior  angles  of  any  polygon 
equals  two  right  angles,  multiplied  by 
a  number  which  is  two  less  than  the 
number  of  sides  in  the  polygon.  Thus, 
A  B  C  D  E  F,  Fig.  27,  is  a  polygon  of 
six  sides  (hexagon),  and  the  sum  of  all 
the  interior  angles,  A  ~{-  B  -{-  C  -\-  D  -\- 
E  -\-  F=  two  right  angles  x  4  (  =  6  — 
2),  or  8  right  angles. 

Example. — If  the  above  figure  is  a  regular  hexagon  (has  equal  sides 
and  equal  angles),  how  many  right  angles  are  there  in  each  interior 
angle  ? 

Solution. — 6  —  2  =  4.  Two  right  angles  x  4  =  8  right  angles  =  the 
total  number  of  right  angles  in  the  polygon ;  and  as  there  are  six  equal 
angles,  we  have  8  -=-  6  =  1^  right  angles  =  the  number  of  right  angles 
in  each  interior  angle.     Ans. 


Fig.  27. 


THE    TRIANGLE. 

704.  Triangles  are  divided  into  four  classes :  Isosceles 
triangles,  scalene  triangles,  right-angled  triangles,  and 
oblique-angled  triangles. 


705.     An  isosceles  triangle,   Fig.  28,  is  one 
having  two  of  its  sides  equal. 


X'lG.   ^O. 


706.  When  the  three  sides  are  equal,  as 
in  Fig.  29,  it  is  called  an  equilateral 
triangle. 


Fig.  20. 
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Fig.  30. 


7()7.     A  scnicnc  Irianj^lc,  Fig.  30,  is  one 

havinuf  no  two  ot  lis  sides  c(iual. 


7<).S.     A  ritr|it-aiitj:lcd  triangle,  Fig.  31,  is  any  triangle 
having  one  right  angle.     The  side  opposite 
the  right  angle  is  called  the  liyi><>tcmisc. 

Among  mathematicians,  a  riglit-aiigled 
triangle  is  now  termed  a  ri^lit  trian- 
>?'*=•  ri<;.  31. 


709.     An  oblique  triangle,  Fig.  32,  is  one  which 
has  no  right  angles. 


Fig.  ai. 

710.  The  base  of  any  triangle  is  the  side  upon  which 

the  triangle  is  supposed  to  stand. 

711.  The  altitude  of  any  triangle  is  a  line  drawn  from 
the  vertex  of  the  angle 
opposite  the  base  per- 
pendicular to  the  base, 
or  to  the  base  extended. 
Thus,  in  Figs.  33  and 
34,  B  D  \%  the  altitude 
of  the  triangles  A  B  C. 

In  an  isosceles  triangle,  the  angles  opposite  the  equal  sides 
arc    equal.      Thus,     in    Fig.    35,    A  B  =  B  C; 
hence,  angle  C  =  angle  A. 

In  any  isosceles  triangle,  if  a  perpendicular 
be  drawn  from  the  vertex  opposite  the  unequal 
side  to  that  side,  it  bisects  (cuts  in  halves)  the 
side.  Thus,  A  C,  Fig.  35,  is  the  unequal  side 
in  the  isosceles  triangle  A  B  C;  hence,  the  per- 
pendicular /)'  D  bisects  A  C,  or  A  D  =  D  C. 

If  two  angles  of  any   triangle  are  equal,  the  triangle  is 
isosceles. 
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Fig.  3~. 


712.  In  any  triangle,  the  sum  of  the  three  angles 
equals  two  right  angles.  Thus,  in  Fig.  3G,  the  sum  of  the 
angles  at  ^,  B,  and  C  =  two  right  angles  ;  that  is,  ^  +  ^-f 
C  =  two  right  angles.  Hence,  if  any 
two  angles  of  a  triangle  are  given, 
the  third  may  be  found  by  subtract- 
ing the  sum  of  the  two  from  two  right 
angles.  Suppose  that  A  -\-  B  =  ly\  kig.  ao. 
right  angles;  then,  Cmust  equal  2  —  lyV  =  fVof  a  right  angle. 

713.  In  any  right-angled  triangle  there   can  be  but 
one  right  angle,  and  since  the  sum  of  all   the  angles  equals 

P  two  right  angles,  it  is  evident  that  the 
sum  of  the  two  acute  angles  must  equal 
a  right  angle.  Therefore,  if  in  any 
right-angled  triangle  one  acute  angle  is 
known,  the  other  can  be  found  by  sub- 
C  tracting  the  known  angle  from  a  right 
angle.  Thus,  in  Fig.  37,  ^  ^  C  is  a 
right-angled  triangle,  right-angled  at  C.  Then,  the  angles 
A  -^  B  =z  one  right  angle.  If  A  =  -f-  of  a  right  angle,  B  —  1 
—  -3.  =  A  of  a  right  angle. 

714.  In  any  right-angled  triangle,  the  square  described 
on  the  hypotenuse  is  equal  to 
the  sum  of  the  squares  de- 
scribed upon  the  other  two 
sides.  If  A  B  r.  Fig.  38,  is  a 
right-angled  triangle,  right.  ^^ 
angled  at  B,  then  the  square 
described  upon  the  hypotenuse 
A  C  is  equal  to  the  sum  of 
the  squares  described  upon  the 
sides  A  B  and  B-  C;  conse- 
quently, if  the  lengths  of  the 
sides  A  B  and  B  C  are  known, 
we  can  find  the  length  of  the 
hypotenuse  by  adding  the  squares  of  the  lengths  of  the  sides 
A  B  and  B  C,  and  then  extracting  the  square  root  of  the  sum. 
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Example.  -If  ,  / /?  =  3  inches,  and  PC  —  ^  inches,  what  is  th« 
length  of  the  hypotenuse  A  C? 

Solution.—  3*  =  9;  4*  =  1G;  adding. 

9  +  16  =  25.       |/25  =  5. 

Therefore,  A  C=  5  inches.     Ans. 

If  the  hypotenuse  and  one  side  are  given,  the  other  side 
can  be  found  by  subtracting  the  scjuare  of  the  given  side 
from  the  square  of  the  hypotenuse,  and  then  extracting  the 
square  root  of  the  remainder. 

E.x.vMPLE. — The  side  given  is  3  inches,  the  hypotenuse  is  5  inches; 
what  is  the  length  of  the  other  side  ? 

Solution.^  3»  =  9 ;  5«  =  25.  25  —  9  =  IG,  and  \^l6  =  4  inches.     Ans. 

ExAMPi-K. — If,  from  a  church  steeple  which  is  150  feet  high,  a  rope  is 
to  be  attached  to  the  top,  and  to  a  stake  in  the  ground 
85  feet  from  its  foot  (the  ground  being  supposed  to  be 
level),  what  must  be  the  length  of  the  rope  ? 

Solution. — In  Fig.  39,  .-/  7?  represents  the  steeple 
150  feet  high;  C,  a  stake  85  feet  from  the  foot  of  the 
steeple,  and  ,-/  C,  the  rope.  Here  we  have  a  right- 
angled  triangle,  right-angled  at  B,  and  ^  C  is  the 
hypotenuse. 

The  square  of  ,-/  C  =  85»  +  150*  =  7,225  +  22,500  = 
29,725. 
Therefore,  A    C=  4/29,725  =  172.4  feet,    nearly.     Ans. 

715.  Two  triangles  are  equal  when  the  sides  of  one 
are  equal  to  the  sides  of  the  other. 

716.  Two  triangles  are  siniikir  when  the  angles  of  one 
are  equal  to  the  angles  of  the  other. 
The  corresponding  sides  of  similar 
triangles  are  proportional. 

For  example,  in  the  triangles 
ABC  and  a  b  c,  Fig.  40,  side 
a  c  \'a  perpendicular  to  A  C\  the 
side  a  b  \.o  A  /j,  and  side  c  b 
to  B  C;  hence,  angle  A  =  angle  a, 
since  the  sides  of  one  are  perpen- 
dicular to  the  sides  of  the  other. 
In  like  manner,  angle  />'  =  angle 
b,  and  angle  C=  angle  e.  The  two 
triangles    are,   therefore,    similar. 
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and  their  corresponding  sides  are  proportional.  That  is, 
any  two  sides  of  one  triangle  are  to  each  other  as  the  two 
corresponding  sides  of  the  other  triangle ;  or,  one  side  of 
one  triangle  is  to  the  corresponding  side  of  the  other  as 
another  side  of  the  first  triangle  is  to  the  corresponding 
side  of  the  second.  The  following  are  examples  of  the 
many  proportions  that  may  be  written.  In  this  case,  the 
corresponding  sides  of  the  two  triangles  are  the  ones  that 
are  perpendicular  to  each  other: 

A  B  :  B  C=^ab     -.be, 

A  B  :  A  C  =  a  b     :  a  c, 

B  C  :  be    =AB:ab, 

A  C  :  a  c    =  B  C  :  b  c,  etc. 

Example. — The  sides  of  a  triangle  are  18  inches  and  21  inches,  and 
the  base  is  24  inches  long;  what  are  the  lengths  of  the  sides  of  a  similar 
triangle  whose  base  is  8  ? 

Solution. — Since  the  sides  are  proportional,  we  have  the  propor- 
tions 24  :  8  =  21  :  .r,  and  24  :  8  =  18  :  .r.  From  the  first,  x—1,  and 
trom  the  second,  x  =  6.     Ans. 

717.  If  a  straight  line  is  drawn  through  two  sides  of  a 
triangle  parallel  to  the  third  side,  it 
divides  those  sides  proportionally.  Thus, 
in  Fig.  41,  let  the  line  B>  E  he  drawn 
parallel  to  the  side  B  C  in  the  triangle 
ABC.     Then, 

A  D  :  D  E  =  A  B  :  B  C. 
It  is  to  be  noticed,    also,    that  the   tri- 
angles A  D  E  and  ABC  are  similar,  and 
their  sides  are  proportional.      The  pro-  ^^^  ^^ 

portion  A  D  :  D  B  =^  A  E  -.  E  C  is  2i  useful  one. 

Example.— In  the  last  figure,  iiAE=li,  AD  — 12  and  EC  =  Q, 
what  does  D  B  equal  ? 

Solution. — From  the  proportion  A  D  :  D  B  =  A  E  \  E  C,  VI:  D  B 
=  14  :  9,  whence  DB^l^.     Ans. 

Example. — The  base  of  a  right-angled  triangle  is  12  inches,  and  its 
altitude  40  inches.  How  wide  is  the  triangle  at  24  inches  from  the 
base? 


21(3 


GEOMETRY  AND   TRKiOXOMETRV. 


Solution. — Since  the  trianj^lc  is  rij^ht-anj^led,  the  length  of  tlie 
perpendicular  side  equals  the  altitude,  or  40  inches,  liy  drawing  a  line 
parallel  to  the  base,  and  24  inches  above  it,  a  second  and  similar  tri- 
angle will  be  found  whose  corresponding  side  =40  —  24,  or  Itt  inches, 
and  the  length  of  whose  base  is  the  required  width.  Hence,  40  :  12  = 
IG  :  .r,  or  .r  —  4.b  inches.     Ans. 


KXAMPI-KS   FOW   I»RACTICE. 

1.  How  many  right  angles  are  there  in  one  of  the  interior  angles  of 
a  regular  heptagon  ?  Ans.   IJ  right  angles. 

2.  The  angle  at  the  vertex  of  an  isosceles  triangle  equals  one-half  a 
right  angle.     What  do  the  other  angles  equal  ?    Ans.  f  of  a  right  angle. 

:i.  One  of  the  acute  angles  of  a  right-angled  triangle  equals  {  of 
a  right  angle.     What  is  the  size  of  the  other  acute  angle  ? 

Ans.  ^  of  a  right  angle. 

4.  If  the  two  sides  about  the  right  angle  in  a  right-angled  triangle 
are  52  and  '.VJ  feet  long,  how  long  is  the  hypotenuse  ?  Ans.  6o  feet. 

5.  A  ladder  G~)  feet  long  reaches  to  the  top  of  a  house  when  its  foot 
is  25  feet  from  the  house.  How  high  is  the  house,  supposing  the  ground 
to  be  level  ?  Ans.  60  feet. 

6.  In  a  triangle  ,/  B  C,  side  .•/  /.' =  32  feet,  /?  C=U  feet  and 
/?  C=  48  feet.  If  side  A  B  of  a  similar  triangle  is  72  feet  long,  what 
are  the  lengths  of  the  other  two  sides  ? 

Ans.  A  C=108  feet;  ^  C=  76.5  feet 

7.  The  base  of  a  right-angled  triangle  is  24  inches,  and  its  altitude, 
72  inches.     At  what  distance  from  the  top  is  the  triangle  16  inches  wide  ? 

Ans.  48  inches. 


THE    CIRCLE. 

-  718.  A  circle.  Fig.  i'Z,  is  a  plane  figure 
bounded  by  a  curved  line,  called  the  cir- 
cumference, every  point  of  which  is  equally 
distant  from  a  point  within,  called  the 
center. 


Fig.  42. 


7 1  i-).  The  tlicinicter  of  a  circle, 
A  B,  Fig.  43,  is  a  straight  line  passing 
through  the  center  and  terminated  at 
both  ends  by  the  circumference. 


A~ 


Fig.  43. 
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'-'""--X  720.     The  radius  of  a  circle,  6>y^,  Fig. 

\  44,  is  a  straight  line  drawn  from  the  center 

o  \  to  the  circumference.      It  is  equal  in  length 

/'  to    one-half    the     diameter.      The    plural  of 

y'     radius  is  radii.     All  radii  of  any  circle  are 

FicT.'ii.         equal  in  length.  ..--—,_ 


a,- 


721.     An  arc  of  a  circle,  a  c  b,  Fig.  45, 
is  any  part  of  its  circumference. 


a.L- 


A& 


\ 


o 


Fig.  45. 
722.     A  chord  is  a  straight  line  joining 
any  two  points  in  a  circumference ;  or,  it  is 
a  straight  line  joining  the  extremities  of  an 
arc. 

Thus,  in  Fig.   46,  a  b  is  the  chord  of  the 
'FioTTe'"         a^c  a  e  b. 

723.  A   segment   of   a   circle    is    the    space  included 
between  the  arc  and  its  chord. 

724.  A  sector  of  a  circle  is  the  space 
included    between    an    arc    and    two    radii     / 
drawn  to  the  extremities  of  the  arc.     Thus,  ^\ 
in  Fig.  47,  the   space   included  between  the 
arc  A  B  and  the  radii  O  A  and  (9  ^  is  a  sector 
of  the  circle. 

725.  Two  circles  are  equal  when  the  raduis  or  diameter 
of  one  equals  the  radius  or  diameter  of  the  other. 

Two  arcs  are  equal  when  the  radius  and  eJiord  of  one 
equals  the  radius  and  ehord  of  the  other. 

726.  liADB  C,  Fig.  48,  is  a  circle 
in  which  two  diameters  A  B  and  C  D 
are  drawn  at  right  angles  to  each  other, 
then,  A  O  D,  D  O  B,  B  O  C  2.xv^ 
C  O  A  are  right  angles.  The  circumfer- 
ence is  thus  divided  into  four  equal 
parts;  each  of  these  parts  is  called  a 
quadrantf 


B 

Fig.  47 
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Fig.  49. 


727.  Ill  Geometry,  iinn'^»  ^J"c  measured  by  the  num- 
ber of  right  angles,  or  parts  of  a  right  angle,  which  they 
contain;  since,  in  the  circle,  a  right  angle  intercepts  a  quad- 
rant, an  angle  is  also  measured  by  the  number  of  (juadnints, 
or  parts  of  a  quadrant,  that  it  intercepts. 

728.  An  angle  at  the  center  is  measured  by  its  inter- 
cepted arc. 

E.XAMPLE. — If  a  circle  is  divided  into  six 
equal  sectors,  how  many  quadrants,  or  parts  of 
a  quadrant,  arc  contained  in  the  angle  of  each 
sector  ? 

Solution.— In  Fig.  49.  A  C  F  /f  D  E  is 
a  circle  divided  into  six  equal  sectors.  The 
sum  of  all  the  quadrants  in  the  circle  is  4. 
Hence,  4  -4-  6  =  |  of  a  quadrant  in  each 
sector.     Ans. 

720.  An  inscribed  angle  is  one 
whose  vertex  lies  on  the  circumference  of 
a  circle,  and  whose  sides  are  chords.  It 
is  measured  by  onc-Jialf  the  intercepted 
arc.  Thus,  in  Fig.  50,  A  B  C  '\s  an  in- 
scribed angle,  and  it  is  measured  by  one- 
half  the  arc  ADC.  ^ 

Fig.  50. 

Example. — If  in  the  figure  the  arc  A  D  C=\  oi  the  circumference, 
what  is  the  measurement  of  the  inscribed  angle  A  li  Ci 

Solution. — Since  the  angle  is  an  inscribed  angle,  it  is  measured  by 
one-half  the  intercepted  arc,  or  |  X  i  =  J  of  the  circumference.  The 
whole  circumference  contains  four  quadrants;  hence,  4  X  i  =  |  of  a 
quadrant,  or  J  of  a  right  angle;  therefore,  the  measurement  of  the 
angle  .  /  />'  C  is  J  of  a  quadrant. 

7»U).  If  a  circle  is  divided  into  halves,  each  half  is  called 
a   Hciiilcircic,    and    each    half    circumference    is    called   a 

sc  in  ici  re  u  inference 

731.  Any  angle  that  is  inscribed 
in  a  semicircle  and  intercepts  a  semi- 
circumference,  as  ./  1)  C,  or  ,/  D  C, 
Fig.  .'»1,  is  a  right  angle,  since  it  is 
measured  by  one-half  a  semicircumfer- 
Fig.  61.  cnce,  or  by  a  quadrant. 
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732.  An  inscribed  polygon  is  one 
whose  vertexes  lie  on  the  circumference 
of  a  circle,  and  whose  sides  are  chords, 
as  A  B  C  D  E,  Fig.  52. 


Fig.  52. 

733.  If,  in  any  circle,  a  radius  be 
drawn  perpendicular  to  any  chord,  it  bi- 
sects (cuts  in  halves)  the  chord.  Thus,  if 
the  radius  O  C,  Fig.  53,  is  perpendicular 
to  the  chord  A  B,  A  D  ^  D  B. 


Fig.  !j3. 

Example.— If  a  regular  pentagon  is  inscribed  in  a  circle,  and  a 
radius  is  drawn  perpendicular  to  one  of  the  sides,  what  are  the  lengths 
of  the  two  parts  of  the  side,  the  perimeter  of  the  pentagon  being 
27  inches  ? 

SoLUTio'N. — A  pentagon  has  five  sides,  and  since  it  is  a  regular 
pentagon,  all  the  sides  are  of  equal  lengths:  the  perimeter  of  the  penta- 
gon, which  is  the  distance  around  it,  and  equals  the  sum  of  all  the 
sides,  or  27  inches.  Therefore,  the  length  of  one  side  =  27 -h  5  =  5| 
inches.  Since  the  pentagon  is  an  inscribed  pentagon,  its  sides  are 
chords,  and  as  a  radius  perpendicular  to  a  chord  bisects  it,  we  have 
5|  H-  2  =  2/jj  inches,  for  the  length  of  each  of  the  parts  of  the  side,  cut 
by  a  radius  perpendicular  to  it.     Ans. 

734.  If  a  straight  line  be  drawn  perpendicular  to  any 
chord  at  its  middle  point,  it  must  pass  through  the  center  of 
the  circle. 

Through  any  three  points  not  in  the  same  straight  line,  a 
circumference  can  be  drawn.  Let  A,  B 
and  C,  Fig.  54,  be  any  three  points.  Join 
A  and  B,  and  B  and  C,  by  straight  lines. 
At  the  middle  point  of  A  /',  draw  //  A' 
perpendicular  io  A  B  \  at  the  middle 
point  oi  B  C  draw  E  F  perpendicular  to 
B  C.  These  two  perpendiculars  intersect 
at  O.  With  O  as  a  center,  and  O  B  as  a  radius,  describe  a 
circle  ;  it  will  pass  through  A,  i>\and  C. 


250 


GEOMETRY  AND   TRKiOXUMETRY. 


Fig.  55. 


4  7CJ5.  A  tan  (rent  to  a  circle  is  a 
straiijht  line  which  touches  the  circle  at 
one  point  only  ;  it  is  always  perpendicular 
^  to  a  radius  drawn  to  that  point.  Thus, 
in  Fig.  55,  A  B  drawn  perpendicular  to 
the  radius  (7  .£"  at  its  extremity  /:\  is  a 
tnni^fnt  to  the  circle. 

If  a  straight  line  is  perpendicular  t<i  a 
radius  at  its  extremity,  it  is  tangent  to  the  circle. 

7ri(>.  If  two  circles  intersect  each  other,  the  line  join- 
ing their  centers  bisects  at  right 
angles  the  line  joining  the  two 
points  of  intersection.  If  the  two 
circles,  whose  centers  are  O  and  P, 
Fig.  56,  intersect  at  A  and  i?,  the 
line  O  P  bisects  at  right  angles  the 
line  A  B  \  ox  A  C  =  B  C.  fig.  »; 


Kiu.  57. 


7»{7.  One  circle  is  said  to  be 
tangent  to  another  circle  when 
they  touch  each  other  at  one  point 
only,  as  in  Fig.  57.  This  point  is 
called  the  point  of  contact,  or 
the  point  of  tanvccncy. 


738.  "When  two  or  more  circles  are 
described  from  the  same  center,  as  in  Fig. 
58,  they  are  called  concentric  circles. 


Fig.  68. 


739.  If,  from  any  point  on  the  circumference  of  a  cir- 
cle, a  perpendicular  be  let  fall  up«)n  a  given  diameter,  this 
perpendicular  will  be  a  mean  proportional  between  the  two 
parts  into  which  it  divides  the  diameter. 
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If  A  B,  Fig.  59,  is  the  given  diameter, 
and   C  any  point  on  the  circumference, 
then   is  the   perpendicular  C  D  a.  mean 
proportional  between  A  D  and  D  B^  or  ^ 
A  D:  C D=C D:DB. 


Therefore, 6^/;'  =  ADx  DB, 


and  CD  =  \/ADx  D B. 

Example. — If  H K=  30  feet,  and  IB  =  8  feet,  what  is  the  diameter 
of  the  circle,  //A' being  perpendicular  to  A  Bl 

Solution. —    30  feet  -=-  2  feet  =  15  feet  =  IN.     And 

B I :  IH=  IH :  I  A,  or  8  :  15  =  15  :  I  A. 

1 5"^         2*55 
Therefore,  7.4  =  — -  =  -^  =  28^  feet,    and    /^  +  /i?  =  28i  +  8  = 

o  o 

36^  feet  =  A  B,  the  diameter  of  the  circle.     Ans. 

Example. — The  diameter  of  the  circle  A  B  is  36J^  feet,  and  the  dis- 
tance B /is8  feet;  what  is  the  length  of  the  line  ///C? 

Solution. — As  the  diameter  of  the  circle  is  36^  feet,  and  as  B lis 
8  feet,  /A  is  equal  to  36^  -  8  =  28^  feet.  Hence,  B I :  IH—  IH :  I  A, 
or  8  :  IH=  IH  :  28^.    

Therefore,  IH=  |/8x28i  =  15  feet,  and  as  HK=IH+IK,  or 
2/7/,  A^A"=  15X2  =  30  feet.     Ans. 


EXAMPLES    FOR     PRACTICE. 

1.  If  a  circle  is  divided  into  ten  equal  sectors,  what  part  of  a  quad- 
rant is  contained  in  the  angle  of  each  sector  ?         Ans.  |  of  a  quadrant. 

2.  An  angle  inscribed  in  a  circle  intercepts  one-fourth  of  the  cir- 
cumference.    What  is  the  size  of  the  angle  ?       Ans.  ^  of  a  right  angle. 

3.  The  perimeter  of  a  regular  inscribed  octagon  is  100  inches  long. 
If  a  radius  is  drawn  perpendicular  to  one  of  the  sides,  what  are  the 
lengths  of  the  two  parts  of  the  side  ?  Ans.  6^  inches. 

4.  If,  in  Fig.  59,  the  diameter  A  B  =  32|-  feet,  and  the  distance 
IB  =  8  feet,  what  is  the  length  of  the  chord  H Kl  Ans.   28  feet. 

5.  In  the  same  figure,  if  the  distance  i?/  is  6  inches,  and  H  K 
18  inches,  what  is  the  diameter  of  the  circle  ?  Ans.  19.5  inches. 


TRIGONOMETRY. 

740.  Trigonometry  is  that  branch  of  mathematics 
which  treats  of  the  solution  of  triangles. 

Every  triangle  has  six  parts — three  sides  and  three 
angles.     If  any  three  parts  are  given,  one  of  them  being  a 
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side,  the  other  three  can  be  found.  The  process  of  finding 
the  unknown  parts  from  the  given  parts  is  called  the  s*<>iu- 
tlon  of  the  triangle. 

741.  In  Trigonometry,  the  circumference  of  every  cir- 
cle is  supposed  to  be  divided  into  300  equal  parts,  called 
cictrrccs;  every  degree  is  subdivided  into  00  equal  parts, 
called  miniitcs,  and  every  minute  is  again  divided  into 
60  equal  parts,  called  seconds.  Degrees,  minutes  and  sec- 
onds are  denoted  by  the  symbols  °,  ',  '.  Thus,  the  ex- 
pression 37°  14'  44",  is  read  37  degrees,  14  minutes  and 
44  seconds. 

Since  one  degree  is  -j^^  of  any  circumference,  it  follows 
that  the  length  of  an  arc  of  one  degree  will  be  different  in 
circles  of  different  diameters,  but  the  proportion  of  the 
length  of  an  arc  of  one  degree  to  the  whole  circumference 
will  always  be  the  same,  viz.,  ^^j^  of  the  circumference. 
Hence,  in  two  given  circles  the  length  of  an  arc  of  1°  will 
be  proportional  to  the  two  radii.  Thus, 
if  A  O  B,  Fig.  GO,  is  an  angle  of  l°on  the 
\a  larger  circle,  it  is  also  1°  on  the  smaller 
\B  concentric  circle,  and  the  length  of  the 
arc  A  B  is  to  the  length  of  the  arc  C  D 
as  the  radius  O  B  is  to  the  radius  O  D\ov, 
F^r^.  arc  A  B  :  arc  C  P  =  O  B  :  O  D. 

E.XAMi'LE. — If  the  arc  CD  =  "2  inches,  radius  OD  —  h  inches,  and 
radius  O  I>  =  9  inches,  what  is  the  length  of  the  arc  A  Bl 

9X2 
Solution. —    -■/  //  :  2  =  9  :  5,  or  ,-/  B  =  — = —  =3|  inches.     Ans. 

5 

742.  In  Trigonometry,  the  arcs  of  circles  are  used  to 
measure  angles.  All  angles  are  supposed 
to  have  their  vertexes  at  the  center  O  of 
the  circle  (see  Fig.  01),  one  side  of  the 
angle  lying  to  the  right  of  O,  and  coin- ^^ 
ciding  with  the  horizontal  diameter,  as 
OB. 

The  point  B  on  the  arc  is  the  starting 
point  in  measuring  an  angle;  the  angle 
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is  supposed  to  increase  by  moving  around  the  circumference 
in  the  direction  indicated  by  the  arrow,  until  the  num- 
ber of  degrees,  minutes  and  seconds  in  the  angle  have 
been  measured  off  on  the  arc.  Suppose  that  it  stops  at 
the  point  //;  draw  O  //,  and  HOB  will  be  the  angle. 
If  A'  had  been  the  stopping  point,  K  O  B  would  have  been 
the  angle. 

Example. — A  given  angle  equals  51° ;  to  lay  it  off  trigonometrically 
on  a  circle:  Describe  a  circle  with  any  convenient  radius,  and  draw 
the  horizontal  diameter  A  B.  From  the  point  B,  count  off  51°  in  the 
direction  of  the  arrow.  If  the  51°  stops  at  the  point  H,  draw  O  H,  and 
HOB  will  equal  51°,  and  will  be  the  required  angle. 

743.  Since  a  quadrant  is  a  fourth  part  of  a  circle,  the 
number  of  degrees  in  a  quadrant  is  one-fourth  of  360°,  or 
90°.      Hence,  a  right  angle  always  contains  90°. 

Example. — The  earth  turns  completely  around  on  its  axis  once  in 
one  day ;  through  how  many  degrees  does  it  turn  in  one  hour  ? 

Solution. — In  one  day  there  are  24  hours,  and  since  the  earth  turns 
through  360°  in  24  hours,  in  one  hour  it  will  turn  through  360°  h-  24  = 
15°.     Ans. 

744.  In  adding  two  angles  together,  seconds  are  added 
to  seconds,  minutes  to  minutes,  and  degrees  to  degrees ;  so, 
also,  in  subtracting  two  angles,  seconds  are  subtracted  from 
seconds,  minutes  from  minutes,  and  degrees  from  degrees. 

Example.— Add  75°  46'  17"  and  14°  27'  34". 

Solution.—  75°  46'  17" 

14°  27'  34" 


89°  73'  51" 
Since  73'  =  1°  13',  the  1°  is  added  to  the  89°,  and  the  sum  is  then 
written  90°  13'  51".     Ans. 

Example.— What  is  the  difference  between  126°  14'  20"  and  45°  28' 
13"? 

Solution.—  126°  14'  20" 

45°  28'  13" 
7" 
Since  28'  cannot  be  taken  from  14',  1°  ( =  60')  is  taken  from  126°  and 
added  to  the  14',  and  the  above  is  written: 

125°  74'  20" 
45°  28'  13" 


80°  46'    7".     Ans. 


2r,4  GEO>rETRV  AXD   TRTOOXOMETRV. 

Example.— Subtract  4r  36'  14  '  from  90\ 

Solution.— Since  1°  =  60'  and  1'  =  60  .  we  can  write.  90'  =89'  59* 
60",  and 

89'  r)9'  60 ' 

49'  36'  14" 

40"  23  46  .     Ans. 
Example.— Add  83'  l.T  39"  and  96   44  21". 
Solution.—  83'  15  39" 

96'  44"  21" 

179  .'»«  my 

Since  60"  =  1',  add  1'  tor)9'  making  it  60  ;  since  00'  =  V,  add  1  to  179% 
making  it  180'. 

Therefore,  83"  15'  39  '  -+-  96'  44'  21  "  =  180'.     Ans. 


KXAMPLKS   FOR   PRACTICK. 

1.  Add  43'  0'  59    and  lU    5'J  40  .  Ans.  54'  0  39'. 

2.  From  180°  12'  20"  subtract  3'  12'  56  ".  Ans.  176'  59  24  ". 

3.  From  84'  take  83°  14'  10 ",  and  to  the  result  add  14  10".    Ans.  1'. 


THE    TRIGONOMETRIC    FUXCTIOXS. 

745.  A  function  of  a  (juantity  is  another  quantity  de- 
pending upon  the  first  one  for  its  value.  The  circumference 
of  a  circle,  for  example,  is  a  function  of  the  diameter,  be- 
cause the  length  of  the  circumference  depends  upon  the 
length  of  the  diameter. 

74t>.  In  Trigonometry,  the  number  of  degrees  con- 
tained in  an  angle  is  often  denoted  by  certain  lines,  called 
the  trijroiioiiictric  functions,  whose  lengths  depend 
upon  the  arcs  which  measure  the  angles.  These  lines  are 
the  characteristic  quantities  of  trigonometry. 

The  principal  trigonometric  functions  are  the  si'/tc,  cosine, 
and  tatigcnt. 

747.  The  sine  of  an  angle  is  the  line  drawn  from  the 
point  where  one  side  of  the  angle  cuts  the 
circumference  perpendicular  to  the  other 
side.  Thus,  .-/  C,  Fig.  fl'^,  is  the  sine  of  the 
angle  />  O  A.  In  making  calculations,  the 
word  sine  is  abbreviated  to  sin,  and  instead 
of  writing  sine  o{  B  O  A,  or  sine  of  34" 
figTcj.  15',  write  sin  BOA,  and  sin  34'  15 . 
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748.  The  cosine  of  an  angle  is  the  distance  from  the 
foot  of  the  sine  to  the  center  of  the  circle.  Thus,  in  the 
above  figure,  O  C  is  the  cosine  of  the  angle  BOA.  The 
word  cosine  is  abbreviated  to  cos.  Thus,  the  cosine  of 
B  O  A  is  written  cos  BOA. 

749.  If  a  tangent  is  drawn  at  the  right  extremity  of 
the  horizontal  diameter  of  a  circle,  which  forms  one  side  of 
an  angle,  and  the  other  side  of  the  angle  is 
prolonged  to  meet  it,  the  distance  intercepted 
by  the  two  sides  of  the  angle  is  called  the 
tangent  of  that  angle.  Thus,  in  Fig.  G3,  D  B 
is  the  tangent  of  B  O  A.  The  word  tangent 
is  abbreviated  to  tan.  Thus,  the  tangent  of 
B  O  A  is  written  tan  BOA.  p^^  ^ 

750.  If  a  tangent  is  drawn  from  the  upper  extremity 
of  a  vertical  diameter  of  a  circle,  whose  horizontal  diameter 

E  jF    forms  one  side  of  an  angle,  and  the  other 

side  of  the  angle  is  prolonged  until  it 
meets  this  tangent,  the  distance  inter- 
cepted on  this  tangent  between  the  ex- 
remity  of  the  vertical  diameter  and  the 
prolonged  line  is  called  the  cotangent  of 
Fig.  64.  that  angle.  Thus,  i5"/%Fig.  G4,  is  the  cotan- 

gent of  the  angle  BOA.  The  word  cotangent  is  abbreviated 
to  cotan.  Thus,  the  cotangent  oi  B  O  Ais  written  cotan  BOA. 
These  abbreviations  must  always  be  pronounced  in  full. 
Thus,  cos  14°  22'  4G",  is  pronounced  cosine  of  fourteen  de- 
grees^ twenty-two  minutes  and  forty -six  seconds;  tan  45°  is 
pronounced  tangent  of  forty -five  degrees. 

Example. — Given,  an  angle  =  60°,  to  draw  its 
sine,  cosine,  tangent,  and  cotangent. 

Solution. — Describe  any  circle,  H E  B  G,  Fig. 
65,  and  draw  the  horizontal  diameter  H  B,  and  the 
vertical  diameter  G  E.  From  B,  mark  oR  B  A  — 
60°,  and  draw  O  A ;  then,  B  O  A  =  60°.  At  A, 
draw  A  C  perpendicular  to  O  B.  A  C=  sin  60% 
andO  C  =  cos  60°. 

Draw  a  tangent  at  B,  and  prolong  O  A  until  O  A 
intersects  the  tangent  at  Z> ;  then  D  B  =  tan  60°. 
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Fig.  (jC. 


Draw  a  tangent  at  E,  and  prolong  it  until  it  meets  O  A  prolonged  at 
F\  then.  E  /-'=  cotan  fiO\     Ans. 

751.  The  sine,  cosine,  tangent,  and  cotangent  of  the 
same  angle  in  circles  of  different  radii  are  proportional  to 
the  radii.  In  a  circle  whose  radius  is  3,  for  example,  they 
arc  three  times  as  great  as  the  sine,   cosine,   tangent,  and 

rcotangcnt  of  the  same  angle  in  a  circle 
whose  radius  is  1.  Thus,  in  Fig.  GO,  the 
angles  />  O  A  and  F  O  II  are  the  same; 
but  if  the  radius  O  B  is  three  times  as  long 
as  the  radius  O  F^  then,  by  the  principle 
of  similar  triangles  (see  Art.  7  lt>),  it  can 
easily  be  shown  that  the  sine  A  C  is  three 
times  as  long  as  the  sine  //  A';  that  the 
cosine  t7  6"  is  three  times  as  long  as  the  cosine  O  K\  that  the 
tangent  D  B  is  three  times  as  long  as  the  tangent  /T  /%  and 
that  the  cotangent  A'  A'  is  three  times  as  long  as  the  cotan- 
gent L  M.      Hence,  we  have  the  two  important  principles: 

1/  the  values  of  the  sine,  eosinc,  tangent,  and  eotangent  are 
known  for  any  angle  in  a  cirele  -whose  radius  is  1,  their 
values  for  the  same  angle  in  any  other  eirele  ean  be  obtained 
by  multiplying  their  knoiun  values  in  a  eirele  whose  radius  is 
1,  by  the  radius  of  the  required  cirele. 

Conversely,  if  the  vilues  of  the  sine,  cosine,  tangent,  and 
cotangent  are  known  for  an  angle  in  a  circle  whose  radius  is 
other  than  1,  their  values  for  the  same  angle  in  a  circle  whose 
radius  is  1  can  be  obtained  by  dividing  the  knoivn  values  by 
the  radius  of  the  given  circle. 

E.KAMPLR. — Sin  28'  21  to  a  radius  1  =  .47480;  what  is  the  sine  of  the 
same  angle  to  a  radius  4-i  ? 

Solution.—    .47486x4^  =  2.13687.     Ans. 

Example. — If  tan  19°  35'  to  a  radius  5  =  1.77880,  what  does  the  tan- 
gent of  the  same  angle  to  a  radius  1  equal  ? 
Solution.—    1.77880-5-5  =  .35570.     Ans. 

752.  To  facilitate  calculations,  tables  of  the  trigonomet- 
ric functions  are  employed.  These  tables  give  the  sine, 
cosine,  tangent,  cotangent,  etc.,  of  the  degrees  and  minutes 
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in  a  circle  whose  radius  is  1.  Hence,  when  the  sine,  cosine, 
tangent,  or  cotangent  is  given  for  an  angle  in  a  circle  whose 
radius  is  greater  or  less  than  1,  its  value  must  be  found  for 
a  circle  whose  radius  is  1,  before  the  table  can  be  used. 

For  example,  suppose  we  have  measured  the  sine  of  a 
certain  angle  belonging  to  a  circle  whose  radius  is  20  feet, 
and  found  that  it  measures  9.4972  feet,  and  wanted  to  find 
how  many  degrees  the  angle  contained.  In  this  case  the 
sine  of  the  angle  for  a  circle  whose  radius  is  20  feet  =  9.4972 

feet.     By  dividing  9.4972  by  20,  we  have  "      '     =.47486, 

which  is  the  sine  of  the  same  angle  in  a  circle  whose  radius 
is  1;  and  by  looking  in  a  table  containing  the  natural  sines 
of  angles  for  different  degrees  and  minutes,  we  find  opposite 
.47486,  28°  21',  which  is  the  size  of  the  angle.  The  method 
of  using  the  table  of  natural  sines,  cosines,  tangents,  and 
cotangents  will  be  explained  later. 

753.  The  application  of  the  trigonometric  functions  is 
made  in  right-angled  triangles.  Thus,  in 
Fig.  67,  yJ  Z)  6"  is  a  right-angled  triangle, 
right-angled  at  C.  If  A  be  taken  as  a 
center,  and  A  B  a.s  a.  radius,  and  an  arc 
D  B  F  he  described,  B  C  will  be  the  si)ie 
of  the  angle  B  A  C,  and  A   C  will  be  the 

c  B  cosine  of  B  A  C.     If,  with  the  same  center 
Fig.  er.  ^^^  ]3^^  with  y^  (7  as  a  radius,  an  arc  CHE 

be  described,  B  C  will  be  the  tangent  oi  B  A  C. 

754.  To  show  the  method  of  using  the  sine,  cosine  and 
tangent,  the  following  cases  will  be  considered : 

Case  I. — Suppose  we  have  a  right- 
angled  triangle  ABC,  Fig.  68,  right- 
angled  at  C,  and  that  we  know  the 
lengths  of  A  ^  and  B  C,  and  wish  to 
find  the  length  of  A  C,  and  the  angles 
A  and  B. 

As  A  C B  is  a  right-angled  triangle,  ^'g.  68. 

we  can  calculate  A  C  hy  subtracting  the  square  oi  B  C 
from   the   square   of  A  B,  and   extracting  the  square  root 
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of  the  remainder,  or  A  C  =  ^/  A  B*  —  B  C* .  (See  Art. 
714.)  P>iit  we  should  not  know  the  angles  A  and  Ji. 
Hence,  we  proceed  as  follows:  With  A  as  a  center,  and 
A  B  as  a  radius,  describe  the  arc  B  D\  then,  B  C  is 
the  sine  of  the  angle  A,  and  ./  B  is  the  radius  of  the 
circle.  Suppose  that  A  B  —  \h  feet,  and  B  C  =  8.G04 
feet.      Now,  reduce  BC  to  a  circle   whose  radius  is   1,  by 

dividing  8.G()4  by  15,  or  ^'        =  .5736  =  sine  of  angle  A,  in 

a  circle  whose  radius  is  1. 

Looking  in  a  table  of  natural  sines,  we  find  opposite  .5730, 

35°;  hence,  angle  .-i  =35°.     Now,  observe  from  the  figure 

that  A  B  is  the  hypotenuse,  and  B  C  is  the  side  opposite  the 

angle  we  wish  to  find;  then,  since  we  divided />  67  by  y/ .^, 

to  reduce  the  sine  to  a  circle  whose  radius  is  1,  we  have 

side  opposite         .         ^         ,     .  ■    t        t 

Rule  1. -, ^ =  sine  of  ans^lc  tn  a  eircle  whose 

hypotenuse 

radius  is  1. 

Since  angle  A  +  angle  7?  =  90° ;    angle  i?  =  90°  -  35"  = 

55°.      Having  found  the  angle  />,  the  side  A  C  can  be  easily 

found  by  referring  to  a  table  of  natural  sines,  in  which  the 

sine  of  55°  will  be  found  to  be  equal  to  .81915. 

_  ,  ,  side  opposite  .  ,  , 

From  rule    1,  we  have  -; ^^ =  sme  of  angle,  or 

hypotenuse 

.AC 

since  B  is  an  angle  of  55°,  and  A  C  is  the  side  opposite,  — j-r-  = 

.81915,  ox  AC=  .81915  X  15  =  12.29  feet.     We  now  know 
all  of  the  sides  and  angles. 

Since  A  C  =  .81915  X  15  =  sine  of  the  angle  B  X  hypote- 
nuse, and  AC—  side  opposite,  we  have, 

Kule   2. — Side  opposite  =  hypotenuse  X  sine. 
Case  H. — Suppose  that  in  a  right-angled  triangle,  ABC, 

Fig.  69,  right-angled  at  C",  the  side 
./  C=  14,  and  the  hypotenuse  A  B  = 
18,  had  been  given,  to  find  />  C,  and  the 
angles  A  and  />.  B  C'\s  called  the  side 
opposite  the  angle  A,  and  A  C  is  called 
the  side  adjacent.  With  A  as  a  center, 
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and  A  B  as  a.  radius,  describe  the  arc  B  D.  Then  A  C  is, 
the  cosine  of  the  angle  A  to  a  radius  y^  ^  =  18;  cos  y^  to  a 
radius  1  =  14-^18  =  .  77778.  Referring  to  a  table  of  natural 
cosines,  .77778  will  be  found  to  be  the  cos  of  38°  50'  33". 

Hence,  the  angle  A  -  38°  56'  32".     To  find  B^  subtract  A 
from  90°. 

90°  =  89°  59'  GO" 
38°  56'  32" 


51°    3'  28" 

Therefore,  ^=51°  3'  28". 

But  since  14  -^  18  =  ^4  C  -^  A  B,  we  have 

si'di'  adjacent 

Rule  3. —      —7 =  cosine. 

Iiypotennse 

B  C  is,  side  opposite  the  angle  A  ;  therefore,  since  side  op- 
posite =  hypotenuse  X  sine  (rule  2),  i)  r=  18  X  sin  38°  56' 
32"  =  18  X  .62853  =  11.31. 

„.  .  side  adjacent  ,      ,    „v  , 

Since  cosine  =  — , (  rule  3  ),  we  have 

hypotenuse 

Rule  4. — Side  adjacent  =  liypotenuse  X  cosine. 

Case  III. — In  Fig.  70,  yJ  C  i>  is  a  right-angled  triangle, 
right-angled  at  C.  Let  ^  6^=  9,  and  A  C=\(S.  To  find 
the  hypotenuse  A  B,  and  angles  A  and  !>> 

B.     In  the  preceding  cases,  the  hypot- 
enuse was  given  ;  A  was  taken  as  a  cen- 
ter, and  the  hypotenuse  yJ  B  as  a  radius. 
But  since,   in  the  present  case,  the  hy-     ^        16 
potenuse  is  unknown,  we  cannot  use  it  y\g.  ro.  ^ 

as  in  rules  1,  2,  3,  and  4.  So  we  take  the  same  center  A, 
and  A  C  as  a  radius,  and  describe  the  arc  C  D.  Then,  B  C 
is  the  tangent  of  the  angle  A  to  a  radius  16,  and  9  -f-  16  = 
.5625,  or  tangent  y^  to  a  radius  1.  In  a  table  of  natural 
tangents  we  find  .5625  opposite  29°  21'  28". 

Therefore,  A  =  29°  21'  28",  and  .5  =  90°  -  29°  21'  28"  = 
60°  38'  32". 

To  find  A  B,  we  use  rule  2,  side  opposite  =  hypotenuse  X 
sine,  or  9  =  sin  29°  21'  28"  X  hypotenuse.      In   the  table  of 
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natural  sines,  we    find    that  sin  29°  21'  28' =  .4lM)2r,.     0  = 

9 
.49020  X  hypotenuse,  or  hypotenuse  =  =  18.36. 

Since  B  C=  l),  or  side  opposite,  A  C  =  1<".,  or  side  adja- 
cent, and  9  ^  HI  =  B  C  -h-  A  C,  or  tangent,  we  have 

side  opposite        . 

Wulc  5. —  1  amrent  =  -.-. -'. -;  also, 

sufe  adjacent 

Rule  6. — Side  opposite  —  tangent  X  side  adjacent. 

We  also  have 

side  adjacent  . 

Rule  7. — Lotans[ent  =    -^ f^^ — ^— /  and 

"^  side  opposite 

Rule  8. — Side  adjacent  =  cotangent  X  side  opposite. 

By  means  of  these  eight  rules,  we  can  find  the  side  and 
angles  of  any  triangle,  Avhen  three  of  its  parts  are  given, 
one  part  being  a  side. 

They  should  be  memorized,  and  for  convenience  are  again 

given  here. 

„ .  side  opposite 

Rule  \.—Sine  =  —. ^ . 

hypotenuse 

liule  2. — Side  opposite  =  hypotenuse  X  sine. 

^    .  side  adjacent 

Rule  a. — Cosine  =i     ,    ^  / . 

hypotenuse 

Rule  4. — Side  adjacent  =  hypotenuse X  cosine. 

,„  side  opposite 

Rule  5. —  langent  —  —^ --. -. 

^  side  adjacent 

liule  6. — Side  opposite  —  side  adjacent  X  tangent. 

_  side  adjacent 

Rule  7. — Cotangent  =  — r^ f- — r— . 

•^  side  opposite 

liule  8. — Side  adjacent  =  cotangent  X  side  opposite. 

To  these  may  be  added  two  more: 

side  opposite 


Rule  9. — Hypotenuse  = 
Rule  lO. — Hypotenuse  = 


sine 
side  adjacent 


cosine 

When  solving  triangles  by  means  of  these  rules,  and  the 
hypotenuse  is  given  or  required,  use  rule  1,  2,  a,  4,  9,  i>r 
lO;  but,  when  the  two  sides  about  the  right  angle  are 
given,  use  rules  5  and  6  or  7  and  8. 
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EXAMPLES   FOR   PRACTICE. 

1.  Given,  an  angle  =  45°,  to  draw  its  sine,  cosine  and  tangent. 

2.  Given,  the  tangent  of  an  angle  in  a  circle  3  inches  in  diameter  = 
2  inches.  Draw  a  figure,  and  from  it  find  the  sine  of  the  same  angle  in 
a  circle  whose  radius  is  twice  as  great. 

3.  The  cosine  of  an  angle  in  a  circle  whose  radius  is  1  inch  is  .9654 
inch.  (<^?)  What  is  the  cosine  of  the  same  angle  in  a  circle  whose  radius 
measures  3i  inches  ?    {b)  What  in  a  circle  whose  radius  is  .63  inch  ? 

Ans    i(^)  3.3789  in. 
]  {b)  .6082  in. 

TRIGONOMETRIC    TABLES. 

In  the  foregoing  rules,  the  sines,  cosines,  tangents,  and 
cotangents  are  all  to  be  taken  from  printed  tables,  which 
have  previously  been  referred  to.  There  are  two  kinds  of 
tables  in  general  use  ;  the  first  is  a  table  of  natural  sines, 
cosines,  tangents,  etc.,  and  gives  their  actual  values  for  a  cir- 
cle whose  radius  is  1.  In  other  tables,  logarithms  are  used. 
The  first  is  the  table  that  we  shall  employ,  and  the  method 
of  using  it  will  now  be- explained. 

755.  Given,  an  angle,  to  find  its  sine,  cosine, 
tangent,  and  cotangent : 

Example. — Let  it  be  required  to  find  the  sine,  cosine,  tangent  and 
cotangent  of  an  angle  of  37°  24'. 

Solution. — Look  in  the  table  of  natural  sines  along  the  tops 
of  the  pages  and  find  37°.  The  left-hand  column  is  marked  ('),  mean- 
ing that  the  minutes  are  to  be  sought  in  that  column,  and  begin  with 
0,  1,  2,  3,  etc.,  up  to  60.  Glancing  dozun  this  column  until  24  is  found, 
find  opposite  this  24  in  the  column  marked  sine,  and  headed  37°,  the 
number  .60738;  then  .60738  =  sin  37°  24'  to  a  radius  1.  In  exactly  the 
same  manner,  find  in  the  column  marked  cosine,  and  headed  37°,  the 
number  .79441,  which  corresponds  to  cos  37°  24' ;  or  cos  37°  24'  =  .79441. 
So,  also,  find  in  the  column  marked  tangent,  and  headed  37°,  and 
opposite  24',  the  number  .76456;  whence,  tan  37°  24'  =  .76456.  Finally, 
find  in  the  column  marked  cotangent  and  headed  37°,  and  opposite  24', 
the  number  1.30795;  whence,  cotan  37°  24'  =  1.30795. 

756.  In  most  of  the  tables  published,  the  angles  run 
only  from  0°  to  45°,  at  the  heads  of  the  columns  ;  to  find  an 
angle  greater  than  45°,  look  at  the  bottom  of  tJic  page  and 
glanee  upxvards^  using  the  extreme  right-hand  column  to 
find  minutes,  which  begin  with  0  at  the  bottom  and  run 
upwards,  1,  2,  3,  etc.,  up  to  60. 
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Example. — Find  the  sine,  cosine,  tangent,  and  cotangtiit  <>f  77'  48*. 

Solution. — Since  this  angle  is  greater  than  4"),  look  aU)ng  the  bot- 
tom of  the  tables,  until  the  column  marked  st'nf,  and  headed  77",  is 
found.  CJlancing  up  the  column  of  minutes  on  the  right,  until  4IV  is 
found,  find  opposite  4:}'  in  the  column  marked  sine  at  the  bottom,  and 
headed  77  ,  the  number  .97711 ;  this  is  the  sine  of  77'  43',  or  sin  77  43' 
=  .97711.  Similarly,  in  the  column  marked  cosine,  and  headed  77', 
find  opposite  43',  in  the  right-hand  column,  the  number  .21275;  this  is 
the  cosine  of  77'  43',  or  cos  77'  43'=  .21275.  So,  also,  find  that  4.5!»2H3 
is  the  tangent  of  77'  43",  or  tan  77°  43'  =  4.59283.  Finally,  find  in  the 
same  manner,  that  the  cotangent  of  77°  43',  or  cotan  77°  43'  =  .21773. 

Let  it  be  required  to  find  the  sine  of  14°  22'  20'. 

Explanation. — The  sine  of  14°  22'  20",  lies  between  the 
sine  14°  22'  and  14°  23'.  Sin  14°  22'  =:  .2481:3;  sin  14°  23'  = 
.24841 ;  difference  =  .00028.  Hence,  there  are  28  parts  be- 
tween sin  14°  22'  and  sin  14°  23',  or  28  parts  corresponding 
to  a  difference  of  1'.  Now,  since  1'  =  00",  the  number  of 
parts  between  sin  14°  22'  and  sin  14°  22'  20",  that  is,  the 
number  of  parts  corresponding  to  a  difference  of  20",  must 
be  \\  X  28  =  12.1.  Since  .1  is  less  than  .5,  omit  it,  and  we 
have  12  as  the  number  of  parts  to  be  added  to  the  sine  of  14° 
22'  to  produce  the  sine  of  14°  22'  20'. 

Therefore,  sin  14°  22'  20'  =  .24813  -f  .00012  =  .24825. 

By  referring  to  the  table  of  sines,  cosines,  tangents,  and 
cotangents,  it  will  be  observed  that,  as  the  angles  increase 
in  size,  the  sines  and  tangents  increase,  while  the  cosines  and 
cotangents  decrease.  In  the  above  example,  therefore,  had 
it  been  required  to  find  the  cosine  or  the  cotangent  of  14°  22' 
20',  the  correction  for  the  20'  would  have  been  snbtractcd 
from  the  cosine  or  the  cotangent  of  14°  22',  instead  of  added 
to  it.  From  the  foregoing,  we  have,  to  find  the  sine,  cosine, 
tangent,  or  cotangent  of  an  angle  containing  seconds,  the 
following  rule:  • 

Rule  II. — Find  in  the  table  the  sine,  cosine,  tangent,  or 
cotangent  corresponding  to  the  degrees  and  minutes  of  the 
angle. 

For  the  seconds,  Jin il  the  di(ference  of  the  values  of  the  sine, 
cosine,  tangent,  cr  cotangent,  taken  from  the  table  beticeen 
which  the  seconds  of  the  angle  fall;  multiply  tliis  difference 
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by  a  fraction  zuJiose  numerator  is  the  number  of  seconds  in  the 
given  angle,  and  ivJiose  denominator  is  60. 

If  sine  or  tangent,  add  this  correction  to  the  value  first 
found;  if  cosine  or  cotangent,  subtract  the  correction. 

Example. — Find  the  sine,  cosine,  tangent,  and  cotangent  of  56°  43'  17". 

Solution.— Sin  56°  43'  =  .83597.  Sin  56"  44'  =  .83613.  Since  56'  43'  17" 
is  greater  than  56°  43'  and  less  than  56°  44',  the  value  of  the  sine  of  the 
angle  lies  between  .83597  and  .83613 ;  the  difference  =  .83613  -  .83597  = 
.00016;  multiplying  this  by  the  fraction  \l,  .00016  X  ij  =  .00005,  nearly, 
which  is  to  be  added  to  .83597,  the  value  first  found,  or  .83597  +  .00005 
=  .83602.     Hence,  sin  56°  43'  17'  =  .83602.     Ans. 

Cos  56°  43' =  .54878;  cos  56°  44' =  .54854;  the  difference  =  .54878 - 
. 54854  =  . 00024,  and  . 00024  X\l=^- 00007,  nearly.  Now,  since  the  coszne 
is  desired,  we  must  subtract  this  correction  from  cos  56°  43'  or  .54878; 
subtracting,  .54878  -  .00007  =  .54871.  Hence,  cos  56°  43'  17"  =  .54871. 
Ans. 

Tan  56°  43' =  1.52332;  tan  56°  44' =  1.52429;  the  difference  =  .00097, 
and  .00097  X  i^  =  . 00027,  nearly.  Since  the  tangent  is  desired,  we 
must  add,  giving  1.52332  +  .00027  =  1.52359.  Hence,  tan  56°  43'  17"  = 
1.52359.     Ans. 

Cotan  56°  43' =  .65646;  cotan  56°  44' =  .65604;  the  difference  = 
.00042,  and  .00042  X  iJ  =  . 00012,  nearly.  Since  the  cotangent  is  de- 
sired, we  must  subtract,  giving  .65646  —  .00013  =  .65634.  Hence, 
cotan  56°  43'  17"  =  .65634.     Ans. 

75 T.  Given,  the  sine,  cosine,  tangent,  or  cotan- 
gent, to  find  the  angle  corresponding: 

Example. — The  sine  of  an  angle  is  .47486;  what  is  the  angle*  ? 

Solution. — Consulting  the  table  of  natural  sines,  glance  down  the 
columns  marked  s/iu\  until  .47486  is  found  opposite  21',  in  the  left-hand 
column,  and  under  the  column  headed  28°.  Therefore,  the  angle 
whose  sine  =  .47486  is  28°  21',  or  sin  28°  21'  =  .47486.     Ans. 

Example. — Find  the  angle  whose  cosine  is  .27032. 

Solution.- — Looking  in  the  columns  marked  cosine,  at  the  top  of  the 
page,  it  is  not  found ;  hence,  the  angle  is  greater  than  45° ;  conse- 
quently, looking  in  the  columns  marked  cos/tie  at  the  bottom  of  the 
page,  it  is  found  opposite  19',  in  the  r/>///-/i'rt:;/(f  column  of  minutes,  and 
in  the  column  headed  74°  at  the  bottom.  Therefore,  the  angle  whose 
cosine  is  .27032,  is  74°  19',  or  cos  74°  19'  =  .27032.     Ans. 


*N()TE.— Whenever  the  sine,  cosine,  tangent,  or  cotangent  of  an 
angle  is  given,  and  no  radius  is  specified,  the  radius  is  always  under- 
stood to  be  1. 
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ExAMi'i.K. — Find  the  angle  whose  tangent  is  2.1592.'). 

Solution.— On  searching  a  table  of  natural  tangents,  it  is  found  to 
belong  to  an  angle  greater  th?.n  45°,  so  it  must  be  ltK)ked  for  in  the 
column  marked  tangent  at  the  bottom.  It  is  found  opposite  9',  in  the 
right-hand  column  of  minutes,  and  in  tiie  column  headed  05^  at  the 
bottom.     Therefore,  tan  (J5    9  r^  2.  ir)925.     Ans. 

Example. — Find  the  angle  whose  cotangent  is  .4:)412. 

Solution. — From  the  table  of  natural  cotangents,  it  is  found  that 
this  value  is  less  than  the  cotangent  of  45^,  so  it  must  be  found  in  the 
column  marked  lotiinj^fnt  at  the  bottom.  Looking  there,  it  is  found 
in  the  column  headed  CG'at  the  bottom,  and  opposite  32',  in  the  right- 
hand  column  of  minutes.  Therefore,  the  angle  whose  cotangent  is 
.43412,  is  66°  32',  or  cotan  60^  32'  =  .4:1412.     Ans. 

Let  it  be  required  to  find  the  angle  whose  sine  is  .42531. 

E.xPLANATioN. — Referring  to  the  table  of  sines,  this  num- 
ber is  found  to  lie  between  .42525,  the  sine  of  25°  10',  and 
.42552,  the  sine  of  25°  11'.  The  difference  between  these 
two  numbers  =  .42552  —  .42525  =  .00027,  or  27  parts;  the 
difference  between  .42525,  the  sine  of  25°  10',  and  .42531, 
the  sine  of  the  given  angle,  =  .42531  —  .42525  =  .00000,  or  G 
parts.  Therefore,  the  angle  whose  sine  is  .42531,  is  greater 
than  25°  10'  by  6  of  the  27  parts  between  sin  25°  10'  and  sin 
25°  ir.      Hence,  the  angle  whose  sine  =  .42531  =  25°  lOgV- 

Since  1'  =  GO",  ^^V  minute  =  ^\  X  GO  =13.3'.  Therefore,the 
angle  whose  sine  is  .42531  =  25°  10'  13.3'. 

In  this  case,  the  correction  is  added  for  the  cosine  and 
cotangent,  as  well  as  for  the  sine  and  tangent,  because  for 
any  difference  between  the  given  sine,  cosine,  tangent,  or 
cotangent,  and  the  one  belonging  to  the  angle  next  lower, 
the  size  of  the  angle  always  increases  a  corresponding 
amount. 

768.  To  find  the  angle  corresponding  to  a  given  sine, 
cosine,  tangent,  or  cotangent,  whose  exact  value  is  not  con- 
tained in  the  table: 

Rule  1 2.  — Find  the  difference  of  the  tiuo  numbers  in  the 
table  hetiK'coi  xchich  the  given  sine,  cosine,  or  tangent  /alls, 
and  use  the  nnn/ber  of  parts  in  this  difference  as  the  denomi- 
nator of  a  fraction. 
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Fi)id  the  difference  between  the  number  belonging  to  the 
smaller  angle,  and  the  given  sine^  cosine,  tangent,  or  cotan- 
gent, and  use  the  number  of  parts  in  the  difference  just  found 
as  the  numerator  of  the  fraction  mentioned  above.  Multiply 
this  fraction  by  60,  and  the  result  ivill  be  the  number  of 
seconds  to  be  added  to  the  smaller  angle. 

Example. — Find  the  angle  whose  sine  =  .57698. 

Solution. — Looking  in  the  table  of  natural  sines,  in  the  columns 
marked  sine,  it  is  found  between  .57691  =  sin  35°  14'  and  .57715  =  35°  15'. 
The  difference  between  them  is  .57715  —  .57691  =  .00024,  or  24  parts. 
The  difference  between  the  sine  of  the  smaller  angle,  or  sin  35°  14'  = 
.57691,  and  the  given  sine,  or  .57698,  is  .57698  -  .57691  =  .00007,  or  7  parts. 

Then,  ^3-  X  60  =  17.5",  and  the  angle  =  35°  14'  17.5",  or  sin 
35°  14' 17. 5'' =.57698.     Ans. 

Example. — Find  the  angle  whose  cosine  is  .27052. 

Solution. — Looking  in  the  table  of  cosines,  it  is  found  to  belong  to 
a  greater  angle  than  45°  and,  hence,  must  be  sought  for  in  the  columns 
marked  cosvie,  at  the  bottom  of  the  page.  It  is  found  between  the 
numbers  .27060  =  cos  74°  18'  and  .27032  =  cos  74°  19'.  The  difference 
between  the  two  is  .27060  —  .27032  =  .00028,  or  28  parts.  The  cosine  of 
the  stit alter  angle,  or  74°  18',  is  .27060,  and  the  difference  between  this 
and  the  given  cosine  is  .27060  —  .27052  =  .00008,  or  8  parts. 

Hence,  ^\  X  60  =  17.14",  nearly,  and  the  angle  whose  cosine  is 
.27052  =  74°  18'  17. 14",  or  cos  74°  18'  17. 14"  =  .  27052.     Ans. 

Example. — Find  the  angle  whose  tangent  is  2.15841. 

Solution.— 2.15841  falls  between  2.15760  =  tan  65°  8',  and  2.15925  = 
tan  65°  9'.  The  difference  =  2.15925  -  2.15760  =  .00165,  or  165  parts. 
2.15841  -  2.15760  =  .00081,  or  81  parts.  ^V?  X  60  =  29.5",  nearly,  and  the 
angle  whose  tangent  is  2.15841  =  65°  8' 29.5",  or  tan  65°  8' 29.5"  = 
2.15841. 

Example. — Find  the  angle  whose  cotangent  is  1.26342. 

Solution.—  1.26342  falls  between  1.26395  =  cotan  38°  21',  and  1.26319 
=  cotan  38°  22'.  The  difference  =  1.26395  -  1.26319  =  .00076.  1.26395 
—  1.26342  =  .00053.  f|x60  =  41.9,  nearly,  and  the  angle  whose  cotan- 
gent is  1.26342  =38°  21'  41.9",  or  cotan  38°  21'  41.9"  =  1.26342. 


EXAMPLES  FOR   PRACTICE. 

1,     Find  (a)  the  sine,  {b)  cosine  and  {c)  tangent  of  48°  17'. 


{a)  .74644. 
Ans. -j(^)  .66545. 
{{c)  1.12172. 
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2.  Find  the  (a)  sine,  (d)  cosine,  and  (i)  tangent  of  V.V  11   0  . 

^  (d)  .22810. 

Ans.  •}  (^)  .J)7;m 
f(r)  .2:'.427- 

3.  Find  the  («)  sine,  (^)  cosine,  and  (<)  tangent  of  72°  0'  1.8". 

( {a)  .95100. 

Ans.  •]  (/5)  .30JK)1. 
(  (<-)  3.07777. 

4.  (a)  Of  what  angle  is  .26489  the  sine?  (I)  Of  what  is  it  the 
cosine?  \  (n)  15' 21' 37.2". 

"^"  ■/  {/>)  74"  38'  22.8". 

5.  (ii)  Of  what  angle  is  .08800  the  sine  ?  {l>)  Of  what  the  cosine  ?  (c) 
Of  what  the  tangent  ?  i  (n)  iT  28'  20  ". 

Ans.  \  (/>)  46'  31'  40 '. 
((f)  34°  31' 40.5". 

THE  soiATiox  or  TRi.\N(;i>i:s. 

759.  As  previously  stated,  every  triangle  has  six  parts, 
three  sides  and  three  angles,  and  if  any  three  parts  are  given, 
one  of  them  being  a  side,  the  other  three  may  be  found. 

In  right-angled  triangles,  it  is  only  necessary  to  know  ttco 
parts  in  addition  to  the  right  angle,  one  of  which  must  be  a 
side. 

Rules   1  to  12  are  sufficient  for  solving  all  cases. 


RI(>HT-ANGLi:i)   TUIAXtiLKS. 

The  method  of  solving  right-angled  triangles  has  already 
been  explained,  but  a  few  additional  examples  will  be  con- 
sidered.     There  are  two  cases: 

Case  I. —  / 1  'lien  the  tzvo  given  parts  are  a  side  and  an  angle: 

ExA.MPLE. — In  Fig.  71,  the  hypotenuse  A  B  of  the  right-angled  tri- 
angle A  C  B  is  24  feet,  and  the  angle  A  is 
29°  31',  to  find  the  sides  ^  C  and  .ff  C,  and  the 
angle  B. 

Note. — When  working   examples  of  this 
kind,  construct  the  figure,  and  mark  the  known 
parts.      This   is   a   great   help  in  solving  the 
p,f,  -|  example.     Hence,  in  the  figure  draw  the  angle 

.4  to  represent  an  angle  of  29'  31',  and  com- 
plete the  right-angled  triangle  A  C  B,  right-angled  at  C  as  shown. 
Slark  the  angle  .-/  and  the  hypotenuse,  as  is  done  in  the  figure. 

Solution.— Angle  j?  =  90°  -  29°  3l'  =  60°  29'.  To  find  A  C,  use  rule 
4  ;  viz.,  A  C,  or  side  adjacent  =  hypotenuse  X  cosine  =  24  X  cos  29°  81' 
=  24  X  .87021  =  20.89  feet,  nearly. 
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To  find  B  C,  use  the  same  rule ;  thus,  i?  C=  24  X  cos  60°  29'  =  24  X 
.49268  =  11.82  feet,  nearly.  To  find  B  C,  rule  2  could  also  have  been 
ased,  viz.,  side  opposite  =  hypotenuse  X  sine,  or  Z?  C=  24  X  sin  29"  31' 
=  24  X. 49268  =  11.83  feet,  nearly.  r  Angle   ^  =  60°  29'. 

Ans.  ]  Side  ^C=  20.89  ft. 
(  Side  ^C  =  11.82  ft. 

Example. — One  side  of  a  right-angled  triangle,  ABC,  Fig.  72,  is 

37  feet  7  inches  long;  the  angle  opposite  is 
25"  33'  7".  How  long  is  the  hypotenuse,  the 
side  adjacent,  and  what  is  the  other  angle  ? 

Solution.  —Angle   ^=  90"  -  25°  38'  7"  = 
64"  26'  53 ". 

To  find  the  hypotenuse,  use  rule  9, 

side  opposite 


Fig.  72. 


hypotenuse  = 


sine 


Since  the  side  opposite  is  given  in  feet  and  inches,  both  must  be 
reduced  to  feet,  or  both  to  inches. 

7  in.  =  j\  of  a  foot  =  .583  +  of  a  foot,  and  i?  C=  37.583  ft. 

Therefore,  the  hypotenuse  =  —. —  -,^  ^     ^,;  =    ,."  ._^.,  =  87.133  feet  = 

sin   ^0    oo    i  .4oloo 

87  ft.  2  in.,  nearly. 

To  find  the  side  A  C,  use  rule  4,  side  adjacent  =  hypotenuse  X 
cosine  =  87.133  X  cos  25"  33'  7"  =  87.133  X  -90219  =  78.61  feet  =  78  ft.  7i 
in. ,  nearly.  (  Angle  B  =  64"  26'  53". 

Ans.   K'l  C='!8  ft.  Hi  in. 
(  .^  i?  =  87  ft.  2  in. 

The  work  involved  in  finding  the  sine  and  cosine  of  25°  33'  7  ",  in  the 
above  example,  is  as  follows:  Sin  25°  33'  =  .43130;  sin  25°  34'  =  .43156; 
difference  =  .00026;  .00026  X-is  =  -00003.  Hence,  sin  25"  33'  7"  =  .43130 
+  .00003  =  .43133. 

Cos  25"  33'  =  .90221;  cos  25°  34'  =  .90208;  difference  =  .00013;  .00013 
X  ^\  =  .00002,  nearly.     Hence,  cos  25"  33'  7"  =  .90221  -  .00002  .-=  .90219. 

Case  II. —  When  tzvo  sides  are  given  ; 

Example. — In  the  right-angled  triangle, 
ABC,  Fig.  73,  right-angled  at  C,  A  C=\%, 
and  y*?  (7=15,  to  find  A  B  and  the  angles 
A  and  B. 

Solution. — Since  the   hypotenuse   is  not 

given,  use  rule  5,  viz. : 

_  .       side  opposite       15        ^oooo 

Tangent  A  =  -^ f^- =  ts"  =  -83333. 

side  adjacent       18  ^  ^  ~ 

To  find  the  angle  whose  tangent  is  .83333,  fig.  73. 

we  have:    Tangent  of   next   less  angle  =  .83317  =  tan   39"   48';   of   the 

next     greater    angle  =  .83366;     difference  =  .00049.      The    difference 
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between  .83317,  the  tangent  of  the  smaller  angle,  and  .85JJJ33,  the  given 
tangent,  =  .83:m  -  .h:W17  =  .(Mmifi.  I  knee,  ]$  X  60  =  10.6',  and  the 
angle  whose  tangent  is  .83333  =31>'48   19.0*  =  angle  ^. 

Angle  /?  =  90'  -  3i)    48'  19.6'  =  50M1'  40.4*. 

To  find  the  hypotenuse  A  />,  use  rule  9. 

side  opposite  _  15  _      ^•'* 


Hypotenuse  = 


_  _  _■  23  43 

sine  sin  39'  48'  19.«'      .64018  " 

(Angle  //  =39"  48'  19.6'. 
Ans.    ]  Angle  /?  =  50'  11'  40.4'. 
(^^  =  23.43. 


.024967 

Fig.  74. 


Example. — In  the  right-angled  triangle, 
y!  />  C,  Fig.  74,  right-angled  at  C,  A  C  = 
.(124967  mile,  and  A  i?  =  .04792  mile;  to  find 
the  other  parts. 

Solution.— To  find  angle  A,  use  rule  3. 

^     .        ^      side  adjacent     .024967      ,„,„, 

Cosme  A  =  -r- -^ =-77^=7775-=. 52101. 

hypotenuse        .04(92 

The  angle  whose  cosine  is  .52101  =  58'  36'  = 
angle  A.     Angle  i?  =  90'  -  58'  36'  =  31°  24'. 

To  find  side  B  C,  use  rule  6. 

Side  opposite  A  =  side  adjacent  X  tan  A, 
OT  BC=  .024967  x  1.63826  =  .0409  mile. 


Ans 


Angle  A  =  58'  36'. 
•\  Angle  J 
(.ffC=. 0409  mile. 


.   -^  An 


gle  /?  =  3r24'. 


E.\AMPLK. — In  the  right-angled  triangle, 
A  B  C\  Fig.  75,  right-angled  at  C,  A  B  -  308 
feet,  and  i9  C  =  234  feet ;  to  find  the  other 
parts. 

Solution. — To  find  angle  A,  use  rule  1. 

„.         .      side  opposite      234        r-m"* 

Sine  A  =  -r r =  ^,tq  =  •759.4. 

hypotenuse       308 

The  angle  whose  sine  is  .75974  =  49'  26'  28', 
nearly,  =  angle  A.  Angle  /?  =  90'  -  49'  26'  28' 
=  40'  33'  32". 

To  find  A  C,  use  rule  8. 

Side  adjacent  A  =  cotan  .'/  X  side  opposite,  or  A  C=  .85586  X  234  = 
200.27  feet  (  Angle  A  =  49   26'  28'. 

Ans.  ]  Angle  ^  =  40'  33'  32'. 
(^C=  200.27  feet. 


IK,. 
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EXAMPLES  FOR   PRACTICE. 

1.     In  a  right-angled  triangle  ABC,  right-angled  at  C,  the  hypot- 
enuse   A  B  =  40    inches,    and    angle    A  —  38°    14'    14".       Solve    the 

^"^"S^^-  .  ^  Angle  ^  =  61°  45' 46". 

Ans.   -j  A  C  =  35.24  in. 
(  i?C  =  18.92  in. 

2.  In  a  right-angled  triangle  ABC,  right-angled  at  C,  the  side  B  C  = 
10  feet  4  inches.     If  angle   A  =  26°  59'  6",  what  do  the  other  parts 

^^"^^-  (  Angle  ^  =  63°  0' 54". 

Ans.  -j  yi  ^  =  22  ft.  9^^  in.,  nearly. 
(a  C=:20ft.  3iin.,  nearly. 

3.  In  a  right-angled  triangle  ,  A  B  C,  the  hypotenuse  A  B  —  60  feet, 
and  the  side  .^  C=  22  feet.     Solve  the  triangle. 

(Angle  yi  =68°  29' 22.2". 
Ans.  -j  Angle  B  =  21°  30'  37.8". 
(b  C=r  55.82  ft. 

4.  In  a  right-angled  triangle  ABC,  right-angled  at  C,  sideAC  = 
.364  foot  and  side  B  C=  .216  foot.     Solve  the  triangle. 

(Angle  ^=30°  41'  7.5". 
Ans.  ]  Angle  B  =  59°  18'  52.5". 
iAB=  .423  ft. 


OBLIQUE    TRIANGLES. 

760.  "When  three  parts  of  anj  triangle  are  given,  one 
being  a  side,  the  remaining  parts  can  be  found  by  means  of 
right-angled  triangles,  by  drawing  a  perpendicular  from  one 
angle  to  the  opposite  side.  The  parts  of  these  triangles  can 
then  be  computed,  and  from  them  the  parts  of  the  required 
triangle  can  be  found. 

761.  Caution.  —  When  dividing  the  triangle  into  two 
right  -  angled  triangles,  care  must  be  taken  that  the  perpen- 
dicular be  so  drawn  that  one  of  the  right-angled  triangles 
will  have  tivo  knozvn  parts  besides  the  right  angle ;  otherwise 
the  triangle  cannot  be  solved. 

Case  I. —  When  the  three  known  parts  are  a  side  and  two 
angles,  or  an  angle  atid  two  sides: 


2ro 
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Example.— In  Fig.  7fi.  the  angle  .-/  =  46'  14'.  the  angle  /?  =  88'  24'  11', 
and  the  side  ./  />'  =  21  in.;  to  find  .1  C,  J{  C, 
and  the  angle  C". 

Solution. — Since  the  sum  of  all  the  angles 
of  any  triangle  =  2  right  angles,  or  180%  we 
can  find  the  angle  C  by  adding  tlic  two  known 
angles,  and  subtracting  their  sum  from  1H0% 

88^  24'  11"  +  46'  14'  =  134    38'  11'. 
180°  -  134°  38'  11"  =  45°  21'  49*  =  C. 

From  the  vertex  />,  draw  />  P  perpendicular  to  A  C.  The  triangle 
A  />'  C'is  now  divided  into  two  riglit-angled  triangles,  .-/  Z>  />'and  />  /)  C. 

In  the  right-angled  triangle  A  D B,  the  angle  ,/,  the  right  angle  /?, 
and  the  hypotenuse  A  B  are  known;  to  find  />  D  and  ,-/  D.  Use  rule  2. 
Side  opi^site  or  B  D-2\x  sin  46°  14'  =  21  X  "2216  =  l-^l"  >"•<  nearly. 

Use  rule  4.     Side  adjacent,  or  .-/  /)  =  21  X  cos  46°  14'  =  21  X  .61)172. 
or  ^  Z>  =  14.53  in.,  nearly. 

In  the  right-angled  triangle  BDC,  the  angle  C  and  the  side  opposite, 

or  B  D,  are  known ;  to  find  B  C  and  D  C. 

B  D  15.17   _ 

Use    rule    9.      Hypotenuse,    or    7?  (?  =   sin  45°  21'  49'  ~  .71158  ~ 

21.32  in.,  nearlv. 

Use  rule  4. '  CD,  or  sideadjacent  =  21.32  X  cos  45°21'49-  =  21.32  X 
.70261  =  14.98  in. 

Since  A  D+  DC=A  C,  we  have  14.53  +  14.98  =  29.51  in.  =  A  C. 


Ans. 


i 


A  6"  =  29.51  in. 
i??C=  21.32  in. 


(  Angle  C  =  45°  21' 49'. 

If,  in  the  above  example,  the  angle  C  had  been  given 
instead  of  the  angle  A,  the  dividing  line  should  have  been 
drawn  from  the  angle  A  to  the  side  B  C,  as  in  the  following 
example: 

Example.- In  the  triangle  ABC,  Fig.  77,  given,  A  /?  =  18',  angle 

B  =  60°,  and  angle  C  =  38°  42' ;  to  find  the  other 
three  parts. 

Solution. — In  the  triangle  ABC,  we  have 
angle  .-/  =  180°  -  (60°  -f  38°  42')  =  81'  18'. 

From  the  vertex  ./,  draw  the  line  .-/  D  per- 
N^p    pendicular   to  B  C,    thus  forming   the   right- 
angled   triangle   A  B  D,  in  which   two  parts 
(the  side  A  Band  angle  B)  are  known  besides  the  right  angle. 

Hegin  with  the  right-angled  triangle  ,-/  B  D.  To  find  B  D,  use  rule 
4.  ///?  =  18in.  XcosOO' =  18x.5  =  9in.  To  find  ,-/ A  use  rule  2. 
/J  /?  =  18  in.  X  sin  60°  =  18  X  .86603  =  15.59  in. 

In  the  right-angled  triangle  A  DC,  A  D  and  the  angle  C  are  known. 
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To  find  A  C,  use  rule  9.     A  C  = 
use  rule  4 


AD 


15.59 


=  24.93  in. 


sin  C      .62524 
DC=A  Cxcos  C  =  24. 93  X.  78043  = 


To  obtain  D  C 
19.46  in. 

Since  BC=BI)  +  £>C,BC=9  +  19.46  =  28.46  in. 

r  Angle  ^=81°  18'. 
Ans.    -j  A  C=  24.93  in. 
,  (.5C=28.46in. 

Example.— In  Fig.  '78,  A  B  =  19  in.,  A  C  = 
23  in.,  and  the  included  angle  A  =  36°  3'  29"; 
to  find  the  other  two  angles  and  the  side 
BC. 

Solution. — From  the  vertex  'B,  draw  B  D 
perpendicular  to  A  C,  forming  the  two  right- 
angled  triangles  A  D  B  and  B  D  C.      In  the  right-angled  triangle 
A  D  B,  A  Bis  known  and  also  the  angle  A.     Hence,  by  rule  2, 
^  Z>  =  19  X  sin  36°  3'  29"  =  19  X  .58861  =  11.18  in.,  nearly. 
By  rule  4,  .4  Z>  =  19  X  cos  36°  3'  29'  =  19  X  .80842  =  15.36  in. 
AC-  A  D  =23  -  15.36  =  7.64  inches  =  Z>  C 
In  the  right-angled  triangle  B  D  C,  the  two  sides  B  D  and  D  C,  about 

the  right  angle,  are  known  ;   hence  (rule  5),   tan  (7  = 


23"    D 

Fig.  78. 


1.46335,  and  angle  C=55°  39'  10" 


B  D 


Applying  rule  9,  ^^=^.^55.3^,^^,, 
Angle   ^  =  180" -(36°   3'   29" -)- 55°   39'    10") 


11.18 
.82564 ' 


DC 


13.54  in. 


7.64 


180° 


91°  42'   39'  = 


88°  17'  21".  (  Angle  C  =  55°  39'  10". 

Ans.  \  Angle  B  =  88°  17'  21". 
(  Side  ^C=  13.54  in. 
The  following  example  presents  a  case  Avhere  the  perpen- 
dicular must  be  drawn  outside  of  the  triangle  in  order  to 
form  a  right-angled  triangle    two  of  whose  parts  are  known, 
besides  the  right  angle: 

Example. — Given,  the  triangle  ABC, 
Fig.  79,  in  which  y^  ^  =  88  ft.  6  in.,  ^  C  = 
57  ft.,  and  angle  A  =  35°  0'  38",  to  find  the 
other  parts. 

Solution. — From  the  vertex  B,  draw  the 
line  B  D  perpendicular  to  the  base  A  C  ex- 
tended, forming  the  right-angled  triangles 
^Z»^and  CD  B. 

In  the  right-angled  triangle  A  D  B,  A  B 
and  angle  A  are  known,  to  find  A  D  and  B  D. 

By  rule  4,  ^  i^  =  88  ft.  6  in.  X  cos  35°  0'  38"  =  88.5  ft.  X  .81905  = 
72.49  ft. 


Fig.  79. 
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By  rule  2,  JiD  =  88  ft.  6  in.  X  sin  l^r,"  0'  38' =88.5  X  STSTS^ 
50.78  ft. 

Now,  in  the  right-angled  triangle  C D  H,  //fand  /.'/>  are  known, 
to  find  angle  //  CZ>  and  side  CD. 

By  rule  1 ,  sin  ^  CZ>  =  -^  =  "^^  =  .89088 :  whence,  angle  B  CD 
=  62°  59'  4.3-. 

By  rule  4,  CZ?  =  57  X  cos  62°  59'  4.3'  =  57  X  .45423  =  25.89  ft. 

We  now  have  the  data  necessary  for  obtaining  the  required  parts  of 
the  triangle  A  />'  C".  Since  the  angle  //  C  D  =  62'  59  4.3',  the  adjacent 
angle  ACB=  180°  -  62°  59'  4.3'  =  117°  0'  55.7'.  Also,  angle  A  BC=: 
180° -(35°  0'  :^'  +  117°  0'  55.7")  =  180' -152°  1'  33.7*  =  27°  58'  20.3'. 
Since  /^Z)  =  72.49  ft.  and  CZ?  =  25.89  ft.,  .-/ C=  72.49  -  25.89  =  46.6 
ft.  =  46  ft.  7/ff  in.,  nearly.  (  Angle  C'=  117°  0'  55.7'. 

Ans.  ]  Angle  /?=27°  58'  26.3'. 
(Side^C=46ft.  1^,'in. 

Case    II. —  W/nn    the  three  sides   are  given,  to  find  the 

angles. 

B  This  case  is  solved  by  drawing  a  line 

from  the  vertex  of    the  angle  opposite 
the  longest  side,  perpendicular  to  that 
side,  as  .5  Z?  in  Fig.  80.     The  parts  in 
-«_j     and  n  of  the  side  A  Care  then  determined 
Fig.  80.  from  the  following  proportion: 

m  -\-  n  {ox  A  C)  :  a  -\-  b  —  a  —  b  :  in  —  ;/. 
This  gives  the  value  of  ;;/  —  n.  The  value  of  ;//  +  '^  —'^  ^ 
is  already  known,  and  from  the  two,  ;//  and  «  may  be  deter- 
mined by  the  principles  of  algebra.  Having  ;;/  and  ;/,  there- 
fore, the  right-angled  triangles  A  B  D  and  C  B  D  may  be 
solved. 

The  above  proportion  is  obtained  as  follows: 
Let  a,  /;,  and  d  represent  the  sides  indicated.     Then,  in 
the  right-angled  triangles  A  B  D  and  C  B  Dy 

m^  +  d''  =  d'         (1) 
and  w'  +  «'*  =  *'         (2) 
Subtracting  (2)  from  (1), 

w»  _  «'  =  a'  -  b\ 
Factoring, 

(;//  4-  n)  {m  —  ;/)  =  (a  +  ^)  {a    -  b). 

m  -{-  n  _    a  —  b 


Dividing  by  ///  —  n  and  a  •\-by 


in  —  n 
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This  equation  expresses  the  equality  of  two  ratios,  and 
may  be  stated  as  a  proportion,  or 

in  -{-  n  :  a  -{-  b  =  a  —  b  :  in  —  n. 

Example. — Given,  a  triangle  whose  sides  are  17  ft.  3  in.,  21  ft.,  and 
32  ft.  long.     Find  the  angles. 

Solution.—///  +  n,  the  longest  side,  =  32  ft. 
a-\-b,  the  sum  of  the  two  shorter  sides,  =  17.25  +  21  =  38.25  ft. 
a  —  b,  the  difference  of  the  two  shorter  sides,  =  3.75  ft.     Hence, 
32  :  38.25  =  3.75  :  ///  -  //,  or  ///  -  «  =  38.25  X  3.75  ^  ^^^  ^^^ 

Adding,  m  +  n  and  ///  —  /«, 

///  +  «  =  32 

;//  —  n  =    4.48 

2/«  =  36.48 

OT  =  18.24 

Subtracting,  2«  =  27.52 

«  =  13.76 
Now,  referring  to  the  last  figure,  we  have,  in  the  triangle  A  D  B, 

side  a  =  21  and  ///  =  18.24  ft.;  whence,   by   rule   3,  cos  A  z=.^^^  = 
.86857,  or  A  =2r  42'25.7". 

In  triangle  C  B  D,  side  b  —  17.25  and  7t  =  13.76  ft. ;  whence,  by  rule 

3,  cos  C=  ^J^  =  .79768,  or  C=  37°  5'  26.7". 

Angle  A  B  C=  180°  -  (29°  42'  25.7"  +  37°  5'  26.7")  =  113°  12'  7.6". 

(  Angle    A  =  29°  42'  25.7'. 
Ans.  -j  Angle    i?  =  113°  12'  7.6". 
(  Angle    C  =  37°  5'  26.7". 

EXAMPLES   FOR   PRACTICE. 

1.  Given,  an  oblique  triangle  A  B  C,  in  which  side  A  B  =  21  feet. 
angle  A  =  22°  10'  16",  and  angle  B  =  78°  24'  24".     Find  the  other  parts! 

f  Angle  C  =  79°  25'  20'. 
Ans. -jy^C^  20.93  ft. 
(i?C  =  8.06ft. 

2.  Given,  a  triangle  A  B  C,  in  which  A  B  =  S2  inches,  angle  B  = 
54°  16',  and  angle  C=  58°  18'  9°.     Find  the  other  parts. 

(  Angle  A  =  67°  25'  51'. 
Ans. -j^  C=  30.53  in. 
(^C  =  34.73  in. 

3.  In  a  triangle  A  BC,  A  B  =  20  feet  6  inches,  B  C=16  feet,  and 
angle  ^  =  46°  40'  42".     Find  the  values  of  the  other  parts. 

(  Angle  A  =  50°  42'  52'. 
Ans.  -j  Angle  C  =  82°  36'  26*. 
(a  (7=15.04  ft. 
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4.     In   the  triangle  ./  BC,  A  C=  100  feet,  BC  =  m  feet,  and  angle 
yl  =  20'.     Solve  the  triangle.  f  Angle   B  =  :M'  4^  7.5-. 

Ans.  •)  Angle    C=  Vir,    14  r.2.5'. 
(a  i7  =  143.20  ft. 
6.     In    a  triangle  ABC,   AB  =  98  inches,  BC=140   inches,  and 
A  C=  210  inches.     Compute  the  angles  .  /,  B  and  C. 

///=34°2'52.5'. 
Ans  -j  /?  =  122=-  62'  40.2'. 
(  C  =  23"  4'  27.3'. 


MEXSURATION. 

762.     Mensuration    is   that  part  of  Geometry  which 
treats  of  the  mcasurenient  of  lines,  surfaces  and  solids. 


MEXSURATTOX    OF    PLANE    SURFACES. 

763.  The  area  of  a  surface  is  expressed  by  the  number 
of  unit  squares  it  will  contain. 

764.  A  unit  squiirc  is  the  square  having  the  unit  for 
its  side.  For  example,  if  the  unit  is  1  inch,  the  unit  square 
is  the  square  whose  sides  measure  1  inch  in  length,  and  the 
area  would  be  expressed  by  the  number  of  square  inches 
that  the  surface  contains.  If  the  unit  were  1  foot,  the 
unit  square  would  measure  1  foot  on  each  side,  and  the 
area  would  be  the  number  of  square  feet  that  the  sur- 
face contains,  etc. 

765.  The  square  that  measures  1  inch  on  a  side  is  called 
a  square  incli,  and  the  one  that  measures  1  foot  on  a  side 
is  called  a  s<iuai'c  foot.  Square  inch  and  square  foot  are 
abbreviated  to  sq.  in.  and  sq.  ft.,  or  to  n'  and  d '. 


THi:   TRIANGLE. 

766.     Rule. —  77i£'  ana  of  any  triangle  equals  one-half 
the  product  of  the  base  and  the  altitude. 

EXA.MPLE. — What  is  the  area  of  a  triangle  whose  base  is  18  feet,  and 
altitude  7  feet  9  inches  ? 

Solution.— 9  inches  =  /j  of  a  foot  =  }  of  a  foot.    18  X  "^J  =  139^,  and 
\  of  139^  =  69j  square  feet.     Ans. 
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THE  QUADRILATERAL. 

767.  A  parallelogram  is  a  quadrilateral  whose  oppo- 
site sides  are  parallel. 

768.  There  are  four  kinds  of  parallelograms:  the 
square,  the  rectangle,  the  rhombus  and  the  rhom- 
boid. 


769.     A  rectangle.  Fig.  81,  is  a  paral- 
lelogram whose  angles  are  all  right  angles. 


Fig.  w. 


770.     A  square.  Fig.  82,   is  a  rectangle, 
all  of  Avhose  sides  are  equal. 


Fig.  83. 


Fig.  82. 

771.  A  rhomboid,  Fig.  83,  is 
a  parallelogram  whose  opposite  sides 
only  are  equal,  and  whose  angles  are 
not  right  angles. 


772.  A  rhombus,  Fig.  84,  is 
a  parallelogram  having  equal  sides, 
and  whose  angles  are  not  right 
angles. 


Fig.  85. 


Fig.  84. 

773.  A  trapezoid.  Fig.  85, 
is  a  quadrilateral  which  has  only 
two  of  its  sides  parallel. 


774.  A  trapezium.  Fig. 
86,  is  a  quadrilatera'  having  no 
two  sides  parallel. 


Fig.  86. 


775.     The  altitude  of  a  parallelogram,  or  of  a  trapezoid, 
is  the  perpendicular  distance  between  the  parallel  sides. 


276  GEOMETRY  AND   TRIGONOMETRY. 

776.  A  fliav^onal  is  a  straight  line  drawn  from  the 
vertex  of  any  angle  of  a  quadrilateral  to  the  vertex  of  the 
angle  opposite;  a  diagonal  divides  the  quadrilateral  into  two 
triangles. 

A  diagonal  divides  a  parallelogram  into  two  equal  and 
similar  triangles. 

777.  To  find  the  area  of  a  parallelogram: 

Rule. —  The  area  of  any  parallelogram  equals  the  product 
of  the  base  and  the  altitude. 

Example. — What  is  the  area  of  a  parallelogram  whose  base  is  12  feet 
and  altitude  7^  feet  ? 

Solution. — Area  =  12  x  7^  =  90  square  feet.     Ans. 

778.  To  find  the  area  of  a  trapezoid: 

Rule. —  The  area  of  a  trapezoid  equals  one-half  the  sum  of 
the  parallel  sides  multiplied  by  the  altitude. 

Example. — What  is  the  area  of  a  trapezoid  whose  parallel  sides  are 
9  feet  and  15  feet,  and  whose  altitude  is  6  feet  7  inches  ? 

94-15 
Solution. — C  feet    7    inches  =  6^,  feet.      — -^^  =  12.     Area  =  12 

X  O^^y  =  79  square  feet.     Ans. 

779.  To  find  the  area  of  an  irregular  figure  bounded  by 
straight  lines: 

Rule. — Divide  the  figure  into  triangles,  and  find  the  area 
of  each  triangle  separately.  The  sum  of  the  areas  of  all  the 
triangles  will  be  the  area  of  the  figure. 

Example. — The  diagonal  of  a  trapezium  is  15  feet.  The  altitudes 
drawn  from  the  vertexes  of  the  two  triangles  to  this  diagonal  as  a  base 
are  6  feet  8  inches  and  4  feet  9  inches,  respectively.  What  is  the  area 
of  the  trapezium  ? 

15  X  61- 

Solution. — 8  inches  =  -5"^  of  a  foot  =  f  of  a   foot.      ^ =  50 


square  feet  =  area  of  one  triangle 

2 


15  X  44- 
9  inches  =  -^^  of  a  foot  =  f  of  a  foot.      9— i  =  35.63  square  feet  = 


the  area  of  the  other  triangle. 

50  4-  35.63  =  85.63  square  feet  =  the  area  of  the  trapezium.     Ans. 
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THE    CIRCLE. 

780.     To  find  the  circumference  or  diameter  of  a  circle : 

Rule. —  The  circumference  of  a  circle  equals  the  diameter 
multiplied  by  S.  lJfl6. 

Rule. —  The  diameter  of  a  circle  equals  the  circumference 
divided  by  3.  H16. 

Example. — What  is  the  circumference  of  a  circle  whose  diameter  is 
15  inches  ? 

Solution. — 15  x  3.1416  =  47.12  inches,  circumference.     Ans. 

Example. — What  is  the  diameter  of  a  circle  whose  circumference  is 
65.973  inches? 

Solution.— 65.973  -v-  3.1416  =  21  inches  diameter.     Ans. 

TSl.     To  find  the  length  of  an  arc  of  a  circle: 

Rule. —  The  length  of  an  arc  of  a  circle  equals  the  circum- 
ference of  the  circle  of  which  the  arc  is  a  part,  multiplied  by 
the  number  of  degrees  in  the  arc,  and  divided  by  360. 

Example.— What  is  the  length  of  an  arc  of  24°,  the  radius  of  the  arc 
being  18  inches  ? 

Solution.— 18  x  2  =  36  inches  =  the  diameter  of  the  circle.      36  X 

3.1416  =  118.1  inches,  the  circumference  of  the  circle  of  which  the  arc 

is  a  part. 

24 
113.1  X  TwXTj  =  7.54  inches,  the  length  of  the  arc.     Ans. 

782.  To  find  the  area  of  a  circle: 

Rule. — Square  the  diameter,  and  multiply  by  .785Jf.. 

Example. — What  is  the  area  of  a  circle  whose  diameter  is  15  inches  ? 
Solution.— 15'  =  225.     225  X  .7854  =  176.72  sq.  in.     Ans. 

783.  Given,  the  area  of  a  circle  to  find  its  diameter: 

Rule. — Divide  the  area  by  .  785^  and  extract  the  square 
root  of  the  quotient. 

Example. — The  area  of  a  circle  =  17,671.5  square  inches.  What  is 
its  diameter  in  feet  ? 
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Solution. — 


,/ 17.671.5      ,,„.     , 
V  — r-oKA     =  l''<^  inches. 
'        . «oo4 


150 


rjTt-  =  12^  feet,  the  diameter.     Ans. 


784.     To  find  the  area  of  a  sector: 

J^ule. — Dh'idc  the  nuuibcr  of  degrees  in  the  arc  of  a  sector 
by  360.  Multiply  the  result  by  the  area  of  the  circle  of  which 
the  sector  is  a  part. 

Example. — The  number  of  degrees  in  the  angle  formed  by  drawing 
radii  from  the  center  of  a  circle  to  the  extremities  of  the  arc  of  the 
circle  is  75'.  The  diameter  of  the  circle  is  12  inches;  what  is  the  area 
of  the  sector  ? 

75         5 
Solution.—    — -  _  — .     12*  x  .7854  =  113.1  square  inches. 

-g2  X  113.1  =  23.56  square  inches,  the  area.     Ans. 


785.     To  find  the  area  of  a  segment  of  a  circle: 

Rule. — Drazu  radii  from  the  center  of  the  circle  to  the  ex- 
tremities of  the  arc  of  the  segment  ;  find  the  area  of  the 
sector  thus  formed,  subtract  from  this  the  area  of  the  triangle 

formed  by  the  radii  and  the  chord  of  the 
arc  of  the  segment,  and  the  result  is  the 
area  of  the  segment. 

In  problems  requiring  the  area  of  the 
segment,  the  chord  A  />,  Fig.  87,  may  be 
given,  or  the  height  of  the  segment  C  /?, 
or  the  angle  V;  if  any  one  of  these  three 
Fic.  bT.  |3e  given,   and  the  radius  of  the  circle  is 

known,  the  area  can  be  found. 

Also,  if  any  two  are  given,  the  radius  can  be  found. 

Example. — If  the  diameter  of  the  circle  is  10  inches,  and  the  chord 
of  the  segment  is  7  inches,  what  is  the  area  of  the  segment  ? 

Solution. — In  the  above  figure,  suppose  that  the  chord  A  B  =  1 
inches,  and  the  diameter  =  10  inches;  draw  O  A,  O  B,  and  a  radius  per- 
pendicular to  the  chord,  thus  dividing  A  B  into  two  equal  parts  (see 
Art.  733).     The  triangle  A  O  B  is  now  divided  into  two  equal  right- 
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angled  triangles,  A  CO  and  O  C /?,  in  which  the  hypotenuse  =  radius, 

10  7 

or  -^  =  5,  and  one  side,  A  C  —  B  C  =  ■^,  or  3^. 


Sin  COBz=  -^-^  =  S  =  .70000,  and  angle  COB  =  W  26',  nearly. 

Angle    AOB^A^"   26'  X  2  =  88"  52'.      CO  ^OBx  cos  C0B  =  5X. 
.71407  =  3.57". 

Area  of  sector  =  10-  X  .7854  X^ir;^  =  19.39  sq.  in.,  nearly. 

Area  of  triangle  =  ■ ~ — =  12.5  sq.  in.,  nearly. 

19.39  —  12.5  =  6.89  sq.  in.,  the  area  of  the  segment.     Ans. 

Example. — Given,  the  chord  of  the  arc  of  a  segment  =  7  inches,  and 
the  height  of  the  segment  =  1.43  inches,  to  find  the  radius. 

Solution. — Suppose  that  in  Fig.  88,  A  C B  E 
is  a  circle  struck  with  the  required  radius,  that 
the  chord  A  B  =  1  inches,  and  that  the  height 
CD  of  the  segment  =  1.43  inches.  Join  C  with 
A  and  B,  and  the  right-angled  triangle  A  D  C  = 
BDC. 

Tan  CBD  =  -^  =  "VP-  =  -40857. 
B IJ        6.0 

Angle  CB  D=z  23°  13i',  nearly. 

Since  C B  D  or  its  equal  C B  A  is  an  inscribed  angle  (see  Art.  729), 
it  is  measured  by  one-half  the  intercepted  arc  A  C;  hence,  the  number 
of  degrees  in  arc  ^  C=  22^  13i'  X  2  =  44°  27',  or  the  number  of  degrees 
in  the  angle  A  O  C. 

In  the  right-angled  triangle  ADO, 

.  ^      side  opposite  AD  3.5         r  •     i.  i         a 

■A0=  —. ^TTryr  —  —■ — tttt^  =    r.,.Aon  =  ^  inches,  nearly.     Ans. 

sm  A  0  D         sm  A  O  C        .70029 


THE  ELLIPSE. 

786.  An  ellipse  is  a  plane  figure  bounded  by  a  curved 
line,  to  any  point  of  which  the  sum  of  the  distances  from 
two  fixed  points  within,  called  the  foci,  is  equal  to  the  sum 
of  the  distances  from  the  foci  to  any  other  point  on  the 
curve. 
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Ill  Fig.   m,  let  A  and  /)'  he   the   foci,  and    let  C  and  D 

be  any  two  points  on  the 
perimeter.  Then,  according 
]£  to  the  above  definition,  .i  C -\- 
C  B  =  A  n  -}-  D  B,  and  both 
these  sums  are  also  equal  to 
the  major  axis  /•'  TT. 

787.  The  long  diameter  is  called  the  major  iixis;  the 
short  diameter,  the  minor  axis. 

788.  To  find  the  perimeter  of  an  ellipse:  There  is  no 
exact  method,  but  the  following  is  close  enough  for  most 
cases: 

Rule. — Multiply  the  major  axis  by  1.S2,  and  the  minor 
axis  by  1.315.      The  sum  of  the  results  will  be  the  perimeter. 

Example. — What  is  the  perimeter  of  an  ellipse  whose  axes  are  10  and 
4  inches  ? 

Solution.—  10  x  1.82  =  18.2  inches.  4  x  1315  =  5.26  inches.  18.2 
+  5.26  =  23.46  inches,  or  the  perimeter.     Ans. 

789.  To  find  the  exact  area  of  an  ellipse: 

Rule. —  The  area  of  an  ellipse  is  equal  to  the  product  of  its 
two  diameters  multiplied  by  .785 ^. 

Example. — What  is  the  area  of  an  ellipse  whose  diameters  are  10 
and  6  inches  ? 

Solution. —    10  x  6  X -7854  =  47.12  square  inches,  area.     Ans. 


KXAMPI.KS     FOR     PKACTICK. 

1.  What  is  the  area  in  square  feet  of  a  rhombus  whose  base  is  84 
inches,  and  whose  altitude  is  'A  feet  ?  Ans.  21  sq.  ft. 

2.  One  side  of  a  room  is  16  feet  long.  If  the  floor  contains  240 
square  feet,  what  is  the  length  of  the  other  side  ?  Abs.  15  ft. 

3.  How  many  square  feet  in  a  board  12  feet  long,  18  inches  wide  at 
one  end  and  12  inches  wide  at  the  other  end  ?  Ans.   15  sq.  ft. 

4.  How  many  square  yards  of  plastering  will  be  required  for  the 
ceiling  and  walls  of  a  room  10  X  15  feet,  and  9  feet  high  ?  The  room 
contains  one  door  3^  X  7  feet,  three  windows  3^  X  6  feet,  and  a  base- 
board 8  inches  high.  Ans.  53.5  sq.  yd- 
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5.  What  is  the  area  of  a  triangle  whose  base  is  10  feet  6  inches  long, 
and  whose  altitude  is  18  feet  ?  Ans.  94.5  sq.  ft. 

6.  The  area  of  a  triangle  is  16  square  inches.  If  the  altitude  is 
4  inches,  what  does  the  base  measure  ?  Ans.  8  in. 

7.  The  upper  side  of  a  trapezium  is  16  inches  long,  and  the  lower 
side  14  inches.  If  the  figure  be  divided  into  two  triangles  by  a 
diagonal  whose  altitudes,  drawn  from  their  vertexes  to  the  two  given 
sides  as  bases,  are  17  and  3  inches,  respectively,  what  is  the  area  of  the 
trapezium  ?  Ans.  157  sq.  in. 

8.  Find  the  area  of  a  circle  2  feet  3  inches  in  diameter. 

Ans.  3.976  sq.  ft. 

9.  A  carriage-wheel  was  observed  to  make  71|  turns  while  going 
300  yards.     What  was  its  diameter  ?  Ans.  4  ft.,  nearly. 

10.  Required,  the  diameter  of  a  circle  whose  area  is  2,004  square 
inches.  Ans.  50.51  in. 

11.  Required,  the  area  of  a  regular  pentagon  inscribed  in  a  circle 
whose  diameter  is  20  inches.  Ans.  237. 77  sq.  in. 

12.  The  number  of  degrees  in  the  angle  formed  by  drawing  radii 
from  the  center  of  a  circle  to  the  extremities  of  the  arc  of  the  circle  is 
84  degrees.  The  diameter  of  the  circle  is  17  inches;  what  is  the  area 
of  the  sector?  Ans.  52.96  sq.  in. 

13.  Given,  the  chord  of  the  arc  of  a  segment  =  24  inches,  and  the 
height  of  the  segment  =  6.5  inches,  to  find  {a)  the  diameter  of  the 
circle,  and  (d)  the  area  of  the  segment.  ^        j  (a)  28.654  in. 

'i(l>)  109.87  sq.  in. 

14.  (a)  What  is  the  perimeter  of  an  ellipse  whose  axes  are  15  and  9 
inches,  and  (^)  what  is  the  area  ?  a        (  (a)  39. 14  in. 

■  (  (<5)  106.03  sq.  in. 

790.  Rule. —  TAe  area  of  any  plane  figure  may  be  found 
by  dividing  it  into  triangles^  quadrilaterals,  circles  or  parts 
of  circles,  and  ellipses,  finding  the  area  of  each  part  sepa- 
rately and  adding  them  together. 

Example. — What  is  the  area  of  a  flat  circular 
ring.  Fig.  90,  whose  outside  diameter  equals 
10  inches,  and  whose  inside  diameter  equals 
4  inches  ? 

The  area  of  the.  large  circle  =  10^  X  .7854  = 
78.54  square  inches;  the  area  of  the  small  circle 
=  4'^  X  .7854  =  12.57  square  inches. 

78.54  —  12.57  =  65.97  square  inches,  or  the  area. 
Ans.  Fig.  90. 
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Example. — What  is  the  exact  area  in  square  inches  of  Fig.  91 1 
SoiA'TioN. — Divide  the  figure  into  rectangles,  triangles,  and  parts  of 
a  circle,  as  shown  by  the  dotted  lines,  then  the  total  area  equals  8-inch 
circle  —  4-inch  circle  —  segment  A  /i  +  rectangle  AUG  F+  2  times  the 
triangle  CDE+2  times  the  triangle  /?ST+2  times  the  rectangle 
Z>  7?: 5 /?  4- rectangle  ///A'Z  +  2  times  the  rectangle  L  M N F ■^% 
times  the  triangle  M  O  N. 

8*  X. "854  =  50. 27  d  '• 
4»X. 7854  =  12.67  □". 


Fig.  91. 

The  chord  A  B  =  Z  inches,  and  the  radius  of  the  circle  =  4  inches; 

1  5 
hence,  the  sine  of  one-half  the  angle  at  center  =  -j-  =  .375,  and  one-half 

the  angle  at  center  =  22'  1'  27  ',  or  angle  at  center  =  44°  2'  54"  =  44.05°. 

44  05 
Area  of  sector  =  50.27  X  ^^  =  6.15  a  ". 

The  altitude  of  the  triangle  =  4  X  cos  22°  1  27"  =  3.71  inches. 

The  area  of  the  triangle  =  -'- — ^ =  ^.56  a  ". 

The  area  of  the  segment  =  6. 15  -  5.56  =  0.59  a  ". 

The  area  of  the  rectangle  ABGF=  (15  -  3.71)  X  3  =  33.87 □  " 
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In  the  triangle  C D E,  tan  C= -^  =  .57143  = —t-t^  =-^\  hence, 

of  L  JJ  \.  JJ 

CD=    ^:'^,.,  =.875  inch. 
.5(143 

87'i  V  'i 
The  area  of  the  triangle  C D E—' ^-  =  .23 □",  nearly 

.22  X  2  =  .44  n  "  =  twice  the  area  of  the  triangle  C  D  E.  Since  in 
the  triangle  R  S  T,  R  S  \s  perpendicular  to  C  R  and  T  S  \%  perpen- 
dicular   to    C  F,    the   angle    5=  angle    C\    hence,    tan    5=. 57143  = 

RT       RT 

—^~p  =  ■ — K~  ;  therefore,  R  T=  .57143  X  .5  =  .29  inch,  nearly. 

Area  RST=  -^^'^  =  .07  d  ",  nearly. 

Twice  the  area  of  the  triangle  R  S  T=  .07  x2  =  .Ua". 
Since  tan  C=  .57143,  C=  29°  44'  42". 

In  the  rectangle  JDESR,  D R  =  C  T-{C D -\- R  T).     But  CT  = 
5  5 


10.08  in. 


sin  29'  44'  42  "  "  .49614 

CZ)  +  ye  r=.875  +  .29  =  1.16.     i:?  7?  =  10. 08 -1.16  =  8. 92.     8.92--- 
2  =  4.46  a  "  =  the  area  oi  D  E  S  R. 

Twice  the  area  of  the  rectangle  Z> ^5 7?  =  4.46  X  2  =  8.92 n". 

The  area  of  the  rectangle  H IKL  =  14  X  U  =  21  n  ". 

The  area  of  the  rectangle  L  MNP  =  0^^^  W3  =  ljX3  =  4in"; 

and  4i  X  2  =  9  D  ". 

The  area  of  the  triangle  MON-  {^^7^  X  3^)  ^  2  =  1.5  □  ". 

Twice  the  area  of  the  triangle  MO  N—\.h  inches  X  2  =  3  □  ". 
Then,    50.27  +  33.87  4-  0.44  +  0.14  +  8.92  +  21  +  9  +  3  =  126.64n". 
12.57  +  0.59  =  13.16  n  ".     126.64  -  13.16  =  113.48  n  ". 
Therefore,  the  area  of  the  figure  =  113.48  n  ".     Ans. 


THE    MENSURATION    OF    SOLIDS. 

791.  A  solid,  or  body,  has  three  dimensions:  length, 
breadth,  and  thickness.  The  sides  which  enclose  it  are  called 
the  faces,  and  their  intersections  are  called  edges. 

792.  The  entire  surface  of  a  solid  is  the  area  of  the 
whole  outside  of  the  solid,  including  the  ends. 

793.  The  convex  surface  of  a  solid  is  the  same  as  the 
entire  surface,  except  that  the  areas  of  the  ends  are  not 
included. 
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794.  The  volume  of  a  solid  is  expressed  by  the  num- 
ber of  times  it  will  contain  another  volume,  called  the  unit 
of  volume.  Instead  of  the  word  volume,  the  expression 
cubical  contents  is  frequently  used. 


THE  PRISM   ANn  CVLINDKR. 


795.  A  prism  is  a  solid  whose  ends  are  equal  polygons 
and  parallel  to  each  other,  and  whose  sides  are  parallelo- 
grams. 


796.     A   parallelopipcdon.    Fig.   92,    is   a 
prism  whose  bases  (ends)  arc  parallelograms. 


Fig.  92. 


797.     A  cube.  Fig.  03,  is  a  parallelopipcdon 
whose  faces  and  ends  are  squares. 


/ 

/ 

.«■' 

7 

Fig.  «. 


798.  The  cube,  whose  edges  are  equal  to  the  unit  of 
length,  is  taken  as  the  unit  of  volume  when  finding  the 
volume  of  a  solid. 

Thus,  if  the  unit  of  length  is  1  inch,  the  unit  of  volume  will 
be  the  cube  whose  edges  measure  1  inch,  or  1  cubic  inch ; 
and  the  number  of  cubic  inches  the  solid  contains  will  be  its 
volume.  If  the  unit  of  length  is  1  foot,  the  unit  of  volume 
will  be  one  cubic  foot,  etc.  Cubic  inch,  cubic  foot,  and  cubic 
yard  are  abbreviated  to  cu.  in.,  cu.  ft.,  and  cu.  yd.,  respec- 
tively. 

799.  Prisms  take  their  names  from  their  bases.  Thus,  a 
triangular  prism  is  one  whose  bases  are  triangles;  d.  pentag- 
onal prism  is  one  whose  bases  are  pentagons,  etc. 
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800.     A  cylinder,  Fig.  94,  is  a  round  body  of 
uniform  diameter   with  circles  for  its  ends. 


Fig.  94. 

801.  A  right  prism,  or  right  cylinder,  is  one  whose 
center  line  (axis)  is  perpendicular  to  its  base.  In  this  sub- 
ject all  of  the  solids  will  be  considered  as  having  their 
center  lines  perpendicular  to  their  bases. 

802.  The  altitude  of  a  prism  or  cylinder  is  the  per- 
pendicular distance  between  its  two  ends. 

803.  To  find  the  area  of  the  convex  surface  of  any  right 
prism,  or  right  cylinder: 

Rule. — Multiply  the  perimeter  of  the  base  by  the  altitude. 

Example. — In  a  right  prism  whose  base  is  a  square,  one  side  of 
which  is  9  inches,  and  whose  altitude  is  16  inches,  what  is  its  convex 
area  ? 

Solution. —    9  X  4  =  36  =  the  perimeter  of  the  base. 

36  X  16  =  576  n  ",  or  the  convex  area.     Ans. 

To  find  the  entire  area,  add  the  areas  of   the  two  ends  to 

the  convex  area: 

Example. — What  is  the  entire  area  of  the  parallelopipedon  men- 
tioned in  the  last  question  ? 

Solution.— The  area  of  one  end  =  9^  =  81  d  ".  81  X  2  =  162  n  ",  or 
the  area  of  both  ends.  576  +  162  =738  d  ",  the  entire  area  of  the  par- 
allelopipedon.    Ans. 

Example. — What  is  the  entire  area  of  a  right  cylinder  whose  base  is 
16  inches  in  diameter,  and  whose  altitude  is  24  inches  ? 

Solution. —    16x3.1416  =  50.27  inches,  or  the  perimeter  (circum- 
ference) of  the  base.     50.27  X  24  =  1,206.48  a  ",  the  convex  area. 
16'^  X  .7854  X  2  =  402.12  n  ",  the  area  of  the  ends. 
1,206.48  +  402.12  =  1,608.6  a  ",  the  entire  area.     Ans. 

804.  To  find  the  volume  of  a   right  prism,  or  cylinder: 
Rule. —  The  volume  of  any  right  prism  or  ey Under  equals 

the  area  of  the  base  multiplied  by  the  altitude. 

If  the  given  prism  is  a  cube,  the  three  dimensions  are  all 
equal,  and  the  volume  equals  the  cube  of  one  of  the  edges. 
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Example. — What  is  the  volume  of  a  rectangular  prism  whose  base  is 
6x4  inches,  and  whose  altitude  is  12  inches  ? 

Solution. — The  base  of  a  rectangular  prism  is  a  rectangle.  Hence, 
6  X  4  =  24  D  ',  the  area  of  the  base.  24  X  12  =  288  cubic  inches,  or  the 
volume.     Ans. 

Example. — What  is  the  volume  of  a  cube  whose  edge  is  9  inches  { 
Solution. —    (F  =  9x9x9  =  '«^29  cubic  inches,  the  volume.     Ans. 

Example. — What  is  the  volume  of  a  cylinder  whose  base  is  7  inches 
in  diameter,  and  whose  altitude  is  11  inches? 

Solution.—  7*  X  .7854  =  as.48  a  ',  the  area  of  the  base.  38.48  X  H 
=  423.28  cubic  inches,  the  volume.     Ans. 


THE  PYRAMID   AXD  COXE. 


805.  A  pyramid.  Fig.  95,  is  a  solid 
whose  base  is  a  polygon,  and  whose  sides  are 
triangles  uniting  at  a  common  point,  called 
the  vertex. 


Fig.  96. 


806.  A  cone.  Fig.  96,  is  a  solid  whose  base 
is  a  circle,  and  whose  convex  surface  tapers 
uniformly  to  a  point  called  the  vertex. 


Fig.  96. 

807.  The  altitude  of  a  pyramid  or  cone  is  the  perpen- 
dicular distance  from  the  vertex  to  the  base. 

808.  The  slant  licijjclit  of  a  pyramid  is  a  line  drawn 
from  the  vertex  perpendicular  to  one  of  the  sides  of  the 
base.  The  slant  height  of  a  cone  is  any  straight  line  drawn 
from  the  vertex  to  the  circumference  of  the  base. 

809.  To  find  the  area  of  a  right  pyramid  or  right  cone: 
Rule. —  The  convex  area  of  a  right  pyramid  or  cone  equals 

the  perimeter   of  the   base   multiplied  by  one-half  the  slant 
height. 
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Example. — What  is  the  convex  area  of  a  pentagonal  pyramid,  if  one 
side  of  the  base  measures  6  inches,  and  the  slant  height  equals  14  inches  ? 

Solution. — The  base  of  a  pentagonal  pyramid  is  a  pentagon,  and, 
consequently,  it  has  five  sides. 

6  X  5  =  30  inches,  or  the  perimeter  of  the  base. 

14 

30  X  -T7  =  310  D  ",  or  the  convex  area.     Ans. 

Example. — AVhat   is  the   entire  area  of  a   right  cone  whose  slant 
height  is  17  inches,  and  whose  base  is  8  inches  in  diameter  ? 

Solution.—    8  X  3.1416  =  25.1328  inches,  the  perimeter. 
25.1328  X-i^  =  218.63  d  ",  the  convex  area. 
8^  X  .7854  =    50.27  n ",  the  area  of  base. 


stim  =  263.90  n  "  =  the  entire  area.     Ans. 

810.     To  find  the  volume  of  a  right  pyramid  or  cone: 

Rule. —  T/ie  volume  of  a  rigJit  pyramid  or  cone  equals  the 
area  of  the  base  multiplied  by  one-third  of  the  altitude. 

Example. — What  is  the  volume  of  a  triangular  pyramid,  one  edge  of 
whose  base  measures  6  inches,  and  whose  altitude 
is  8  inches? 

Solution. — Draw  the  base  as  shown  in  Fig.  97; 
it  will  be  an  equilateral  triangle,  all  of  whose 
sides  are  6  inches  long. 

Draw  a  perpendicular,  B  D,  from  the  vertex  to 
the  base ;  it  will  divide  the  base  into  two  equal 
parts,  and  will  be  the  altitude  of  the  triangle. 

In  the  right-angled  triangle  B  D  A,  the  hypot- 

A  C       6 
enuse  B  A  =  G  inches,  and  side  AD  —  — g—  =  "o  =  ^  inches,  to  find  the 

other  side: 


B D=  4/6-  —  3'^  =  5.2  inches,  nearly. 

6x52 
Area  of  B  A  C  =  '    =  15.6  n  ",  the  area  of  the  base. 

Q 

15.6  X  "o  =  41.6  cubic  inches,  the  volume.     Ans. 
o 

Example. — What  is  the  volume  of  a  cone  whose  altitude  is  18  inches, 
and  whose  base  is  14  inches  in  diameter  ? 

Solution. —    14-  x  .7854  =  153.94  n  ",  the  area  of  the  base. 

18 
153.94  X-5-  =  923.64  cubic  inches,  the  volume.     Ans. 
o 
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811.  If  a  pyramid  be  cut  by  a  plane  parallel 
to  the  base,  as  in  Fig.  98,  so  as  to  form  two 
parts,  the  lower  part  is  called  the  f^u^«tuIn  of 
the  pyramid. 


Fig.  98. 


812.  If  a  cone  be  cut  in  a  similar  manner, 
as  in  Fig.  W,  the  lower  part  is  called  the  frustum 
of  the  cone. 


Fig.  99. 


813.  The  upper  end  of  the  frustum  of  a  pyramid  or 
cone  is  called  the  upper  base,  and  the  lower  end  the 
lower  base.  The  altitude  ot  a  frustum  is  the  perpen- 
dicular distance  between  the  bases. 


814.  To  find  the  convex  area  of  a  frustum  of  a  right 
pyramid  or  right  cone: 

Rule. —  77ic  convex  ana  of  a  frustum  of  a  r  I j^/it  pyramid 
or  rtglit  cone  equals  one -half  the  sum  of  the  perimeters  of  its 
bases  multiplied  by  the  slant  height  of  the  frustum. 

E.XAMPLE.— Given,  the  frustum  of  a  triangular  pyramid,  in  which  one 
side  of  ihe  lower  base  measures  10  inches,  one  side  of  the  upjxjr  base 
measures  G  inches,  and  whose  slant  height  is  9  inches  ;  find  the  convex 
area. 

Solution.—  10  inches  x  3  =  30  inches,  the  perimeter  of  the  lower 
base. 

6  inches  X  3  =  18  inches,  the  perimeter  of  the  upper  base. 


30+  18 


=  24  inches,  or  one-half  the  sum  of  the  perimeters  of  the 


bases.     24  x  9  =  216  d  '.the  convex  area.     Ans. 


GEOMETRY  AND   TRIGONOMETRY.  389 

Example. — If  the  diameters  of  the  two  bases  of  a  frustum  of  a  cone 
are  13  inches  and  8  inches,  respectively,  and  the  slant  height  is  13 
inches,  what  is  the  entire  area  of  the  frustum  ? 

(13  X  3.1416) +  (8x3.1416)      _      or.^  or.     »  .u  r 

Solution.—    ^ — \^ X  13  =  376.99  a  ",  the  area  of 

the  convex  surface. 

82x.7854  =  50.27n". 
12' X. 7854  =  113.1  n". 

113.1  +  50.37  =  163.37  n  ",  the  area  of  the  two  ends. 

376.99  +  163.37  =  540.36  a  ",  the  entire  area  of  the  frustum.     Ans. 

815.  To  find  the  volume  of  the  frustum  of  a  pyramid 
or  cone : 

Rule. — Add  the  areas  of  the  upper  base,  the  lower  base, 
and  the  square  root  of  the  product  of  the  areas  of  the  two 
bases  ;  multiply  this  sum  by  one-third  of  the  altitude. 

Example. — Given,  a  frustum  of  a  hexagonal  pyramid,  each  edge  of 
the  lower  base  measuring  8  inches,  and  each  edge  g" 

of  the  upper  base  5  inches,  and  whose  altitude  is 
14  inches;  what  is  its  volume  ? 

Solution. — A  hexagonal  pyramid  is  one  whose 
base  is  a  hexagon,  or  six-sided  polygon.  Divide 
the  base  into  6  equal  triangles,  as  shown  in  Fig.  100. 
To  find  the  altitude  of  one  of  the  triangles,  pro- 
ceed as  follows: 

The  angle  at  the  vertex  of  one  of  the  triangles 

will  be-Tr-  =  60°,  and  the  angle  on  each  side  of  the  perpendicular  to 

the  base  (or  altitude)  will  be  —  =  30°. 

4  4 

The  altitude  = =  -— i^^zTrr-  =  6.93  inches,  nearly. 

tan  30         .57735 

The  area  of  the  triangle  =  ^  ^-^"^^  =r  37.73  d  ". 

27.73  X  6  =  166.33  a  "  =  the  area  of  the  hexagon,  or  the  area  of  the 
lower  base. 

In  a  similar  way,  find  the  area  of  the  upper  base  to  be  64.97  a". 

Then,   applying  the  rule,   166.33  +  64.97  +  |/166.33  X  64.97  =  166.32  + 

64.97  +  103.95  =  335.34. 

14 
335.34  X  -s-  =  1,564.45  cubic  inches  =  the  volume.     Ans. 
o 
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Example. — What  is  the  volume  of  a  frustum  of  a  cone  whose  uppet 
oase  is  S  inches,  the  lower  base  is  12  inches  in  diameter,  and  whose  alti- 
tude is  15  inches? 

Solution.— The  area  of  the  upper  base  =  8*  X  •'!'854  =  50.27  a '.  The 
area  of  the  lower  base  =  12*  X  .7854  =  113.1  a  '. 


The  square  root  of  their  prtxiuct  =  f^50.27  X  113.1  =  75.4. 

50.27  +  113.1  -+-  75.4  =  238.77. 

15  ' 

238.77  X  -5-  =  1,193.85  cubic  inches,  the  volume.     Ans. 

o 


THE  SPIIICRK. 

816.  A  sphere,  Fitj.  101,  is  a  solid 
bounded  by  a  uniformly  curved  surface, 
every  point  of  which  is  equally  distant  from 
a  point  within,  called  the  center. 

Fig.  loj. 
The  word  ball  is  commonly  used  instead  of  sphere. 

817.  To  find  the  area  of  the  surface  of  a  sphere: 

Rule. —  T/ic  area  of  the  surface  of  a  sphere  equals  the 
square  of  the  diameter  multiplied  by  3.  H16. 

Example.  —What  is  the  area  of  the  surface  of  a  sphere  whose  diameter 
is  14  inches  ? 

Solution. — 

143  X  3.1416  =  14  X  14  X  3.1416  =  615.75  □  ',  the  area.     Ans. 

818.  To  find  the  volume  of  a  sphere: 

Rule. —  The  volume  of  a  sphere  equals  the  cube  of  the 
diauietcr  multiplied  by  .5236. 

EXA.MPLE.  — What  is  the  weight  of  a  lead  cannon  ball  12  inches  in 
diameter,  a  cubic  inch  of  lead  weighing  .41  pound  ? 

Solution.— 12  X  12  X  12  X. 5236  =  904. 78  cubic  inches,  or  the  vol- 
ume  of  the  ball.     904.78  X  .41  =  370.96  pounds.     Ans. 

810.  If  any  st)lid  be  sliced  in  pieces,  whose  adjacent 
surfaces  are  flat,  any  piece  is  called  a  plane  seetiun  of  the 
solid. 
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Plane  sections  are  divided  into  three  classes:  Longitu- 
dinal sections,  cross-sections,  and  right  sections.  A  longi- 
tudinal section  is  any  plane  section  taken  lengthwise 
through  the  solid.  Any  other  plane  section  is  called  a 
cross-section.  If  the  surface  exposed  by  taking  a  plane 
section  of  a  solid  is  perpendicular  to  the  center  line  of  the 
solid,  the  section  is  called  a  riglit  section.  The  surface 
exposed  by  any  longitudinal  section  of  a  cylinder  is  a  rec- 
tangle. The  surface  exposed  by  a  right  section  of  a  cube  is 
■a  square;  of  a  cylinder  or  cone,  a  circle;  an  oblique  cross- 
section  of  a  cylinder  is  an  ellipse.  The  lower  half  of  a  right 
section  of  a  cone  or  pyramid  is  called  a  frustum  of  the  cone 
or  pyramid. 


THE  CYLINDRICAL   RING. 

820.  To  find  the  convex  area  of  a 
cylindrical  ring  : 

A  cylindrical  ring  is  a  cylinder  bent 
to  a  circle.  The  altitude  of  the  cylinder 
before  bending  is  the  same  as  the  length 
of  the  dotted  center  line  D.  Fig.  102, 


Fig   102. 


821.  The  base  will  correspond  to  a  cross-section  on 
the  line  A  B  drawn  from  the  center  O.  Hence,  to  find 
the  convex  area,  multiply  the  circumference  of  an  imagi- 
nary cross-section  on  the  line  A  B  by  the  length  of  the  cen- 
ter line  D. 

Example. — If  the  outside  diameter  of  the  ring  is  12  inches,  and  the 
inside  diameter  is  8  inches,  what  is  its  convex  area  ? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the  sum 

12-4-8 
of  the  inside  and  outside  diameters  =  — - —  =  10,  and  10  X  3.1416  = 

31.416  inches,  the  length  of  the  center  line. 

The  radius  of  the  inner  circle  is  4  inches,  of  the  outside  circle  6 
inches:  therefore,  the  diameter  of  the  cross-section  on  the  line  A  B  isi 
inches.  Then,  2  X  3.1416  =  6.2832  inches,  and  6.2832  X  31.416  =  197.4  n  ", 
or  the  convex  area.     Ans. 
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822.     To  find  the  volume  of  a  cylindrical  ring  : 

The  volume  will  he  the  same  as  that 

of  a  cylinder  whose  altitude  equals  the 

length  of  the  dotted  center  line  D,  Fig. 

103,   and  whose  base   is   the  same  as  a 

cross-section  of  the  ring  on  the  line  A  B, 

drawn  from  the  center  O.     Hence,  to  find 

^G  103.  l^^^  volume  of  a  cylindrical  ring,  multiply 

the  area  of  an  imaginary  cross-section  on  a  line  A  B,  by  the 

length  of  the  center  line  D. 

Example. — What  is  the  volume  of  a  cylindrical  ring  whose  outside 
diameter  is  12  inches,  and  whose  inside  diameter  is  8  inches  ? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the  sum 

12  4-  8 
of  the  inside  and  outside  diameters  =  — ^ —  =  l^- 

10  X  3.141G  =  31.416  inches,  the  length  of  the  center  line. 

The  radius  of  the  outside  circle  =  6  inches,  of  the  inside  circle  = 
4  inches;  therefore,  the  diameter  of  the  cross-section  on  the  line  A  B 
—  2  inches. 

Then,  2*  X  .7854  =  3,1416  n  ',  the  area  of  the  imaginary  cross-section. 

And  3.1416  X  31.416  =  98.7  cubic  inches,  the  volume.     Ans. 


EXAMPLES  FOR   PRACTICE. 

1.  Find  the  weight  of  an  iron  bar  16  feet  long  and  2  inches  in  diam- 
eter, the  weight  of  iron  being  taken  at  .28  pound  per  cubic  inch. 

Ans.  168.89  1b. 

2.  What  is  the  area  of  the  entire  surface  of  a  hexagonal  prism  13 
inches  long,  each  edge  of  the  base  being  1  inch  long  ? 

Ans.  77.196  sq.  in. 

3.  What  is  the  volume  of  a  triangular  pyramid,  one  edge  of  whose 
base  measures  3  inches,  and  whose  altitude  is  4  inches  ?   Ans.  5.2  cu.  in. 

4.  Find  the  volume  of  a  cone  whose  altitude  is  12  inches  and  the 
circumference  of  whose  base  is  31.416  inches.  Ans.  314.16  cu.  in. 

5.  A  round  tank  is  8  feet  in  diameter  at  the  top  (inside)  and  10  feet 
at  the  bottom.  If  the  tank  is  12  feet  deep,  how  many  gallons  will  it 
hold,  there  being  231  cubic  inches  in  a  gallon  ?        Ans.  5,734.2  gallons. 

6.  Required,  the  area  of  the  convex  surface  of  the  frustum  of  a 
square  pyramid  whose  altitude  is  16  inches,  one  side  of  the  lower  base 
being  28  inches  long,  and  of  the  upper  base  10  inches. 

Ans.   1,395.18  sq.  in. 

7.  What  is  the  volume  of  a  sphere  30  inches  in  diameter  ? 

Ans.  14,137.2  cu.  in. 
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8.  How  many  square  inches  in  the  surface  of  the  sphere  of  exam- 
ple 7  ?  Ans.  2,827.44  sq.  in. 

9.  Required,  the  area  of  the  convex  surface  of  a  circular  ring,  the 
outside  diameter  of  tlie  ring  being  10  inches  and  the  inside  diameter 
7i  inches.  Ans.  107.95  sq.  in. 

10.  Find  the  cubical  contents  of  the  ring  in  the  last  example. 

Ans.  33.734  cu.  in. 

11.  The  volume  of  a  sphere  is  606.132  cubic  inches;  required,  the 
area  of  the  convex  surface  of  a  cone  whose  slant  height  is  10  inches  and 
the  diameter  of  whose  base  is  the  same  as  the  diameter  of  the  sphere. 

Ans.  164.934  sq.  in. 

12.  What  is  the  volume  of  the  frustum  of  example  6  ? 

Ans.  6,208  cu.  in. 


PROJECTIONS. 

823.     If  perpendiculars  be  drawn  from  the  extremities  of  a 

line,  as^  ^,  Fig.  104  or  Fig.  105, 
to  another  line,  as  H  K,  as  shown 
in  the  figures,  that  portion  of  H K 
included  between  the  foot  of  each 
perpendicular  is  called  the  pro- 
jection oi  A  B  upon  H  K. 
-^  Thus,  C  D  is  the  projection  of 
A  B  upon  H  K,  the  point  C  is 

the  projection  of  the  point  A  upon  H  K,  and  the  point  D 

is  the  projection  of  the  point  B  upon  H  K. 

The  projection  of  any  point  of  A  B,  as  E,  can  be  found 
by  drawing  a  perpendicular  from  E  to  H  K,  and  the  point 
where  this  perpendicular  intersects  H  K\s  its  projection  ; 
in  this  case  the  point  F  is  the  projection  of  the  point  ^upon 
H  K. 


F 
Fig.  104. 


D 


It  makes  no  difference 
whether  the  line  is  straight 
or  curved,  the  method  of 
finding  the  projection  is 
exactly  the  same. 


F 

Fig.  105. 


X> 


-JL 
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From  this  it  is  seen  that  the  projection  of  the  hypotenuse 

^  of  a  right-angled  triangle  upon  the  base, 

as  A  D  (see  Fig.  100),  is  the  cosine  of 

the  angle  which  the  hypotenuse  makes 

with  the  base,  and  the  projection  of  the 

hypotenuse  upon   the    side    opposite,  or 

\c  B  D,  \s  the  sine  of  the  angle  which  the 

/      hypotenuse  makes  with  the  base. 
Fig.  ior>. 

In  a  similar  way,  a  surface  is  projected  upon  a  flat  sur- 
face. 

Thus,  it  is  desired  to  project  the  irregular  surface  a  b  d  c._ 
Fig.    107,    upon    the    flat 
surface  A  B  D  C.     Draw 
the  lines  a  a\  bb'  perpen- 
dicular to  the  flat  surface  ; 
join  the  points  a!  and  b' 
where  these  perpendiculars 
intersect  the    flat    surface 
A  B  D  Chy  a.  straight  line 
a'  b\  and  a'  b'  is  the  pro-  fic.  lor. 
jection  of  a  b  upon  A  B  I)  C.     The  projection  of  the  surface 
a  b  d  c  upon  the  plane  A  B  D  C  is,  in  this  case,  the  quad- 
rilateral a'  b'  d'  c'.                


svmmi:tricai>  .\M)  si.milar  fujlres. 

824.     All  axis  of  symmetry  is  any  line  so  drawn  that, 

if  the  part  of  the  figure  on  one  side  of 
the  line  be  folded  on  this  line,  it  will 
coincide  exactly  with  the  other  part, 
2)  point  for  point  and  line  for  line.  Thus, 
in  Fig.  108,  if  the  upper  half  be  folded 
over  on  the  diameter  C  D,  it  will  coin- 
cide exactly  with  the  lower  half;  also,  if 
Fig.  108.  the  part  on  the  right  of   the  diameter 

A  B  h%  folded  over  on  A  B,  it  will  coincide  exactly  with  the 
part  on  the  left  of  this  line. 

It  is  evident  from  the  above  that  a  circle  may  have  any 
number  of  axes  of  symmetry.      In  certain  cases,  however,  a 
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figure  may  be  symmetrical  with  regard  to  only  one  axis. 

Thus,  the  isosceles  triangle  A  B  C,  Fig.  109,  is  symmetrica] 

with    regard    to    the    axis  B  D,   because    the 

part  BCD  would    coincide    with    the    part 

BAD,  if  folded  over  on  the  line  B  D;  but  no 

other  axis  of  symmetry  could  be  drawn.     A 

rectangle  has  two  axes  of  symmetry  at  right 

angles  to  each  other.     A  hexagon  has  six  axes 

of  symmetry. 

825.  Similar  figures  are  those  which  are  alike  in 
form.  As  in  the  case  of  triangles,  which  have  been  consid- 
ered, two  figures,  to  be  similar,  must  have  their  correspond- 
ing sides  in  proportion,  and  the  angles  of  one  equal  to  the 
corresponding  angles  of  the  other.  Any  two  circles  are 
similar. 

826.  The  areas  of  two  similar  figures  are  to  each 
other  as  the  squares  of  any  one  dimension.  Thus,  a  paral- 
lelogram 10  inches  long  and  4  inches  wide  contains  40  square 
inches.  A  similar  parallelogram  20  inches  long  would  be  8 
inches  wide,  and  would  contain  ICO  square  inches,  while  the 
two  areas  would  be  to  each  other  as  the  squares  of  the  cor- 
responding sides  of  the  parallelograms.     That  is, 

40  :  IGO  =  10'  :  20% 
or  40  :  IGO  =  4'  :  8'. 

Example. — A  circle  10  inches  in  diameter  contains  78.54  square 
inches;  what  is  the  area  of  one  12  inches  in  diameter  ? 

Solution. — Let  x=  the  area  of  the  larger  circle.     Then, 

78  54  V  144 
78.54  :  X  =  10'^  :  12\  or  x  =         \Q.        =  113.0976  sq.  in.     Ans. 

827.  The  cubical  contents  (and  weights)  of  similar 
solids  are  to  each  other  as  the  cubes  of  any  one  dimension. 

Example. — If  a  cast  iron  ball  9  inches  in  diameter  weighs  100 
pounds,  what  would  one  15  inches  in  diameter  weigh  ? 

Solution.— 100  :  x  =  9=*  :  15\ 
weight  of  the  larger  ball.     Ans. 


o' 


100  V  S  S7^ 
Solution.— 100  :  .r=  9^  :  15\  or.r=         noa''    '  =  463. 96 pounds,  the 


20fi  GEOMETRY  AND  TRIGONOMETRY. 

ExAMiM.K.— A  rcKular  hexaRon  has  sides  y  long;  how  much  greater 
•will  the  area  of  another  regular  hexagon  be  whose  sides  are  'M'  lon^'  ? 

Solution. — 30  -j-  5  =  6,  or  the  length  of  a  side  of  a  30'  hexagon  is 
6  times  as  great  as  the  length  of  a  side  of  a  5'  hexagon ;  the  area  will 
be  6*  —  M  times  as  great.     Ans. 

This  example  may  also  be  solved  by  letting  1  represent  the  area  of 

900 
the  ■/  hexagon.     Then,  1  :  .r=  5»  :  30',  or  .r  =  -^  =  36. 


ELEMENTARY  MECHANICS. 


MATTER  AND  ITS  PROPERTIES 


DEFINITIONS. 

828.  Matter  is  anything  that  occupies  space.  It  is 
the  substance  of  which  all  bodies  are  composed.  Matter  is 
composed  of  molecules  and  atoms. 

829.  A  molecule  is  the  smallest  portion  of  matter  that 
can  exist  without  changing  its  nature. 

830.  An  atom  is  an  indivisible  portion  of  matter. 
Atoms  unite  to  form  molecules,  and  a  collection  of  mole- 
cules form  a  mass  or  body. 

A  drop  of  water  may  be  divided  and  subdivided,  until 
each  particle  is  so  small  that  it  can  only  be  seen  by  the  most 
powerful  microscope,  but  each  particle  will  still  be  water. 
Now,  imagine  the  division  to  be  carried  on  still  farther  until  a 
limit  is  reached  beyond  which  it  is  impossible  to  go  without 
changing  the  nature  of  the  particle.  The  particle  of  water 
is  now  so  small  that,  if  it  be  divided  again,  it  will  cease  to 
be  water,  and  will  be  something  else ;  we  call  this  particle  a 
molecule. 

If  a  molecule  of  water  be  divided,  it  will  yield  two  atoms 
of  hydrogen  gas,  and  one  of  oxygen  gas.  If  a  molecule  of 
sulphuric  acid  be  divided,  it  will  yield  two  atoms  of  hydro- 
gen, one  of  sulphur,  and  four  of  oxygen. 

It  has  been  calculated  that  the  diameter  of  a  molecule  is 
larger  than  i a g o o^ 6 o 6 o  of  an  inch,  and  smaller  than  g„ooQooQO 
of  an  inch. 

831.  Bodies  are  composed  of  collections  of  molecules. 
Matter  exists  in  three  conditions  or  forms:  solid^  liquidy  and 
gaseous. 
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832.  A  soliti  body  is  one  whose  molecules  chani;c 
their  relative  positions  with  great  difficulty  ;  as  iron,  wood, 
stone,  etc. 

833  A  liquid  l>ody  is  one  whose  molecules  tend  to 
change  their  relative  positions  easily.  Liquids  readily  adapt 
themselves  to  the  vessel  which  contains  them,  and  their 
upoer  surface  always  tends  to  become  perfectly  level.  Water, 
mercury,  molasses,  etc.,  are  liquids. 

834.  A  caseous  body,  or  gas,  is  one  whose  molecules 
tend  U>  separate  from  one  another;  as  air,  o.vygen,  hydro- 
gen, etc. 

Gaseous  bodies  are  sometimes  called  aeriform  (air-like) 
bodies.  They  are  divided  into  two  classes — the  so-called 
*' permanent '\i^(iscs,  and  vapors. 

835.  A  permanent  j^as  is  one  which  remains  a  gas 
at  ordinary  temperatures  and  pressures. 

836.  A  vapor  is  a  body  which  at  ordinary  tempera- 
tures is  a  liquid  or  solid,  but,  when  heat  is  applied,  becomes 
a  gas,  as  steam. 

One  body  may  be  in  all  three  states;  as,  for  example,  mer- 
cury, which  at  ordinary  temperatures  is  a  liquid,  becomes  a 
solid  (freezes)  at  4U^^  below  zero,  and  a  vapor  (gas)  at  000° 
above  zero.  By  means  of  great  cold,  all  gases,  even  hydro- 
gen, have  been  liquefied,  and  some  solidified. 

By  means  of  heat,  all  solids  have  been  liquefied  and  a  great 
many  vaporized.  It  is  probable  that  if  we  had  the  means  of 
producing  sufficiently  great  extremes  of  heat  and  cold,  all 
solids  might  be  converted  into  gases,  and  all  gases  into  solids. 

837.  Every  portion  of  matter  possesses  certain  qualities 
cdiWiid  proper  ties.  Properties  of  matter  are  divided  into  two 
classes :  general  and  speeial. 

838.  (ieneral   properties  of  matter  ars  those  which 

are  common  to  all  bodies.  They  are  as  follows:  Extension, 
impenetrability,  weight,  indestruetibility,  inertia,  mobility, 
divisibility^  porosity,  compressibility,  expansibility,  and 
elasticity. 
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839.  special  properties  are  those  which  are  not  pos- 
sessed by  all  bodies.  Some  of  the  most  important  are  as 
follows:  Hardness,  tenacity,  brittleness,  i}ialleability,  and 
ductility. 

840.  Extension  is  the  property  of  occupying  space. 
Since  all  bodies  must  occupy  space,  it  follows  that  extension 
is  a  general  property. 

841.  By  impenetrability  we  mean  that  no  two  bodies 
can  occupy  exactly  the  same  space  at  the  same  time. 

842.  Weight  is  the  measure  of  the  earth's  attraction 
upon  a  body.  All  bodies  have  weight.  In  former  times  it 
was  supposed  that  gases  had  no  weight,  since,  if  unconfined, 
they  tend  to  move  away  from  the  earth ;  but,  nevertheless, 
they  will  finally  reach  a  point  beyond  which  they  cannot  go, 
being  held  in  suspension  by  the  earth's  attraction.  Weight 
is  measured  by  comparing  it  with  a  standard.  The  stand- 
ard is  a  bar  of  platinum  owned  and  kept  by  the  government; 
it  weighs  one  pound. 

843.  Inertia  means  that  a  body  cannot  put  itself  in 
motion  nor  bring  itself  to  rest.  To  do  so,  it  must  be  acted 
upon  by  some  force. 

844.  Mobility  means  that  a  body  can  be  changed  in 
position  by  some  force  acting  upon  it. 

845.  Divisibility  is  that  property  of  matter  which 
indicates  that  a  body  may  be  separated  into  parts. 

846.  Porosity  is  that  property  of  matter  which  indi- 
cates that  there  is  space  between  the  molecules  of  a  body. 
Molecules  of  bodies  are  supposed  to  be  spherical,  and,  hence, 
there  is  space  between  them,  as  there  would  be  between 
peaches  in  a  basket.  The  molecules  of  water  are  larger  than 
those  of  salt;  so  that  when  salt  is  dissolved  in  water,  its 
molecules  wedge  themselves  between  the  molecules  of  the 
water,  and,  unless  too  much  salt  is  added,  the  water  will  oc- 
cupy no  more  space  than  it  did  before.  This  does  not  prove 
that  water  is  penetrable,  for  the  molecules  of  salt  occupy 
the  space  that  the  molecules  of  water  did  not. 
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"Water  has  been  forced  through  iron  by  pressure,  tlius 
proving  that  iron  is  porous. 

847.  Compressibility  is  that  property  of  matter 
which  indicates  that  the  molecules  of  a  body  may  be 
crowded  nearer  together,  so  as  to  occupy  a  smaller  space. 

848.  Kxpansibility  is  that  property  of  matter  which 
indicates  that  the  molecules  of  a  body  may  be  forced  apart, 
so  as  to  occupy  a  greater  space. 

84i-).  Elasticity  is  that  property  of  matter  which  indi- 
cates that  if  a  body  be  distorted  within  certain  limits,  it  will 
resume  its  original  form  when  the  distorting  force  is  re- 
moved.    Glass,  ivory,  and  steel  are  very  elastic. 

85().  Indestructibility  indicates  that  matter  can 
never  be  destroyed.  A  body  may  undergo  thousands  of 
changes;  be  resolved  into  its  molecules,  and  its  molecules 
into  atoms,  which  may  unite  with  other  atoms  to  form  other 
molecules  and  bodies,  which  may  be  entirely  different  from 
the  original  body,  but  the  same  number  of  atoms  remains. 
The  whole  number  of  atoms  in  the  universe  is  exactly  the 
same  now  as  it  was  millions  of  years  ago,  and  will  always  be 
the  same.     Matter  is  indestructible. 

851.  Hardness  is  that  property  of  matter  which  indi- 
cates that  some  bodies  may  scratch  other  bodies.  Fluids 
and  gases  do  not  possess  hardness.  The  diamond  is  the 
hardest  of  all  substances. 

852.  Teniicity  is  that  property  of  matter  which  indi- 
cates that  some  bodies  resist  a  force  lending  to  pull  them 
apart.      Steel  is  very  tenacious. 

853.  Hrittlcness  is  that  property  of  matter  which 
indicates  that  some  bodies  are  easily  broken;  as  glass, 
crockery,  etc, 

85  4.  Malleability  is  that  property  of  matter  which 
indicates  that  some  bodies  may  be  hammered  or  rolled  into 
sheets.      Gold  is  the  most  malleable  of  all  substances. 
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855e  Ductility  is  that  property  of  matter  which  indi- 
cates that  some  bodies  may  be  drawn  into  wire.  Platinum 
is  the  most  ductile  of  substances. 

856.  Mechanics  is  that  science  which  treats  of  the 
action  of  forces  upon  bodies,  and  the  effects  which  they  pro- 
duce; it  treats  of  the  laws  which  govern  the  movement  and 
equilibrium  of  bodies,  and  shows  how  they  may  be  utilized. 


MOTION   AND   REST. 


VELOCITY. 

857.  Motion  is  the  opposite  of  rest,  and  indicates  a 
changing  of  position  in  relation  to  some  object.  If  a  large 
stone  is  rolled  down  hill,  it  is  in  motion  in  relation  to  the  hill. 

If  a  person  is  on  a  railway  train,  and  walks  in  the  opposite 
direction  from  that  in  which  the  train  is  moving,  and  with 
the  same  speed,  he  will  be  in  motion  as  regards  the  train, 
but  at  rest  with  respect  to  the  earth,  since,  until  he  gets  to 
the  end  of  the  train,  he  will  be  directly  over  the  spot  at 
which  he  was  when  he  started  to  walk. 

858.  The  path  of  a  body  in  motion  is  the  line  described 
by  its  central  point.  No  matter  how  irregular  the  shape  of 
the  body  may  be,  nor  how  many  turns  and  twists"  it  may 
make;  the  line  which  indicates  the  direction  of  the  center  of 
the  body  for  every  instant  that  it  was  in  motion,  is  the  path 
of  the  body. 

859.  Velocity  is  rate  of  motion.  It  is  measured  by  a 
unit  of  space  passed  over  in  a  unit  of  time.  When  equal 
spaces  are  passed  over  in  equal  times,  the  velocity  is  said  to 
be  uniform.     In  all  other  cases  it  is  variable. 

If  the  fly-wheel  of  an  engine  keeps  up  a  constant  speed  of 
a  certain  number  of  revolutions  per  minute,  the  velocity  of 
any  point  on  the  wheel  is  uniform.  A  railway  train  having 
a  constant  speed  of  40  miles  per  hour,  moves  40  miles  every 
hour,  or  f ^  =  f  of  a  mile  every  minute;  and,  since  equal 
spaces  are  passed  over  in  equal  times,  the  velocity  is  uniform 
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Let  i'=  the  length  of  space  passed  over  uniformly; 

/  =  the  time  occupied  in  passing  over  the  space  5; 
J'=:  the  velocity. 
Then,  the  velocity  /'must  equal  the  space  S,  divided  by 
the  time  /,  or 

r=y.  (7.) 

Also,  the  space  .S"must  equal  the  velocity  J',  multiplied  by 
the  time,  or 

S=J't.         (8.) 

The  time  /  must  equal  the  space  S,  divided  by  the  veloc- 
ity, or 

8BO.  Unless  stated  otherwise,  the  space  passed  over  will 
be  the  length  of  the  path  of  the  body,  and  will  be  measured 
\n  feet  and  decimals  of  a  foot,  and,  unless  otherwise  stated, 
the  time  will  be  measured  in  seeonds. 

When  these  7niits  are  used,  the  veloeityii<ill  be  in  feet  per 
second,  which  means  that  the  center  of  the  body  passed  over 
a  certain  nundnr  of  feet  every  second,  and  the  unit  will  be 
one  foot  ill  one  second. 

Example. — The  velocity  of  sound  in  still  air  is  1,092  feet  per  second. 
If  I  see  the  flash  of  a  cannon  when  it  is  fired,  but  do  not  hear  the  report 
until  5  seconds  afterwards,  how  far  away  is  the  cannon  ? 

Solution.— 5  =  Vt  =  1,092  X  5  =  5,460  feet.     Ans. 

Example.— The  velocity  of  light  is  186,000  miles  a  second.  If  the 
average  distance  from  the  earth  to  the  sun  is9:<,(MM),(K)()  miles,  how  long 
does  it  take  for  a  beam  of  light  to  reach  the  earth  from  the  sun  ? 

S       93,00<J,0(K)       _--  ,  Q        •      .        ort 

Solution.—/  =  tf  =    ,o^  /^.    =  500    seconds,    or    8    mmutes    20 

K  loD.UUU 

seconds.     Ans. 

Example. — If  a  body  passes  over  a  space  of  4,800  feet  uniformly  in  8 
minutes,  what  is  its  velocity  in  feet  per  second  ? 

c       A  Qrwi 

Solution. — 8  minutes  =  480  seconds.       J '  =  —  =  -Wr  =  10.    Hence, 

/       4yu 

the  velocity  is  10  feet  per  second.     Ans. 

In  examples  concerning  icori'  the  unit  of  velocity  is  usually 
taken  as  one  foot  in  one  minute. 
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The  unit  of  time  may  be  a  second,  minute,  hour,  day,  or 
year.  The  unit  of  space  may  be  fect^  miles,  the  earth's 
radius,  or  the  distance  from  the  earth  to  the  sun,  according 
to  the  conditions  of  the  example.  The  larger  units  are  used 
only  in  astronomy. 

Example.— The  distance  from  the  earth  to  the  moon  is  about  60 
times  the  radius  of  the  earth;  how  many  miles  is  it  from  here  to  the 
moon  ? 

Solution. — The  radius  of  the  earth  is  nearly  4,000  miles;  hence, 
4,000  X  60  =  240,000  miles,  the  distance  to  the  moon,  nearly.     Ans. 


EXAMPLES   FOR   PRACTICE. 

1.  The  piston  speed  of  a  steam  engine  is  10  feet  per  second ;  how 
many  miles  will  the  piston  travel  in  one  hour  ?  Ans.  6^^  mi. 

2.  If  a  railroad  train  travels  70  miles  in  one  hour,  what  is  its  velocity 
in  feet  per  second  ?  Ans.  102|  ft.  per  sec. 

3.  A  man  runs  100  yards  in  12  seconds;  how  long  will  it  take  him 
to  run  a  mile  at  the  same  rate  ?  Ans.   3  min.  31.2  sec. 

4.  The  outside  diameter  of  an  engine  fly-wheel  is  13  feet  9  inches. 
A  point  on  the  rim  travels  45,000  feet  in  5  minutes;  what  is  the  velocity 
in  feet  per  second  ?  Ans.  150  ft,  per  sec. 

FORCE. 


THE    THREE    LAWS    OP    MOTION. 

861.  A  force  is  that  which  produces,  or  tends  to  pro- 
duce or  destroy,  motion.  Forces  are  called  by  various 
names,  according  to  the  effects  which  they  produce  upon  a 
body,  as  attraction,  repulsion,  cohesion,  adhesion,  accelerating 
force,  retarding  force,  resisting  force,  etc.,  but  all  are 
equivalent  to  a  push  or  pull,  according  to  the  direction  in 
which  they  act  upon  a  body.  That  the  effect  of  a  force 
upon  a  body  may  be  compared  with  another  force,  it  is 
necessary  that  three  conditions  be  fulfilled  in  regard  to  both 
forces ;  they  are  as  follows : 

(1.)  TJie  point  of  application,  or  point  at  whicJi  the  force 
acts  Jipoji  the  body,  must  be  known. 

(2.)  T lie  direction  of  the  force,  or,  what  is  the  same  thing, 
the  straight  line  along  which  the  force  tends  to  move  the 
point  of  application,  must  be  known. 
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(:{. )  The  uiai^nitudc  or  value  of  the  forces  when  earn- 
pared  with  a  ^i^iven  standard,  must  he  knozcn. 

862.  The  unit  of  magnitude  of  forces  will  ahcays  be 
taken  as  one  pound,  in  this  section  on  Elementary  Mechanics, 
and  all  forces  will  be  spoken  of  as  a  certain  number  of  pounds. 

863.  According  to  the  effects  which  forces  produce  upon 
a  botly,  ilie  science  of  Mechanics  is  subdivided  as  follows: 

(1. )     Mechanics  of  Solid  Bodies. 

(2.)     Mechanics  of  Fluids. 

(3. )     Mechanics  of  Heat,  or  Thernwdynaviics. 

Mechanics  of  Solids  is  further  divided  into  Statics  and 
Kinetics,  or  Dynamics,  as  it  is  commonly  called. 

Mechanics  of  Fluids  is  further  divided  into  Mechanics  of 
Air  and  Gases,  or  Pneumatics,  and  Mechanics  of  Liquids. 
The  Mechanics  of  Liquids  is  divided  into  Hydrostatics  and 
Hydrokinetics ;    the    latter   is   also   called   Hydraulics    and 
Hydrodyna  m  ics. 

864.  Statics  treats  of  the  conditions  of  the  equilibrium 
of  bodies.  A  body  is  in  equilibrium  under  the  action  of 
forces,  when  the  forces  acting  upon  the  body  balance  each 
other. 

865.  Kinetics,  or  Dynamics,  treats  of  bodies  in 
motion,  antl  the  effects  which  they  may  produce. 

866.  Pneumatics  treats  of  the  laws  of  the  pressure 
and  of  the  movement  of  air  and  other  gaseous  bodies. 

867.  Hydrostatics  treats  of  the  equilibrium  of  licpiids. 

868.  Hydrokinetics  (also  called  Hydraulics  and 
Hydrodynamics)  treats  of  liquids  in  motion,  and  the  effects 
which  they  may  produce. 

869.  Thermodynamics  treats  of  the  mechanical 
effects  of  heat  upon  bodies. 

87().     The    fundamental    principles     of     the  relations 

between  force    and  motion  were  first  stated  by  Sir    Isaac 

Newton.      They    are     called    "Newton's     Three  Laws    of 
Motion,"  and  are  as  follows: 
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(I.)  All  bodies  coiitimic  in  a  state  of  rest,  oi' of  uniform 
motion,  in  a  straight  line,  iinless  acted  upon  by  some  external 
force  that  compels  a  change. 

(II. )  Every  motion,  or  change  of  motion,  is  proportional  to 
tJie  acting  force,  and  takes  place  in  the  direction  of  the 
straight  line  along  which  the  force  acts. 

(III.)  To  every  action  there  is  always  opposed  an  equal 
and  contrary  reaction. 

From  the  first  lazu  of  motion,  it  is  inferred  that  a  body- 
once  set  in  motion  by  any  force,  no  matter  how  small,  will 
move  forever  in  a  straight  line,  and  always  with  the  same 
velocity,  unless  acted  upon  by  some  other  force  which  com- 
pels a  change.  It  is  not  possible  to  actually  verify  this  law, 
on  account  of  the  earth's  attraction  for  all  bodies,  but,  from 
astronomical  observations,  we  are  certain  that  the  law  is 
true.      This  law  is  often  called  the  lazu  of  inertia. 

871.  The  word  inertia  is  so  abused  that  a  full  under- 
standing of  its  meaning  is  necessary.  Inertia  is  not  a  force, 
although  it  is  often  so  called.  If  a  force  acts  upon  a  body 
and  puts  it  in  motion,  the  effect  of  the  force  is  stored  in  the 
body;  and  a  second  body,  in  stopping  the  first,  will  receive  a 
blow  equal  in  every  respect  to  the  original  force,  assuming 
that  there  has  been  no  resistance  of  any  kind  to  the  motion 
of  the  first  body. 

It  is  dangerous  for  a  person  to  jump  from  a  fast-moving 
train,  for  the  reason  that,  since  his  body  has  the  same 
velocity  as  the  train,  it  has  the  same  force  stored  in  it  that 
would  cause  a  body  of  the  same  weight  to  take  the  same 
velocity  as  the  train,  and  the  effect  of  a  sudden  stoppage  is 
the  same  as  the  effect  of  a  blow  necessary  to  give  the  person 
that  velocity.  But,  by  "bracing  "  himself  and  jumping  in 
the  same  direction  that  the  train  is  moving,  and  running, 
he  brings  himself  gradually  to  rest,  and  thus  reduces  the 
danger.  If  a  body  is  at  rest,  it  must  be  acted  upon  by  a 
force  in  order  to  be  put  in  motion,  and,  no  matter  how 
great  the  force  may  be,  the  body  cannot  be  instantly  put  in 
motion. 


3or, 
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Tlie  resistance  thus  offered  to  bein^  put  in  motion  is  com- 
monly, but  erroneously,  called,  the  Risistancc  of  Inertia. 
It  should  be  called  the  Kisistuiicc  due  to  Inertia. 

From  the  seeond  ia^o,  it  is  seen  that,  if  two  or  more  forces 
act  upon  a  body,  their  final  effect  upon  the  body  will  be  in 
proportion  to  their  magnitude  and  to  the  directions  in  which 
they  act.  Thus,  if  the  wind  is  blowing  due  west,  with  a 
velocity  of  50  miles  per  hour,  and  a  ball  is  thrown  due  north 

with  the  same  velocity, 
or  50  miles  per  hour, 
the  wind  will  carry  the 
ball  just  as  far  west  as 
the  force  of  the  throw 
carried  it  north,  and 
the  combined  effect  will 
be  to  cause  it  to  move 
north-west.  The  amount 
of  departure  from  due 
north  will  be  propor- 
tional to  the  force  of 
the  wind,  and  independ- 
ent of  the  velocity  due 
to  the  force  of  the 
throw. 

In  Fig.  110,  a  ball  e 
is  supported  in  a  cup, 
the  bottom  of  which  is 
attached  to  the  lever  o 
in  such  a  manner  that 
a  movement  of  o  will 
swing  the  bottom  hori- 
zontally and  allow  the 
ball  to  drop.  Another 
ball  /'  rests  in  a  hori- 
zontal groove  that  is 
provided  with  a  slit  in 
the  bottom.  A  swing- 
ing arm  is  actuated  by 


\ 


\ 
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the  spring  d  in  such  a  manner  that,  when  drawn  back  as 
shown  and  then  released,  it  will  strike  the  lever  o  and  the 
ball  b  at  the  same  time.  This  gives  b  an  impulse  in  a  hor- 
izontal direction  and  swings  o  so  as  to  allow  e  to  fall. 

On  trying  the  experiment,  it  is  found  that  b  follows  a 
path  shown  by  the  curved  dotted  line,  and  reaches  the  floor 
at  the  same  instant  as  r,  which  drops  vertically.  This 
shows  that  the  force  which  gave  the  first  ball  its  horizontal 
movement,  had  no  effect  on  the  vertical  force  which  com- 
pelled both  balls  to  fall  to  the  floor,  the  vertical  force  produc- 
ing the  same  effect  as  if  the  horizontal  force  had  not  acted. 
The  second  law  may  also  be  stated  as  follows :  A  force  has 
the  same  effect  in  producing  motion,  xvhether  it  acts  np07i  a 
body  at  rest,  or  in  motion,  and  ivJietJier  it  acts  alone  or  with 
other  forces. 

The  third  lazv  states  that  action  and  reaction  are  equal 
and  opposite.  A  man  cannot  lift  himself  by  his  boot-straps, 
for  the  reason  that  he  presses  downwards  with  the  same 
force  that  he  pulls  upwards ;  the  downward  reaction  equals 
the  upward  action,  and  is  opposite  to  it. 

In  springing  from  a  boat  we  must  exercise  caution,  or  the 
reaction  will  drive  the  boat  from  the  shore.  When  we  jump 
from  the  ground,  we  tend  to  push  the  earth  from  us,  while 
the  earth  reacts  and  pushes  us  from  it. 

872.     A  force  may  be  represented  by  a  line;  thus,  in 
Fig.  Ill,  let  A  be  the  point  of  application   of  the  force;  let 
the    length  of  the  line  A  B  represent  its 
magnitude,  and  let  the  arrow-head  indicate  *  ^ 

the  direction  in  which  the  force  acts,  then  fig.  hi. 

the  line  A  B  fulfils  the  three  conditions  (see  Art.  861),  and 
the  force  is  fully  represented. 


THE    COMPOSITION    OF    FORCES. 

873.  When  two  forces  act  upon  a  body  at  the  same 
time,  but  at  different  angles,  their  final  result  may  be  ob- 
tained as  follows: 
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In  Fig.  112,  let  .1  be  the  common  point  of  application  oi 
the  two  forces,  and   let  A  B  and  A  C  represent   the  wat^ni- 

A 50  lb.  B         tudc  and  direction  of  the  forces.     Ac- 

V\  \         cording  to  the  second  law  of  motion, 

\    \.  \         the  final  effect  of  the  movement  due 

^i         x^^  \        to  these  two  forces  would  be  the  same 

^'j!!!  x^  \       whether  they  acted  singly  or  together. 

•  \  \  \      vSuppose  that  the  line  A  B  represents 

\  \^    \     the  distance  that  the  force  A  B  would 

\  \.\    cause  the   body    to    move;    similarly, 

^  ^  ^j^^j.      J     ^    represents    the    distance 

Fio.  ns.  which  the  force  .  I  6"  would  cause  the 

body  to  move  when  both  forces  were  acting  separately. 
The  force  A  B,  acting  alone,  would  carry  the  body  X.o  B\  if 
the  force  A  C  were  now  to  act  upon  the  body,  it  would 
carry  it  along  the  line  B  D,  parallel  to  A  C,  to  a  point  D, 
at  a  distance  from  B  equal  to  A  C.  Join  C  and  D,  then 
C  D  '\s>  parallel  to  A  B,  and  A  B  D  C  '\s  a.  parallelogram. 
Draw  the  diagonal  .  /  D.  According  to  the  second  law  of 
motion,  the  body  will  stop  at  D,  whether  the  forces  act 
separately  or  together,  but  if  they  act  together,  the  path 
of  the  body  will  be  along  A  D,  the  diagonal  of  the  paral- 
lelogram. Moreover,  the  length  of  the  line  A  D  repre- 
sents the  magnitude  of  a  force  which,  acting  at  A  in  the 
direction  A  D,  would  cause  the  body  to  move  from  A  to  D; 
in  other  words,  A  D,  measured  to  the  same  scale  as  A  B  and 
A  C,  represents,  in  magnitude  and  direction^  the  combined 
effect  of  the  two  forces  A  B  and  A  C. 

874.  This  line  A  D  is  called  the  resultant.  Suppose 
that  the  scale  used  was  50  pounds  to  the  inch;  then,  \(  A  B 
=  50  pounds,   and  A  C  =  i'rH  pounds,   the  length  oi  A  B 

50  62  5 

would  be  —  =  1  inch,   and  the  length  oi  A  C  would  be  — '— 

=  1^  inches.      If  A  D,  or  the  resultant,  measures  IJ  inches, 
its  jnagnttude  would  be  If  X  50  =  87^  pounds. 

Therefore,  a  force  of  87^  pounds  acting  upon  a  body  at  A 
in  the  direction  A  D,  will  produce  the  same  result  as  the 
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combined  effects  of  a  force  of  50  pounds  acting  in  the  direc- 
tion A  B,  and  a  force  of  62^^  pounds  acting  in  the  direction  A  C. 

875.  The  above  method  of  finding  the  resulting  action 
of  two  forces  acting  upon  a  body  at  a  common  point,  is  correct, 
whatever  may  be  their  direction  and  magnitudes.  Hence, 
to  find  the  resultant  of  two  forces  when  their  common  point 
of  application,  their  direction  and  inagnitudes  are  known : 

Rule  I. — Assume  a  point,  and  draw  tzvo  lines  parallel  to 
the  directions  of  the  lines  of  actio7i  of  the  txvo  forces.  With 
any  convenietit  scale,  vieasiirc  off  from  tJie point  of  intersec- 
tion {common  point  of  application^,  distances  corresponding  to 
the  magnitudes  of  the  respective  forces,  and  complete  the 
parallelogram.  From  the  common  point  of  application,  draw 
the  diagonal  of  the  parallelogram  ;  this  diagonal  will  be  the 
resultant,  and  its  direction  zuill  be  away  from  the  point  of 
application.  Its  magnitude  should  be  measured  with  the  same 
scale  that  was  used  to  measure  the  tzvo  forces. 

This  method  is  called  the  graphical  method  of  the 
parallelogram  of  forces. 

876.  Experimental  Proof. — The  principle  of  the  par- 
allelogram of  forces  is  clearly  shown  in  Fig.  113.  A  B  D  C 
is  a  wooden  frame,  jointed  to  allow  motion  at  its  four  corners. 
The  length  A  B  equals  CD;  that  of  ^  ^  equals  B  D,  and 
the  corresponding  adjacent  sides  are  in  the  ratio  of  two  to 
three.  Cords  pass  over  the  pulleys  M  and  TV,  carrying 
weights  IF  and  zv,  of  90  and  GO  pounds.  The  ratio  between 
the  weights  equals  the  ratio  of  the  corresponding  adjacent 
sides.     A  weight  V  of  120  pounds  is  hung  from  the  corner  A. 

When  the  frame  comes  to  rest,  the  sides  A  B  and  A  C  lie 
in  the  direction  of  the  cords.  These  sides  A  B  and  A  C  are 
accurate  graphic  representations  of  the  two  forces  acting 
upon  the  point  A.  It  will  be  found  that  the  diagonal  A  D 
is  vertical,  and  twice  as  long  z.^  A  C  ;  hence,  since  A  C  rep- 
resents a  force  of  60  pounds,  A  D  will  represent  a  force  of 
2  X  60,  or  120  pounds. 

Thus,  we  see  that  the  line  A  D  represents  the  resultant  of 
the  two  forces  A  B  and  A  C  \  \x\  other  words,  it  represents 


310 


ELEME^'TARY   MECHANICS. 


the  resultant  of  the  two  weights  fTand  u:  This  resultant 
is  equal  and  opposite  to  the  vertical  force,  which  is  due  to 
the  weight  of  /'. 


FIG.  ns. 

Satisfactory  results  of  this  kind  will  be  secured  when  we 
have  the  proportion 

A  B:A  C=  !(':«'. 

Example. — If  two  forces  act  upon  a  body  at  a  common  point,  both 
acting  away  from  the  body,  and  the  angle  between  them  is  HO',  what  is 
the  value  of  the  resultant,  the  magnitude  of  the  two  forces  being 
60  pounds  and  90  pounds,  respectively  ? 

Solution. — Draw  two  indefinite  lines  having  an  angle  of  80° 
between  them.  With  any  convenient  scale,  say  10  pounds  ti>  the  inch, 
measure  off  A  //  =  GO  -h  10  =  G  inches,  and  .•/  C=  J)0  -r-  10  ^  'J  inches. 

Through  />',  draw  li  D  parallel  to  A  C,  and  through  C,  draw  C  D 
parallel  to.-/  H,  intersecting  at  D.  Then  draw  ./  D,  and  A  D  will  be  the 
rt-sul/itiif;  \\.'^  direction  is  towards  the  point  D,  as  shown  by  the  arrow. 

Measuring  AD,  we  find  that  its  length  =  11.7  inches.  Hence, 
11.7  X  10  =  117  pounds.     Ans. 

Caution. — In  solving  problems  by  the  graphical  methfKl,  ttse  as 
large  a  scale  as  possible.     More  accurate  results  are  then  obtained. 

877.     The  above  example  might  also  have  been  solved 
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by  the  method  called   the  triangle    of  forces,  which  is 
as  follows: 

In  Fig.  114,  suppose  that  the  two  forces  acted  separately, 
first  from  A  to  B,  and  then  /  ^ 

from  B  to  D,  in  the  direction 
of  the  arrows. 

Draw  A  D\   then   A  D  is     ^.  .. 

the    resultant   of   the  forces 


A  B  and  A  C,  since  B  D  — 

A    C;  but  A  B>  is  a  side  of  ^ 

the  triangle  A  B  D.     It  will  ^^        ^  ^ 

also  be  noticed  that  the  di- 
rection oi  A  D  is  opposed  to  that  of  A  B  and  B  D;  hence,  to 
find  the  resultant  of  two  forces  acting  upon  a  body  at  a 
common  point,  by  the  method  of  triangle  of  forces: 

Rule  II. — Drazv  the  lines  of  action  of  the  two  forces  as 
if  each  force  acted  separately,  the  lengths  of  the  lines  being 
proportional  to  the  magnitude  of  the  forces.  Join  the  extrem- 
ities of  the  tzvo  lines  by  a  straight  line,  and  it  tvill  be  the  re- 
sultant ;  its  direction  will  be  opposite  to  that  of  the  two  forces. 

Note. — When  we  speak  of  the  resultant  being  opposed  in  direction 
to  the  other  forces  around  the  polygon,  we  mean  that,  starting  from 
the  point  where  we  began  to  draw  the  polygon,  and  tracing  each  line 
in  succession,  the  pencil  will  have  the  same  general  direction  around 
the  polygon,  as  if  passing  around  a  circle,  from  left  to  right,  or  from 
right  to  left,  but  that  the  closing  line  or  resultant  must  have  an  oppo- 
site directio)i,  that  is,  the  two  arrow-heads  viust  point  towards  the 
point  of  intersection  of  the  resuttant  and  the  last  side. 

878.  When  three  or  more  forces  act  upon  a  body  at  a 
given  point,  their  resultant  may  be  found  by  the  fallowing  rule : 

Rule  III. — Find  the  rcstiltant  of  any  tzvo  forces ;  treat 
this  resultant  as  a  single  force,  and  combine  it  ivitJi  a  third 
force  to  find  a  second  resultant.  Combine  this  second  result- 
ant with  a  fourth  force,  to  find  a  third  resultant,  etc.  After 
all  the  forces  have  been  thus  combined,  the  last  resultant  will 
be  the  resultant  of  all  of  the  forces,  both  in  magnitude  and 
direction. 

Example. — Find  the  resultant  of  all  the  forces  acting  on  the  point  O 
in  Fig.  115,  the  length  of  the  lines  being  proportional  to  the  magnitude 
of  the  forces. 
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SoiA'TioN. — Draw  OE  parallel  and  equal  to  .10,  and  yT/"  parallel 
and  equal  to  HO,  then  O  J-'is  the  resultant  of  these  two  forces,  and  its 
direction  is  from  O  io  F,  opposed  to  O  Ea.x\6.  E  F.  Treat  O  Fas  '\i  O  E 
and  E F  A'\d  not  exist,  and  draw  EG  parallel  and  equal  to  0C\  OG 
will  be  the  resultant  of  O  F  VinCL  EG;  but  (7 /'is  the  resultant  of  O  E 
and  E F,  hence,  O  G  is  the  resultant  of  O  E,  E F,  and  EG,  and  likewise 
of  A  O,  BO,  and  CO.  The  line  EG,  parallel  to  CO,  could  not  be  drawn 
from  the  point  O  to  the  right  of  O  E,  for  in  that  case  it  would  be  opposed 
in  direction  to  OF;  but  EG  must  have  the  same  direction  as  OF,  in 
order  that  the  resultant  may  be  opposed  to  both  O  T^and  EG. 

For  the  same  reason,  draw  GL  parallel  and  equal  to 'DO.  Join  O 
and  L,  and  O L  will  be  the  result attt  of  all  the  forces  .-/  O,  BO,  CO, 
and  DO  (both  in  magnitude  and  direction),  acting  at  the  point  O.     If 


L  O  were  drawn  parallel  and  equal  to  O  L,  and  having  the  same  direc- 
tion, it  would  represent  the  effect  produced  on  the  body  by  the  com- 
bined action  of  the  forces  A  O,  BO,  CO,  and  DO. 

879.  In  the  last  figure,  it  will  be  noticed  that  O  1%  R  F, 
F  G,  G  L,  and  L  O  are  sides  of  a  polygon  O  E  F  G  L,  \x\ 
which  O  L,  the  resultant,  is  the  closing  side,  and  that  its 
direction  is  opposed  to  that  of  all  the  other  sides.  This  fact 
is  made  use  of  in  what  is  called  the  method  of  tlic  poly- 
(;on  of  forces. 

To  find  the  resultant  of  several  forces  acting  upon  a  body 
at  the  same  point  : 

Rule  IV. —  T/irous^h  a  convenient  point  on  tJie  draiving, 
draw  a  line  parallel  to  one  of  the  forees,  and  having  the  same 
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direction  and  viagnitiide.  At  the  end  of  this  line,  draiv  an- 
other line  parallel  to  a  second  force,  and  having  the  same  di- 
rection and  magnitude  as  this  second  force  ;  at  the  end  of  the 
second  line,  draw  a  line  parallel  and  equal  in  magnitude  and 
direction  to  a  third  force.  Thus  continue  until  lines  have 
been  drawn  parallel  and  equal  in  magnitude  and  direction  to 
all  of  the  forces. 

The  straight  line  joining  the  free  ends  of  the  first  and  last 
lines  will  be  the  closing  sides  of  the  polygon  ;  mark  it  opposite 
in  direction  to  that  of  the  other  forces  around  the  polygoji, 
and  it  will  be  the  resultant  of  all  the  forces. 

Example. — If  five  forces  act  upon  a  body  at  angles  of  60%  120%  180", 
240°,  and  270°,  towards  the  same  point,  and  their  respective  magnitudes 
are  60,  40,  30,  25,  and  20  pounds,  find  the  magnitude  and  direction  of 
their  resultant  by  the  method  of  polygon  of  forces.* 

Solution, — From  a  common  point  O,  Fig.  116,  draw  the  lines  of 


Fig.  116. 

action  of  the  forces,  making  the  given  angles  with  a  horizontal  line 
through  (9,  and  mark  them  as  acting  towards  O,  by  means  of  arrow- 
heads, as  shown.  Now,  choose  some  convenient  scale,  such  that  the 
whole  figure  may  be  drawn  in  a  space  of  the  required  size  on  the 
drawing.  Choose  any  one  of  the  forces,  as  A  O,  and  draw  O  F  parallel 
to  it,  and  equal  in  length  to  30  pounds  on  the  scale.  It  must  also  act  in 
the  same  direction  as  O  A  At  F,  draw  FG  parallel  to  BO,  and  equal 
to  40  pounds.     In  a  similar  manner,  draw  G  H,  HI,  and  /A' parallel  to 

*  Note. — As  stated  in  Art.  742,  all  angles  are  measured  from  a 
horizontal  line,  in  a  direction  opposite  to  the  movement  of  the  hands  of 
a  watch  (from  around  the  circle  to  the  left),  from  1°  or  less  up  to  360°. 
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CO,  DO,  and  EO,  and  equal  to  60,  20,  and  2.")  j^iunds,  respectively. 
Join  O  and  A'  by  ()  A',  and  t^  A'  will  be  the  resultant  of  the  c<»mbined 
action  of  the  five  forces;  its  direction  is  opposite  to  that  of  the  other 
forces  around  the  polygon  O  FG  H I K,  and  its  magnitude  =  55f 
pounds.     Ans. 

If  the  resultant  O  A',  in  Fig.  IK.,  were  to  act  alone  upon 
the  body  in  the  direction  shown  by  the  arrow-head,  with  a 
force  of  55J  pounds,  it  would  produce  exactly  the  same 
effect  upon  a  body  as  the  combined  action  of  the  five  forces. 

\i  O  F,  F  G,G  //,  //  /,  and  /  A'  represent  the  distances 
and  directions  that  the  forces  would  move  the  body,  if  act- 
ing separately,  O  K  is  the  direction  and  distance  of  move- 
ment of  the  body  when  all  the  forces  act  together. 

880.  From  what  has  been  said  before,  it  is  seen  that 
any  number  of  forces  acting  on  a  body  at  the  same  point, 
or  having  their  lines  of  action  pass  through  the  same  point, 
can  be  replaced  by  a  single  force  (resultant),  whose  line  of 
action  shall  pass  through  that  point. 

881.  Heretofore,  it  has  been  assumed  that  the  forces 
acted  upon  a  single  point  on  the  surface  of  the  body,  but  it 
will  make  no  difference  where  they  act,  so  long  as  the  lines 
of  action  of  all  the  forces  intersect  at  a  single  point,  either 
within  or  without  the  body,  only  so  that  the  resultant  can 
be  drawn  through  the  point  of  intersection.  If  two  forces 
act  upon  a  body  in  the  same  straight  line  and  in  the  same 
direction,  their  resultant  is  the  sum  of  the  tzi'o  forces  ;  but,  if 
they  act  in  opposite  directions,  their  resultant  is  the  differ- 
ence of  the  tico  forces,  and  its  direction  is  the  same  as  that 
of  the  greater  force.  If  they  are  equal  and  opposite,  the 
resultant  is  zero,  or  one  force  just  balances  the  other. 

Example.— Find  the  resultant  of  the  forces  whose  lines  of  action 
pass  through  a  single  point,  as  shown  in  Fig.  117. 

SoLCTKix. — Take  any  convenient  point,i,^and  draw  a  line  ^/,  par- 
allel to  one  of  the  forces,  say  the  one  marked  40,  making  it  equal  in 
length  to  40  pounds  on  the  scale,  and  indicate  its  direction  by  the 
arrow-head.  Take  some  other  force — the  one  marked  37  will  be  con- 
venient; the  line/ <;•  represents  this  force.  From  the  point  t\  draw  a 
line  parallel  to  some  other  force;  say  the  one  marked  29,  and  make  it 
equal  in  magnitude  and  direction  to  it.  So  continue  with  the  other 
forces,  taking  cai  e  that  the  general  direction  around  the  polygon  is  not 
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changed.  The  last  force  drawn  in  the  figure  is  a  b,  representing  the 
force  marked  25.  Join  the  points  a  and  g;  then,  ag  is  the  resultant 
of  all  the  forces  shown  in  the  figure.     Its  direction  is  from  g  to  a  op- 


FiG.  lir. 


posed  to  the  general  direction  of  the  others  around  the  polygon.  It  does 
not  matter  in  what  order  the  different  forces  are  taken,  the  resultant  will 
be  the  same  in  magnitude  and  direction,  if  the  work  is  done  correctly. 

882.  The  various  methods  of  finding  the  resultant  of 
several  forces  are  all  grouped  under  one  head  :  The  compo- 
sition of  forces. 


THE    RESOLUTION    OF    FORCES. 

883.  Since  two  forces  can  be  combined  to  form  a  single 
resultant  force,  we  may  also  treat  a  single  force  as  if  it  were 
the  resultant  of  two  forces,  whose  action  upon  a  body  will 
be  the  same  as  that  of  a  single  force.  Thus,  in  Fig.  118, 
the  force  O  A  may  be  resolved  into  two  forces,  O  B  and  B  A, 
whose  directions  are  opposed  to  O  A. 

If  the  force  O  A  acts  upon  a  body,  moving  or  at  rest  upon 
a  horizontal  plane,  and  the  resolved  force  6^  ^  is  vertical, 
and  B  A   horizontal,   O  B,  measured  to  the  same  scale  as 
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O  A,  is  the  magnitude  of  that  part  oi  O  A  which  pushes  the 

body  downwards^  while  B  A  is  the  mapfnitudc  of  that  part 
o  of    the  force  O  A  which  is 

exerted  in  pushing  the  body 
in  a  horizontal  directic^n. 
O  B  and  B  A  are  called  the 
coiiii>«>iicntH  of  the  force 
(?yi,and  when  these  com- 
ponents are  vertical  and 
p,P.  jitj.  horizontal,  as  in  the  present 

case,  they  are  called  the  vertical  component  and  the  liorizontal 

cotnponent  of  the  force  O  A. 

884.  It  frequently  happens  that  the  position,  magni- 
tude and  direction  of  a  certain  force  is  known,  and  that  it  is 
desired  to  know  the  effect  of  the  force  in  some  direction, 
other  than  that  in  which  it  acts.  Thus,  in  Fig.  118,  suppose 
that  O  A  represents,  to  some  scale,  the  magnitude,  direction, 
and  line  of  action  of  a  force  acting  upon  a  body  at  A,  and 
that  it  is  desired  to  know  what  effect  O  A  produces  in  the 
direction  B  A.  Now  B  A,  instead  of  being  horizontal,  as  in 
the  cut,  may  have  any  direction.  To  find  the  value  of  the 
component  of  O  A  which  acts  in  the  direction  B  A,  we 
employ  the  following  rule : 

Rule  V. — From  one  extremity  of  the  line  representing  the 
given  force ^  draiv  a  line  parallel  to  t lie  direction  in  ivhieh  it  is 
desired  that  the  cotnponent  shall  act ;  from  the  other  extrem- 
ity of  the  given  force,  draio  a  line  perpendicular  to  the  com- 
ponent first  draivn,  and  intersecting  it.  The  length  of  the 
component,  measured  from  the  point  of  intersection  to  the  in- 
tersection of  the  cotnponent  with  the  given  force,  will  be  mag- 
nitude of  the  effect  produced  by  the  given  force  in  the  required 
direction. 

Thus,  suppose  O  A,  Fig.  118,  represents  a  force  acting 
upon  a  body  resting  upon  a  horizontal  plane,  and  it  is  de- 
sired to  know  what  vertical  pressure  O  A  produces  on  the 
body.  Here  the  desired  direction  is  vertical ;  hence,  from 
one  extremity,  as  O,  draw  O  B  parallel  to  the  desired  direc- 
tion (vertical  in  this  case),  and  from  the  other  extremity. 
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draw  A  B  perpendicular  to  O  B,  and  intersecting  O  B  at 
B.  Then  O  B,  when  measured  to  the  same  scale  a.s  O  A^ 
will  be  the  value  of   the  vertical  pressure  produced  by  O  A. 

Example. — If  a  body  weighing  200  pounds  rests  upon  an  inclined 
plane  whose  angle  of  inclination  to  the  horizontal  is  18°,  what  force 
does  it  exert  perpendicular  to  the  plane,  and  what  force  does  it  exert 
parallel  to  the  plane,  tending  to  slide  downwards  ? 

Solution. — Let  A  B  C,  Fig.  119,  be  the  plane,  the  angle  A  being 
equal  to  18°,  and  let  IV  be  the  weight.  Draw  a  vertical  line  FD  = 
200  pounds,  to  represent  the  magnitude 
of  the  weight.  Through  F,  draw  FE 
parallel  to  A  B,  and  through  D  draw 
Z?^  perpendicular  to  EF,  the  two  lines 
intersecting  at  E.  F  D  is  now  resolved 
into  two  components,  one,  FE,  tending 
to  pull  the  weight  downwards,  and  the 
other,  ED,  acting  as  a  perpendicular 
pressure  on  the  plane. 

Since  F D  is  perpendicular  to  A  C, 
and  ED  is  perpendicular  to  A  B,  the 
angle  D  =  angle  A  =  18°. 

Hence,  FE=  200  X  sin  18°  =  200  X  .30902  =  61.804  pounds,  and  ED 
=  300  X  cos  18°  =  200  X  -95106  =  190.212  pounds. 

Force  parallel  to  the  plane  =  61.804  pounds. 
Force  perpendicular  to  the  plane  =  190.213  pounds. 


Ans. 


DYNAMICS. 

885.  Dynamics  may  be  defined  as  that  branch  of 
Mechanics  which  deals  with  bodies  moving  with  a  variable 
velocity.  In  Elementary  Mechanics  we  shall  consider  only 
falling  bodies  and  centrifugal  force. 


GRAVITATION. 

886.  Every  body  in  the  universe  exerts  a  certain 
attractive  force  on  every  other  body,  which  tends  to  draw 
the  two  bodies  together.  This  attractive  force  is  called 
gravitation. 

If  a  body  is  held  in  the  hand,  a  downward  pull  is  felt,  and 
if  let  go  of,  it  will  fall  to  the  ground.  This  pull  is  com- 
monly called  zveigJit,  but  it  really  is  the  attraction  between 
the  earth  and  the  body. 
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887.  Force  of  icravlty  is  a  term  used  to  denote  the 
attraction  between  the  earth  and  bodies  upon  or  near  its 
surface.  It  always  acts  in  a  straight  line  between  the  cen- 
ter of  the  body  and  the  center  of  the  earth.  The  force  of 
gravity  varies  at  points  on  the  earth's  surface. 

It  is  slightly  less  on  the  top  of  a  high  mountain  than  at 
the  level  of  the  sea.  For  this  reason,  the  weight  of  a  body 
also  varies.  But  if  the  weight  of  a  body  at  any  place  be 
divided  by  the  force  of  gravity  at  that  place,  the  result  is 
called  the  jnass  of  the  body. 

888.  The  mass  of  ix  l)ody  is  the  measure  of  the  actual 
amount  of  matter  that  it  contains,  and  is  always  the  same. 

If  the  mass  of   the  body  be  represented  by  w,  its  weight 

by  W,  and  the  force  of  gravity  at  the  place  where  the  body 

was  weighed,  by  g,  we  have 

weight  of  body  W  ,^^^ 

mass  =  -^ — ^^^ — 7 r-^,  or  ;;/  =  — .  ( 1 0.) 

force  or  gravity  g  ^        ' 

889.  Law  of  Gravitation  : — 

'J7u'  force  of  attraction  by  wJiich  one  body  tends  to  draw 
another  body  towards  it,  is  directly  proportional  to  its  mass, 
and  inversely  proportional  to  the  square  of  the  distance  be- 
tween their  centers. 

890.  Laws  of  Weight  :— 

Bodies  weigh  most  at  the  surface  of  the  earth.  Below  the 
surface,  the  zveight  decreases  as  the  distance  to  the  center 
decreases. 

Aboi'e  the  surface  the  weight  decreases  as  the  square  of  the 
distance  increases. 

Illustration. — If  the  earth's  radius  is  4,000  miles,  a  body 
that  weighs  100  pounds  at  the  surface  will  weigh  ncjthing  at 
the  center,  since  it  is  attracted  in  every  direction  with  equal 
force.  At  1,000  miles  from  the  center,  it  will  weigh  2o 
pounds,  since 

4,000  :  1,000  =  100  :  25. 
At  2,000  miles  from  the  center,  it  will  weigh  50  pounds, 
since 

4,000  :  2,000  =  100  :  50. 
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At  3,000  miles  from  the  center,  it  will  weigh  75  pounds, 
and  at  the  surface,  or  4,000  miles  from  the  center,  it  will 
weigh  100  pounds.  If  carried  still  higher,  say  1,000  miles 
from  the  surface,  or  5,000  miles  from  the  center  of  the 
earth,  it  will  weigh  G4  pounds,  since 

5,000'  :  4,000'  =  100  :  G4. 

At  4,000  miles  from  the  surface,  it   will  weigh  25  pounds, 

since 

8,000'  :  4,000'  =  100  :  25. 

891.     Formulas  for  Gravity  Problems: — 

Let  JV=  weight  of  body  at  the  surface; 

zv  =  weight    of   a   body  at  a  given  distance  above  or 

below  the  surface; 
</=  distance  between  the  center   of   the   earth  and 

the  center  of  the  body ; 
R  =  radius  of  the  earth  =  4,000  miles. 
Formula  for  weight  when  the  body   is   below  the  surface: 

2vR  =  d]V.  (11.) 

Formula  for  weight  when  the  body   is   above  the  surface: 
2ad'=lVR\  (12.) 

Example. — How  far  below  the  surface  of  the  earth  will  a  25-pound 
ball  weigh  9  pounds  ? 

Solution. — Use  formula  W,  tu R  ^=  d  W. 
Substituting  the  values  of  R,  W,  and  w,  we  have 

9x4,000  =  (/x  25,  or 

,  9X4,000  ^      ,,r.  ;  .  ^,  ^  A 

a  = r^ =  1,440  miles  from  the  center.     Ans. 

25 

Example. — If  a  body  weighs  700  pounds  at  the  surface  of  the  earth, 
at  what  distance  above  the  earth's  surface  will  it  weigh  112  pounds? 
Solution. — Use  formula  IZ^wd^  =  IV R^. 
Substituting  the  values  of  R,  W,  and  w,  we  have 
112  Xd^  =  700  X  4,000^  or 

^^/WxW^  10,000  miles. 

'  11* 

Therefore,  10,000  —  4,000  =  6,000  miles  above  the  earth's  surface. 
Ans. 

Example. — The  top  of  Mt.  Hercules  was  said  to  be  32,000  feet,  say 
6  miles  above  the  level  of  the  sea.  If  a  body  weighs  1,000  pounds  at 
sea-level,  what  would  it  weigh  if  carried  to  the  top  of  the  mountain  ? 

Solution.—    w  d'^  =  IV R\  or  w  X  4,006^  =  1,000  X  4, 000'^ ;  whence, 

4,000^  X  1,000       ^^„  ,         . 

w  =  — — A  rlJ =  997  pounds.     Ans. 
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i;xA.MiM.i:s  I  «»u  iMi.vcTici:. 

1.  How  much  would    1,(X)0    tons  of   coal  weigh    one    mile   below 
the  surface?  Ans.   iAMiJiOO  \h. 

2.  How  much  would  the  coal  in  example  1  weigh  one  mik-  aliove  the 
surface?  Ans.    l.JWJ.(KK)  lb.,  nearly. 

;}.   How  far  above  the  earth's  surface  would  it  be  necessary  to  carry 
a  bcKly  in  order  that  it  may  weigh  only  half  as  much  ? 

Ans.   l,0r>0.sr)4  miles,  nearly. 

4.  A  man   weiglis  100  jiounds  at  tiic  surface;   how  much   will  he 
weigh  50  miles  below  the  surface  ?  Ans.  158  lb. 

5.  H  a  body  weighs  100  pounds  4(X)  miles  above  the  earth's  surface, 
how  much  will  it  weigh  at  the  surface  ?  Ans.  121  lb. 

Note. —  L/st:  4,000  miles  as  the  radius  of  the  earth. 


FAI.I>ING    BODIKS. 

892.  If  a  leaden  ball  and  a  piece  of  paper  are  dropped 
from  the  same  height,  the  ball  would  strike  the  ground  first. 

This  is  not  because  the  leaden  ball  is  the 
heavier,  but  because  the  resistance  of  the  air 
has  a  greater  retarding  effect  upon  the  paper 
than  upon  the  ball.  If  we  place  this  same 
leaden  ball  and  a  piece  of  paper  in  a  glass 
tube,  Fig.  120,  from  which  all  of  the  air  has 
been  exhausted,  it  would  be  found  that  when 
the  tube  was  inverted,  both  would  drop  to 
the  bottom  in  exactly  the  same  time.  This 
experiment  proves  that  it  was  only  the  resist- 
ance of  the  air  that  caused  the  ball  to  reach 
the  ground  first,  in  the  former  experiment. 
This  resistance  of  the  air  may  be  nearly 
equalized  by  making  the  two  bodies  of  the 
same  shape  and  size.  For  example,  if  a 
wooden  and  an  iron  ball,  having  equal  diam- 
eters, were  dropped  from  the  same  height. 
Fig.  130.        they    would    strike    the    ground    at    almost 

exactly  the  same  instant,  although  the  iron  ball   might  be 

ten  times  as  heavy  as  the  wooden  ball. 

893.  Suppose  there  were  several  leaden  balls,  as  shown 
in  Fig.  121,  atrt;  it  is  obvious  that  if  they  were  dropped 
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together,  all  would  strike  the  ground  at  the  same  time.     If  the 
balls  were  melted  together  into  one  ^ 

ball,  as  b,    they    would   still  fall   to-  q    q  ''q    q 
gether,  and  strike  the  ground  in  the 
same  time  as  before.  ■^'°-  •'~^- 

Since  a  number  of  horses  cannot  run  a  mile  in  less  time 
than  a  single  horse,  so  100  pounds  can  fall  no  furthe.  in  a 
given  time  than  one  pound  can. 

894.  Acceleration  is  the  rate  of  change  of  velocity. 
If  a  force  acts  upon  a  body  free  to  move,  then,  according  to 
the  first  law  of  motion,  it  will  move  forever  with  the  same 
velocity  unless  acted  upon  by  another  force. 

Suppose  that,  at  the  end  of  one  second,  the  same  force 
were  to  act  again,  the  velocity  at  the  end  of  the  second 
second  would  be  twice  as  great  as  at  the  end  of  the  first 
second.  If  the  same  force  were  to  act  again,  the  velocity 
at  the  end  of  the  third  second  would  be  three  times  that  at^ 
the  end  of  the  first  second.  So,  if  a  constant  force  acts 
upon  a  body  free  to  move,  the  velocity  of  the  body  at  the 
end  of  any  time  will  be  the  velocity  at  the  end  of  one  second, 
multiplied  by  the  number  of  seconds. 

895.  This  constant  force  is  called  a  constant  acceler- 
ating force,  or  constant  retarding  force,  according  as 
the  velocity  is  constantly  increased  or  decreased. 

If  a  body  is  dropped  from  a  high  tower,  the  velocity  with 
which  it  approaches  the  ground  will  be  constantly  increased 
or  accelerated ;  for  the  attraction  of  the  earth,  or  force  of 
gravity,  is  constant,  and  acts  upon  the  body  as  a  constant 
accelerating  force.  It  has  been  found  by  careful  experi- 
ments that  this  force  of  gravity,  or  constant  accelerating 
force,  on  a  freely  falling  body,  is  equivalent  to  giving  the 
body  a  velocity  of  32. IG  feet  in  one  second;  it  is  always  de- 
noted by  g.  As  was  mentioned  before,  g  varies  at  different 
points  of  the  earth,  being  32.0902  at  the  equator,  and 
82.2549  at  the  poles.  Its  value  for  this  latitude  (about  41° 
25'  north)  is  very  nearly  32.10,  and  this  value  should  always 
be   used    in    solving   problems.     It  has  also  been  found  by 
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experiment  that  a  freely  failing  body  starting  from  rest  will 
have  fallen  16.08  feet  at  the  end  of  the  first  second;  64.32 
feet  at  the  end  of  the  second  second;  144.72  feet  at  the  end 
of  the  third  second;  257.28  feet  at  the  end  of  the  fourth 
second,  etc.,  all  of  which  are  shown  in  the  diagram,  Fig.  122. 
c-  64.32        .       ^„     144.72       ^       ^,      257.28       ,^       ,, 

^^"^^i6:o8  =  ^  =  ^'-i6:o^  =  ^  =  ^"T(rM-==^^  =  *' 

and  2^,  3^,  4"  are  the  squares  of  the  number  of  seconds  dur- 
ing which  the  body  falls,  it  is  easy  to  see  that  the  space 
through  which  a  body  free  to  move  will  fall  in  a  given  time  is 
equal  to  16.08  multiplied  by  the  square  of  the  time  in  seconds. 

Since  16.08  =  -^ —  =  ^^,  the  space  =  |^  x  square  of  time 
in  seconds. 

896.  Formulas  for  Falling  Bodies  :  — 

Let  £■  =  force  of  gravity  =  constant  accelerating  force  due 
to  the  attraction  of  the  earth ; 
/  =  number  of  seconds  the  body  falls; 
z>  =  velocity  at  the  end  of  the  time  /; 
/i  =  distance  that  a  body  falls  during  the  time  f. 
v^gt.  (13.) 

TJiat  is,  the  velocity  acquired  by  a  freely  falling  body  at  the 
end  of  t  seconds  equals  32. 16,  multiplied  by  the  time  in  seconds. 

Example. — What  is  the  velocity  of  a  body  after  it  has  fallen  four 
seconds,  assuming  that  the  air  offered  no  resistance  ? 

Solution. — Using  formula  13, 

2/  =  ^/  =  33,16  X  4  ==  138.64  feet  per  second.     Ans. 

Tliat  is,  the  number  of  seconds  during  wJiicJi  a  body  must 
have  fallen  to  acquire  a  given  velocity  equals  the  given  veloc- 
ity in  feet  per  second,  divided  by  32. 16. 

Example. — A  falling  body  has  a  velocity  of  193.96  feet  per  second; 
how  long  had  it  been  falling  at  that  instant  ? 

Solution. — Using  formula  14, 

/  =  —  =  nn  ta  =  ^  seconds.     Ans. 
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//  =  i^.  (15.) 

That  is,  the  height  from  which  a  body  must  fall  to  acquire 
a  given  velocity  equals  the  square  of  the  given  velocity,  di- 
vided  by  2  x  32. 10. 

EXi^MPLE. — From  what  height  must  a  stone  be  dropped  to  acquire  a 
velocity  of  24,000  feet  per  minute  ? 

Solution.—    24,000  -f-  60  =  400  feet  per  second.    Using  formula  15, 
,       7/»  400«  160,000       „  ,^„  ^„ , 

'^  =2?  =  23^3236-  = -64:32- =  -^'-^«^^^^-     ^^ 

V  =  4/  2gh.  (16.) 

That  is,  the  velocity  that  a  body  will  acquire  in  falling 
through  a  given  height  equals  the  square  root  of  the  product 
of  twice  82. 16,  and  the  given  height. 

Example. — A  body  falls  from  a  height  of  400  feet;  what  will  be  its 
velocity  at  the  end  of  its  fall  ? 

Solution. — Using  formula  16, 

V  =  i/2^  =   |/2x  32.16X400  =160.4  feet  per  second.     Ans. 
h  =  \gt\  (17.) 

That  is,  the  distance  a  body  will  fall  in  a  given  time  equals 
32.16 -i- 2,  multiplied  by  the  square  of  the  number  of  sec- 
onds. 

E.XAMPLE. — How  far  will  a  body  fall  in  10  seconds  ? 
Solution. — Using  formula  17, 

^  =  |^/«  =  ^  X  32.16  X10«  =  1,608  feet.     Ans. 


=    ^/f:.  (18.) 


That  is,  the  time  it  zvill  take  a  body  to  fall  through  a  given 
height  equals  the  square  root  of  twice  the  height  divided  by 
82. 16. 

E.XAMPLE. — How  long  will  it  take  a  body  to  fall  4,116.48  feet  ? 

Solution. — Using  formula  IH, 

.      ,/2X  4,116.48       .«  ^        A 

/  =  4/  — 1^: — '- =  16  seconds.     Ans. 

r  32.16 

897.  A  body  thrown  vertically  upwards  starts  with  a 
certain  velocity  called  the  iiiiti.il  velocity.  In  this  case 
gravity  acts  as  a  constant  retarding  force.  The  formulas 
given  above  will  also  apply  in  this  case. 


ELEMENTARY   MECHANICS. 


325 


Example. — If  a  cannon  ball  is  shot  vertically  upwards  with  an  initial 
velocity  of  2,000  feet  per  second,  (a)  how  high  will  it  go  ?  (d)  How 
long  a  time  must  elapse  before  it  reaches  the  earth  again  ? 

Solution. — (a)  Using  formula  15, 


V' 


2,000'2 


T  =  62,189  feet,  nearly,  =  11.778  miles.     Ans. 


T     f  

2j  "  2X32.16 

To  find  the  time  it   takes   to   reach  a  height   of   62,189   feet,   use 
formula  14. 


z/_  2,000 


62.19  seconds. 


£■      32.16 

Since  it  will  take  the  same  length  of  time  to  fall  to  the  ground,  the 
total  time  will  be  62.19  X  2  =  124.38  seconds  =  2  minutes  4.38  seconds. 
Ans. 


PROJECTILES. 

898.  Any  body  thrown  into  the  air  is  a  projectile,  and 
is  acted  upon  by  three  forces — the  original  or  initial  force, 
the  force  of  gravity,  and  the  resistance  of  the  air.  We  shall 
here  consider  only  those  projectiles  which  are  thrown  hori- 
zontally. 

899.  The  range  is  the  horizontal  distance  between  the 
starting  point  and  the  point  where  the  body  strikes  the 
ground.  In  Fig.  123,  sup- 
pose that  A  represents  the 
starting  point  of  the  pro- 
jectile, and  that  it  is  shot 
horizontally  outwards  in 
the  direction  of  the  arrow 
with  a  velocity  of  70  feet 
per  second.  Now,  if  the 
resistance  of  the  air  be 
neglected,  the  velocity  in 
the  horizontal  direction  will 
be  uniform,  and  the  pro- 
jectile will  pass  over  equal 
spaces  in  equal  times.  Let 
A  1  represent  70  feet,  or 
the  space  passed  over  in  one  second.  At  the  end  of  five 
seconds,   if  gravity  had  not  acted    upon  the    projectile,   it 
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Fig.  12,3. 
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would  have  been  at  5,  but  as  gravity  has  acted,  it  /(i//s 
KJ.OS  feet  the  first  second;  at  the  end  of  the  second  second 
it  has  fallen  G4.  ;32  feet,  etc. 

Let  .1  b  represent  the  fall  in  one  second — that  is,  10.08 
feet,  drawn  to  the  same  scale  as  A  i,  which  represents  70 
feet.  Now,  complete  the  parallelogram  A  1  B  b,  and  B  will 
be  the  point  which  the  projectile  has  reached  at  the  end  of 
one  second.  \i  A  c  represents  04.32  feet,  and  the  parallelo- 
gram A  2  C  c  is  completed,  the  projectile  will  be  at  C  at  the 
end  of  the  second  second.  Proceeding  in  this  manner,  find 
the  points  /?,  /:,  and  7%  the  positions  of  the  projectile  at 
the  end  of  3,  4,  and  3  seconds,  respectively.  Drawing  the 
curve  A  B  C  D  li  F  through  the  points  thus  found,  it  rep- 
resents the  path  of  the  projectile.  This  curve  is  called 
a  parabola. 

The  distance  H  F  is  the  range,  and,  as  is  easily  seen, 
equals  the  time  in  seconds  multiplied  by  the  original  velocity 
in  feet  per  second. 

90().  If  the  height  A  II  and  the  initial  velocity  are 
given,  and  it  is  desired  to  find  the  range  H  F,  calculate  the 
time  that  it  will  take  to  fall  through  a  height  equal  to  the 
given  height,  and  multiply  the  time  thus  found  by  the  initial 
velocity. 

E.XAMPLE. — A  cannon  ball  is  fired  in  a  horizontal  direction  with  an 
initial  velocity  of  1, .")()()  feet  per  second.  If  the  mouth  of  the  cannon  is 
25  feet  above  the  ground,  what  is  its  range  ? 

Solution. — Applying  formula  18,  Art.  896, 

/  =  4/  —  =  4/    .^  ,  .  =  1.247  seconds,  nearly. 
f    g        f     32.1b 

Range  =  vt  =  1,500  X  1247  =  1,870.5  feet.     Ans. 

Example. — A  projectile  has  an  initial  velocity  of  90  feet  per  second. 
If  it  is  desired  to  strike  an  object  15  feet  away,  how  far  below  the  hori- 
zontal line  of  direction  must  the  object  be  located  ? 

Solution. — The  object  must  be  located  as  far  below  as  the  distance 
that  the  btxly  would  fall,  through  the  action  of  gravity,  during  the 
time  it  would  take  in  passing  over  a  distance  of  15  feet  at  a  velocity  of 
90  feet  per  second. 

Hence,  15  -•-  90  =  J  of  a  second.     Applying  formula  1  7,  Art.   896, 

h  =  \gfl  —  i  X  32.16  X  (i)*  =  -447  foot,  nearly,  =  5.36  inches.     Ans. 
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EXAMPLES  FOR   PRACTICE. 

1.  A  body  starts  from  a  state  of  rest,  and  falls  freely  for  nine  sec- 
onds; how  far  will  it  fall  ?  Ans.  1,302.48  ft. 

2.  What  velocity  must  a  body  have  in  order  to  carry  it  upwards  500 
feet,  vertically  ?  Ans.  179.33  ft.  per  sec. 

3.  A  baseball  is  thrown  vertically  upwards  to  a  height  of  200  feet ; 
how  long  a  time  must  elapse  before  it  strikes  the  ground  ? 

Ans.  7.05  sec. 

4.  What  will  be  the  velocity  of  a  freely  falling  body  at  the  end  of  6 
seconds?  Ans.  192.96  ft.  per  sec. 

5.  A  baseball  is  thrown  horizontally  5  feet  above  the  ground,  with 
a  velocity  of  80  feet  per  second;  what  is  its  range  ?  Ans.  44.61  ft. 

6.  A  leaden  bullet  falls  from  a  tower  100  feet  high;  with  what 
velocity  will  it  strike  the  ground  ?  Ans.  80.2  ft.  per  sec. 

7.  A  bullet  is  dropped  from  a  high  tower.  If  it  takes  4-^-  seconds  to 
reach  the  ground,  how  high  is  the  tower  ?  Ans.  290.445  ft. 

8.  A  freely  falling  body  has  a  velocity  of  400  feet  per  second ;  how 
long  has  it  been  falling  ?  ^  Ans.  12.438  sec. 

CEIVTRIFUGAL    FORCE. 

901.  If  a  body  be  fastened  to  a  string  and  whirled  so  as 
to  give  it  a  circular  motion,  there  will  be  a  pull  on  the  string, 
which  will  be  greater  or  less  according  as  the  velocity  in- 
creases or  decreases.  The  cause  of  this  pull  on  the  string 
will  now  be  explained. 

Suppose  that  the  body  is  revolved  horizontally,  so  that  the 
action  of  gravity  upon  it  will  always  be  the  same.  According 
to  the  first  law  of  motion,  a  body  put  in  motion  tends  to 
move  in  a  straight  line  unless  acted  upon 
by  some  other  force,  causing  a  change  in  /^ 
the  direction.  When  a  body  moves  in  a  / 
circle  the  force  that  causes  it  to  move  in  \ 
a  circle  instead  of  a   straight  line  is  ex-    V  / 

actly  equal   to   the   tension  of  the  string.        "'^ -•'" 

If  the  string  were  cut,  the  pulling  force  ^^^'  ^"^' 

that  drew  it  away  from  the  straight  line  would  be  removed 
and  the  body  would  then  "fly  off  at  a  tangent" — that  is,  it 
would  move  in  a  straight  line  tangent  to  the  circle,  as 
shown  in  Fig.  124. 

902.  Since,  according  to  the  third  law  of  motion,  every 
action  has  an  equal  and  opposite  reaction,  we  call  that  force 
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which  acts  as  an  equal  and  opposite  force  to  the  pull  of  the 
string  the  centrifugal  force,  and  it  acts  azuay  from  the 
center  of  motion. 

903.     The  other  force  or  tension  of  the  string  is  called 
the  centripetcil  force,  and  it  acts  towards  the  center  of 

motion.  It  is  evident  that  these  two  forces  acting  in  oppo- 
site directions  tend  to  pull  the  string  apart,  and,  if  the 
velocity  be  increased  sufficiently,  the  string  will  break.  It 
is  also  evident  that  no  body  can  revolve  without  generating 
centrifugal  force.  The  value  of  the  centrifugal  force  of  any 
revolving  body,  expressed  in  pounds,  is 

/"=. 00034  ]VRN\         (19.) 
in  which  F  =  centrifugal  force; 

JF=  total  weight  of  body  in  pounds; 

7?=  radius,  usually  taken  as  the  distance 
between  the  center  of  motion  and  the 
center  of  gravity  of  the  revolving  body, 
in  feet ; 

N ■=  number  of  revolutions  per  tuimite. 

9()4.  In  calculating  the  centrifugal  force  tending  to 
.  burst  a  fly-wheel,  it  is  the  usual  practice  to  consider  one- 
half  the  rim  of  the  wheel  only,  and  not  to  take  the  arms  and 
hub  of  the  wheel  into  account.  In  this  case,  R  is  taken  as 
the  distance  between  the  inside  edge  of  the  rim  and  the  center 
of  the  shaft. 

Note. — The  general  formula  for  centrifugal  force  is  F-= — w-,  where 

A 

;//  =  the  mass  of  the  revolving  body,  v  =  velocity  of  center  of  gravity 
of  body  in  feet  per  second,  and  A' =  radius,  as  above.     Formula  19, 

II '  fin  -> 

Art.  9C)3,  is  easily  derived  from  this.    Thus:  m  =  — ^  ;  A^=  ^ — ^,  or 

E.\A.Mi'LE. — What  would  be  the  centrifugal  force  tending  to  burst  a 
cast-iron  fly-wheel  whose  outside  diameter  was  10  feet,  width  of  face 
20  inches,  and  thickness  of  rim  6  inches,  turning  at  the  rate  of  80  revo- 
lutions per  minute  ? 

Solution. — First  calculate  the  weight  of  one-half  the  rim.  The 
diameter  of  the  rim  =  10  X  12  =  120  inches;  the  diameter  i>f  the  cir- 
cle midway  between  the  inside  and  outside  diameters  of   the  rim  = 
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120  —  6  =  114  inches.  The  number  of  cubic  inches  in  the  rim  =  114  X 
3.1416  X  20  X  6  =  42,977  cubic  inches.  42,977  X  .261  X  i  =  5,608.5 
pounds  =  weight  =  fF.     i?  =  V**  —  i  =  4^  feet.     A^=80. 

Hence,    F=  .00034  IV R  N'^  =  .00034  X  5,608.5  X  4^  X  80^  =  54,918.4 
pounds.     Ans. 


STATICS. 
905.  Statics  may  be  defined  as  that  branch  of  Me- 
chanics which  treats  of  bodies  at  rest  or  of  bodies  moving 
with  a  unifonn  velocity,  when  these  bodies  are  acted  upon 
by  forces.  A  body  is  in  static  equilibrium  when  the 
resultant  of  all  of  the  forces  acting  upon  the  body  is  zero. 


MOMENTS    OF    FORCES. 

906.  If  from  any  point  O,  Fig. 
125,  a  perpendicular  be  drawn  to  the  j, 
line  of  action  of  a  force,  the  product  "^ 
of  the  magnitude  of  the  force  and 
the  length  of  the  perpendicular  is 
called  the  moment  of  the  force 
about  tJie  point  O. 

Thus,  in  the  figure,  the  moment  of 
the  force  F'  about  the  point  O  is  F' 
X   O  B\  of  the  force   F"  about  the  point  O  is  F"  X  O  A, 
and  of  F'"  is  F'"  x  O  C. 

907.  The  use  of  the  moment  will  be  explained  further 
on,  when  the  necessity  arises  for  using  it.  The  point  O  is 
called  the  center  of  moments. 

908.  When  two  equal  forces  act  in  parallel  lines,  but  in 
opposite  directions,  they  constitute  what  is  called  a  couple. 

909.  In  Fig,  126,  the  equal  and  parallel  forces  F'  and 
I^f"  F\    acting    in    opposite    directions 

(one  up  and  the  other  down),  form 
a  couple.  It  is  easy  to  see  that  if 
they  were  joined  by  a  connection, 
as  A  B,  that  they  would  tend  to 
turn  A  B  about  the  point  C,  midway 
?iG.  126.  between  F'  and  F" ,     The  moment 


A 
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of  a  couple  about  any  point  is  always  the  same,  and  is  equal 
to  the  product  of  one  of  the  equal  forces  into  the  perpendicular 
distance  betxceen  the  t'^vo  forces. 

Thus,  the  moment  of  the  couple  in  the  figure  equals  F'  ox 
F'  multiplied  by  A  B.  An  example  of  a  couple  would  be  a 
wrench  applied  to  a  nut.  Here,  two  opposite  and  parallel 
sides  of  the  wrench  act  in  parallel,  but  opposite,  directions, 
against  two  parallel  sides  of  the  nut. 


91 0. 


CENTER    OF    GRAVITY. 

TJic  center  of  gravity  of  a  body  is  that  point  at 


which  the  body  may  be  balanced,  or  it  is  the  point  at  which 
the  whole  weight  of  a  body  may  be  considered  as  concentrated. 

In  a  moving  body,  the  line  described  by  its  center  of 
gravity  is  always  taken  as  the  path  of  the  body.  In  finding 
the  distance  that  a  body  has  moved,  the  distance  that  the 
center  of  gravity  has  moved  is  taken. 

91  1.  The  definition  of  the  center  of  gravity  of  a  body 
may  be  applied  to  a  system  of  bodies,  if  they  are  considered 
as  being  connected  at  their  centers  of  gravity. 

If  7t'  and  ir.  Fig.  127,  be  two  bodies  of  known  weights, 
their  center  of  gravity  will  be  at  C.     The  point  C  may  be 

readily  determined,  as 
follows:  Take  C  as  the 
center  of  moments ; 
then,  since  the  weights 
are  to  balance  each 
other,  the  moment  of 
H' about  C  must  equal 
the  moment  of  w  about 
C\  or,  in  other  words, 
//'X  C  \V=  w  X  Cw. 

If  the  distance  between  the  centers  of  gravity  of  IKandtV 
is  known,  it  is  very  easy  to  find  C  iv  and  C  \V.     For 


^ 


"5" 


Fig.  127. 
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Let  /  =  the  distance  w  W  between  the  centers  of  the 
bodies  ; 

/,  =  the  short  arm  CW ; 
w  =  weight  of  small  body  ; 
W  =  weight  of  large  body. 
Then,   since  %vC  ^  I  —  l^,   we  have,   taking  the   moments 
about  the  point  C, 

Wl^  =  w{l  —  /,)  =  %vl  —  wl^  ;  whence, 
Wl^  +  w/ J  =  ( f F+  w)/,  =  wl,  or 

Example. — In  Fig.  127,  w  =  10  pounds,  lV=dO  pounds,  and  the 
distance  between  their  centers  of  gravity  is  36  inches;  where  is  the 
center  of  gravity  of  both  bodies  situated  ? 

Solution. — Applying  formula  20, 

7£//  10  X  36 


CIV=/, 


9  inches; 


IV+  -oj-  30  +  10 

hence,  the  center  of  gravity  is  9  inches  from  the  center  of  the  larger 
body.     Ans. 

The  general  method  for  finding  the  short  arm  CW  is, 
then,  as  follows  :  Multiply  the  weight  of  the  smaller  body  by 
the  distance  between  the  centers  of  the  two  bodies,  and  divide 
tliis  product  by  the  sum  of  the  zveights  of  the  tzvo  bodies. 


912.  It  is  now  very  easy  to  extend  this  principle,  to 
the  finding  of  the  center 
of  gravity  of  any  num- 
ber of  bodies  when  their 
weights  and  the  dis- 
tances apart  of  their 
centers  of  gravity  are 
known,  by  applying 
the  principle  of  finding 
the  resultant  of  several 
forces;  that  is,  by  find- 
ing the  center  of  grav- 
ity of  two  of  the  bodies, 
as  IF,  and  W^  in  Fig. 
128.  at  6..  piQ_  128, 
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Assume  that  the  weight  of  both  bodies  is  concentrated  at 
C^,  and  find  the  center  of  gravity  of  this  combined  weight 
at  C,  and  of  \\\  to  be  at  L\  \  then,  find  that  the  center  of 
gravity  of  the  combined  weights  of  \\\,  \\\,  and  If,  (concen- 
trated at  rj  and  \\\  to  be  at  C,  and  C  will  be  the  center  of 
gravity  of  the  four  bodies. 

913.  To  find  the  center  of 
gravity  of  any  parallelogram  :  Drazu 
the  two  diagonals.  Fig.  129,  and  their 
point  of  intersection  C  will  be  the 
center  of  gravity. 

914.  To  find  the  center  of  gravity  of  a  triangle,  as 
ABC,  Fig.  130  :  From  any  ver- 
tex, as  A ,  draw  a  line  to  the  mid- 
dle point  D  of  the  opposite  side  B  C. 
From  one  of  the  other  vert  exes,  as  C, 
draiv  a  line  to  F,  the  middle  point 
of  the  opposite  side  A  B  ;  the  point 
of  intersection,  O,  of  these  tzco  lines,  is  the  center  of  gravity. 


Fig.  131. 

It  is  also  true  that  the  distance  D  0  =  ^  D  A^  and  that 
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F  O  ^=  ^  F  C,  and  the  center  of  gravity  could  have  been 
found  by  drawing  from  any  vertex  a  line  to  the  middle 
point  of  the  opposite  side,  and  measuring  back  from  that 
side  ^  of  the  length  of  the  line. 

The  center  of  gravity  of  any  regular  plane  figure  is  the 
same  as  the  geometrical  center. 

915.  To  find  the  center  of  gravity  of  any  irregular 
plane  figure,  but  of  uniform  thickness  throughout,  divide 
one  of  the  parallel  surfaces  into  triangles,  parallelograms, 
circles,  ellipses,  etc.,  according  to  the  shape  of  the  figure  ; 
find  the  area  and  center  of  gravity  of  each  part  separately, 
and  combine  the  centers  of  gravity  thus  found,  as  in  the 
case  of  more  than  two  bodies  whose  weights  were  known, 
except  that  the  area  of  each  part  is  used  instead  of  their 
weights.      See  Fig.  131. 

916.  Center  of  Gravity  of  a  Solid. — In  a  body  free 
to  move,  the  center  of  gravity  will  lie  in  a  vertical  plumb 


Fig.  132. 
line  drawn  through  the  point  of  support.  Therefore,  to 
find  the  position  of  the  center  of  gravity  of  an  irregular 
solid,  as  the  crank.  Fig.  132,  suspend  it  at  some  point,  as  B, 
so  that  it  will  move  freely.  Drop  a  plumb  line  from  the 
point  of  suspension,  and  mark  its  direction.  Suspend  the 
body  at  another  point,  as  A,  and  repeat  the  process.     The 
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intersection  of  the  two  lines  will  be  directly  over  the  center 
of  gravity. 

Since  the  center  of  gravity  depends  wholly  upon  the 
shape  and  weight  of  a  body,  it  may  be  without  the  bf)dy,  as 
in  the  case  of  a  circular  ring,  whose  center  of  gravity  is  at 
the  center  of  the  circumference  of  the  ring. 


i:yi  II.Il$l^Il•M. 

917.  When  a  body  is  at  rest,  all  of  the  forces  which  act 
upon  it  arc  said  to  balance  one  another,  or  to  be  in  equilib- 
rium. The  most  important  of  the  forces  is  gravity, 
which  acts  upon  every  molecule  of  the  body. 

018.  There  are  three  states  of  equilibrium  :  Stjibie, 
unstable,  and  neutral. 

919.  A  body  is  in  stable  equilii>riuiii  when,  if 
slightly  displaced  from  its  position  of  rest,  //  tends  to  return 
to  that  position. 

For  example,  a  cube,  a  cone  resting  on  its  base,  a  pendu- 
lum, etc. 

If  a  body  is  in  stable  equilibrium,  its  center  of  gravity 
is  raised  when  it  is  displaced. 

92().  A  body  is  in  unstable  equilibrium  when,  if 
slightly  displaced  from  its  position  of  rest,  //  tends  to  fall 
farther  from  that  position. 

For  example,  a  cone  standing  upon  its  point,  an  egg 
balanced  upon  its  end,  etc. 

Any  movement,  however  slight,  lowers  the  center  of 
gravity  when  the  body  is  in  unstable  equilibrium. 

921.  A  body  is  in  neutral  equilibrium  when  it  has 
no  tendency  to  move  either  way,  in  the  direction  of  its  mo- 
tion, after  being  slightly  displaced. 

For  example,  a  sphere  of  uniform  density  ;  a  cone  resting 
on  its  side. 

922.  A  vertical  line  drawn  through  the  center  of  gravity 
of  a  body  is  called  the  line  of  direction.  So  long  as  the  line 
of  direction  falls  within  the  base,  the  body  will  stand.  When 
the  line  of  direction  falls  without  the  base,  the  body  will  fall. 
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Let  A  C  B,  Fig.  133,  be  a  cylinder  whose  base  is  oblique 
B  B  to  the  center  line 

B  O  D  ;  and  let  O 
be  the  center  of 
gravity  of  this  cyl- 
inder. 

So    long   as  the 

perpendicular 

through  O  falls  be- 

FiG-  133.  between  A  and  C, 

the  cylinder  will  stand,  but  the  instant  that  it  falls  without 

the  base,  the  cylinder  will  fall. 

The  center  of  gravity  of  a  body  always  tends  to  seek  its 
lowest  point.  

EXAMPLES  FOR  PRACTICE. 

1.  There  are  three  weights  in  a  straight  line.  The  first  weighs 
40  lb. ;  the  second,  16  lb. ,  and  the  third,  50  lb.  Distance  between  the  first 
and  second  is  6  ft.,  and  between  the  second  and  third,  10  ft.  Where  is 
the  center  of  gravity  ?  Ans.  8  ft.  5.434  in.  from  the  40-lb.  weight. 

2.  Find  the  perpendicular  distance  between  the  center  of  gravity 
and  the  longer  side  of  a  triangle  whose  sides  are  7  ft.,  10  ft.,  and  15  ft. 
long.     Solve  graphically.  Ans.  1.31  ft. 

3.  A  rectangle,  2  ft.  long  and  1  ft.  wide,  has  equal  weights  of  50  lb. 
each,  suspended  from  two  of  its  diagonally  opposite  corners.  A  weight 
of  60  lb.  and  another  of  80  lb.  are  suspended  from  the  other  two  corners. 
Supposing  the  rectangle  to  be  without  weight,  where  is  the  center  of 
gravity  ?  ^^^^    (  On  the  diagonal    joining  the   60-lb.   and 

(  80-lb.  weights,  1.118  in.  from  the  center. 

4.  Find  the  center  of  gravity  of  a  quadrilateral  whose  sides  are  14, 
15,  16,  and  18  in.  long,  the  angle  between  the  18  and  16  in.  sides  being 
45°.    Give  the  perpendicular  distance  from  the  18  in.  side,    Ans.  5.46  in. 
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THE    LEVER. 

923.  A  lever  is  a  bar  capable  of  being  turned  about  a 
pin,  pivot  or  point,  as  in  Figs.  134,  135  and  136. 

924.  The  object  fTto  be  lifted  is  called  the  weight ; 
the  force  used  P  is  called  the  power ;  and  the  point  or 
pivot  F  is  called  the  fulcrum. 
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925.  That  part  of  the  lever  between  the  weight  and 
the  fulcrum,  or  /•'  h,  is  called  the  wciKlit  arm,  and  the 
part  between  the  power  and  the  fulcrum,  or  F  c,  is  called 
the  power  arm. 

926.  Take  the  fulcrum,  or  point  /%  as  the  center  of 
moments;  then,  in  order  that  the  lever  shall  be  in  equilib- 
rium, the  moment  of  /'about  F,  or  Px  Fc,  must  equal  the 
moment  of  JF  about  -T,  or  W X  F b.  That  is,  PxFc  = 
]V  X  F  b,  or,  in  other  words,   t/ic  poivcr  multiplied  by  the 

poii'cr  arm  equals  tlic  uuig/it  multiplied  by  the  weight  arm. 

927.  If  /^be  taken  as  the  center  of  a  circle,  and  arcs  be 
described  through  b  and  e,  it  will  be  seen  that,  if  the  weight 
arm  is  moved  through  a  certain  angle,  the  power  arm  will 
move  through  the  same  angle;  also,  that  the  vertical  dis- 
tance that  ]]'  moves  will  be  the  sine  of  this  angle,  in  a 
circle  whose  radius  is  the  weight  arm,  and  that  the  vertical 
distance  that  /'moves  will  be  the  sine  of  the  same  angle  in 
a  circle  whose  radius  is  the  power  arm.  From  this  it  is  seen 
that  the  power  arm  is  proportional  to  the  distance  through 
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F 


a    a 


Pig.  134. 


Fig.  135. 


Fig.  138. 


:which  the  power  moves,  and  the  weight  arm  is  proportional 
to  the  distance  through  which  the  weight  moves. 

Hence,  instead  of  writing  /'x  Fc=  \V X  F b,  we  might 
have  written  it  /*  X  distance  through  which  P  moves  =  W  X 
distance  through  which  JF moves.  This  is  the  general  law 
of  all  machines,  and  can  be  applied  to  any  mechanism,  from 
the  simple  lever  up  to  the  most  complicated  arrangement. 
Stated  in  the  form  of  a  rule,  it  is  as  follows: 

Rule  VI. —  TJie  poii'er  uiu  It  i plied  by  the  d is  t  a  nee  through 
which  it  moves  equals  the  lueight  multiplied  by  the  distance 
through  luhich  it  moves. 
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Example. — If  the  weight  arm  of  a  lever  is  6  inches  long  and  the 
power  arm  is  4  feet  long,  how  great  a  weight  can  be  raised  by  a  force 
of  20  pounds  at  the  end  of  the  power  arm  ? 

Solution. — 4  feet  =  48  inches.  Hence,  20x48=  ?Fx6,  or  IV  = 
160  pounds.     Ans. 

Example. — (a)  What  is  the  ratio  between  the  power  and  the  weight 
in  the  last  example  ?  (d)  In  the  last  example,  if  P  moves  24  inches, 
how  far  does  IV  move  ?     (r)  What  is  the  ratio  between  the  two  distances? 

Solution. — (a)  20":  160  =  1:8;  that  is,  the  weight  moved  is  8  times 
the  power.     Ans. 


160  X  -v. 


.r  = 


480 

160 


3  inches,    the   distance   that    JF 


{b)  20  X  24 : 
moves.     Ans. 

(^)  3  :  24  =  1  :  8,  or  the  ratio  is  1  :  8.     Ans. 

928.  The  law  which  governs  the  straight  lever  also 
governs  the  bent  lever;  but  care  must  be  taken  to  deter- 
mine the  true  lengths  of  the  lever  arms,  which  are  in  every 
case  the  perpendicular  distances  from  the  fulcrum  to  the  line 
of  direction  of  the  weight  or  power. 

Thus,  in  Figs.   137,   138,   13^9,  and  140,  F  c  in  each  case 
represents  the  power  arm,  and  F  b  the  weight  arm. 
c  F  b  c 


Fig.  139.  Fig.  140. 

929.     The  Compound  Lever. — A  compound  lever  is 

a  series  of  single  levers  arranged  in  such  a  manner  that 
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when  a  force  is  applicl  to  the  first  it  is  coiiimunicated  to 
the  second,  and  from  this  to  the  third,  and  so  on. 

Fig.  141  shows  a  compound  lever.  It  will  be  seen  that 
when  a  power  is  applied  to  the  first  lever  at  /'  it  will  be 
communicated  to  the  second  lever  at  7',  fr<jm  this  to  the 
third  lever  at  /*,  and  thus  raise  the  weight  JF. 

The  weight  which  the  power  of  the  first  lever  could  raise 
acts  as  the  power  of  the  second,  and  the  weight  which  this 
could  raise  by  means  of  the  second  lever  acts  as  the  power 
of  the  third  lever,  and  so  on,  no  matter  how  many  single 
levers  make  up  the  compound  lever. 

In  this  case,  as  in  every  other,  the  power  multiplied  by 
the  distance  through  which  it  moves  equals  the  weight 
multiplied  by  the  distance  through  which  it  moves. 

Hence,  if  we  move  the  Fend  of  the  lever,  say,  4  inches, 
and  the  IT  end  moves  \  of  an  inch,  we  know  that  the  ratio 
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Fig.  141. 

between  Pand  Wis,  the  same  as  the  ratio  between  \  and  4; 
that  is,  1  to  20,  and,  hence,  that  10  pounds  at  P  would 
balance  200  pounds  at  ]\\  without  measuring  the  lengths  of 
the  different  lever  arms.  If  the  lengths  of  the  lever  arms 
are  known,  the  ratio  between  P  and  W  may  be  readily 
obtained  from  the  following  rule: 

Kulc  \'II. —  The  continued  product  of  the  power  and  each 
power  arm  equals  the  continued  product  of  the  weight  and 
each  weight  arm. 

E.\AMPLE. — If,  in  Fig.  141,  the  power  arms  P  F—  'iA  inches,  18  inches, 
and  130  inches,  and  weight  arms  W F-=-  6  inches,  6  inches,  and  18  inches, 
(</)  how  great  a  force  must  be  applied  at  the  free  end  P  to  raise  1,000 
pounds  at   /T'?     (<^)  What  is  the  ratio  between /»  and  \V"i 

Solution.—    /^  x  24  x  18  x  30  =  1,000  x  6  x  6  x  18, 

_       648,000       „  .         . 

or  P  =    , .  „„,.    =  50  pounds.     Ans. 
12,960 

50:1,000  =  1  :  20.  or  y:  ;F=  1:20.     Ana. 


ELEMENTARY  MECHANICS. 


339 


THE   WHEEL   AND   AXLE. 

930.  The  wlieel  and  axle  consists  of  two  cylinders  oj 
different  diameters^  rigidly  connected,  so  that  they  turn 
together   about  a  common  axis,   as  in  Fig.  142.     Then,   as 


Fig.  142. 

before,  P X  distance  through  which  it  moves  =  Wx  dis- 
tance through  which  it  moves;  and,  since  these  distances 
are  proportional  to  the  radii  of  the  power  cylinder  and 
weight  cylinder,  Fx  Fc=  ]V X  F b. 

It  is  not  necessary  that  an  entire  wheel  be  used ;  an  arm, 
projection,  radius,  or  anything  ^^ 
which  the  power  causes  to  revolve 
in  a  circle,  may  be  considered  as 
the  wheel.  Consequently,  if  it  is 
desired  to  hoist  a  weight  with  a 
windlass,  Fig.  143,  the  force  is 
applied  to  the  handle  of  the  crank, 
and  the  distance  between  the  cen-  ^i<^-  ^'^^■ 

ter  line  of  the  crank-handle  and  the  axis  of  the  drum  corre- 
sponds to  the  radius  of  the  wheel. 

Example. — If  the  distance  between  the  center  line  of  the  handle  and 
the  axis  of  the  drum,  in  Fig.  143,  is  18  inches,  and  the  diameter  of  the 
drum  is  6  inches,  what  force  will  be  required  at  P  to  raise  a  load  of  300 
pounds  ? 

Solution.—    /*  x  18  =  300  x  -h-.    or  F  =  50.     Ans. 
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5)31.  \Vliccl>vork. — A  combination  of  wheels  and  axles, 
as  in  Fig.  1-i-i,  is  called  a  triiiii.  The  wheel  in  a  train  to 
which  motion  is  imparted  from  a  wheel  on  another  shaft, 
by  such  means  as  a  belt  or  gearing,  is  called  the  driven 
wheel  or  follower;  the  wheel  which  imparts  the  motion 
is  called  the  driver. 


Fig.  144. 


932.  It  will  be  seen  that  the  wheel  and  axle  bears  the 
same  relation  to  the  train  that  the  simple  lever  does  to  the 
compound  lever;  that  is,  the  continued  product  of  tite  power 
and  the  radii  of  the  driven  wheels  equals  the  continued  product 
of  the  weight,  the  radius  of  the  drum  that  jnoves  the  weight, 
and  the  radii  of  the  drivers.  ^ 

Example. — If  the  radius  of  the  wheels  is 20 inches,  of  C,  15  inches, 
and  of  E,  24  inches;  if  the  radius  of  the  drum  /•"  is  4  inches,  of  the 
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pinion  D,  5  inches,  and  of  the  pinion  B,  4  inches,  how  great  a  weight 

will  a  force  of  1  pound  at  P  raise  ?  * 

7  200 
Solution.—    1  x  20  x  15  X  24  =  W^X  4  x  5  x  4,  or  W=  -^  =  90 

pounds.     Ans. 

933.  Hence,  also,  if  [Fwere  raised  one  inch,  P  would 
move  90  inches,  or  /*  would  have  to  move  90  inches  to  raise 
PFone  inch.  It  is  now  clear  that  another  great  law  has 
made  itself  manifest,  and  that  is  that,  %vhenever  there  is  a 
gain  in  poivcr  withont  a  corresponding  increase  in  the  initial 
force,  there  is  a  loss  in  speed. 

In  the  last  example,  if  /'were  to  move  the  entire  90  inches 
in  one  second,  ^F  would  move  only  1  inch  in  one  second. 
The  same  principle  may  be  applied  to  any  machine. 


THE  PULLEY. 

934.  A  pulley  is  a  wheel  turning  on  an  axle,  over  which 
a  cord,  chain,  or  band  is  passed  in  order  to  transmit  the 
force  through  the  cord,  chain,  or  band. 

935.  The  frame  which  supports  the  axle  of  the  pulley 
is  called  the  block. 


936.  A  fixed  pulley  is  one  whose  block 
is  not  movable,  as  in  Fig.  145.  In  this  case, 
if  the  weight  Who.  lifted  by  pulling  down  P, 
the  other  end  of  the  cord  IV  will  evidently 
move  the  same  distance  upwards  that /'moves 
downwards;  hence,  /"must  equal  W.  I  l|lj| 

Hi 

Fig.  115. 

937.  A  movable  pulley  is  one  whose  block  is  movable, 
as  in  Fig.  148.  One  end  of  the  cord  is  fastened  to  the  beam., 
and  the  weight  is  suspended  from  the  pulley,  the  other  end 
of  the  cord  being  drawn  up  by  the  application  of  a  force  P. 
A  little  consideration  will  show  that  if  /^  moves  through  a 
certain  distance,  say  1   foot,  JKwill  move  through  half  thdiX. 
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distance,  or  G  inches;  hence,  a  pull  of  1  pound  at  /'will  lift 
2  pounds  at  IV. 


Fio.  146.  Fig.  147. 

The  same  would  also  be  true  if  the  free  end  of  the  cord 
were  passed  over  2l  fixed p7illcy^  as  in  Fig.  147,  in  which  case 
the  fixed  pulley  merely  changes  the  direction  in  which  P 
acts,  so  that  a  weight  of  1  j^ound  hung  on  the  free  end  of  the 
cord  will  balance  2  pounds  hung  from  the  movable  pulley. 

938.  A  combination  of  pulleys,  as  shown  in  Fig. 
14S,  is  somelinics  used.  In  this  case  there 
are  three  movable  and  three  fixed  pulleys, 
and  the  amount  of  movement  of  If,  owing  to 
a  certain  movement  of  /*,  is  readily  found. 

It  will  l)e  noticed  that  there  are  six  parts 
of  the  rope,  not  counting  the  free  end ;  hence, 
if  the  movable  block  be  lifted  1  foot,  /'re- 
maining in  the  same  position,  there  would 
be  1  foot  of  slack  in  each  of  the  six  parts  of 
the  rope,  or  six  feet  in  all.  Therefore,  P 
would  have  to  move  G  feet  in  order  to  take 
up  this  slack,  or /"'moves  six  times  as  far  as  W. 
Hence,  1  pound  at  /'will  support  G  pounds 
at  \\\  since  \.\\q. power  uiultiplied  by  the  dis- 
tanee  through  which  it  moves  equals  the  weight 
multiplied  by  the  distance  through  which  it 
juox'cs.  It  will  also  be  noticed  that  there  are 
three  movable  pulleys,  and  that  3  X  !^  =  6. 
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Rule  VIII. — ///  any  combination  of  pulleys  where  one  con- 
tinuous rope  is  used  a  load  on  the  free  end  ivill  balance  a 
xveight  on  the  movable  block  as  many  times  as  great  as  the 
load  on  the  free  end  as  there  are  parts  of  the  rope  supporting 
the  load — not  counting  the  free  end. 

The  above  law  is  good,  whether  the  pulleys  are  side  by- 
side,  as  in  the  ordinary  block  and  tackle.,  or  whether  they  are 
arranged  as  in  the  figure. 

Example. — In  a  block  and  tackle  having  five  movable  pulleys,  how- 
great  a  force  must  be  applied  to  the  free  end  of  the  rope  to  raise  1,250 
pounds  ? 

Solution. — Since  there  are  5  movable  pulleys,  there  are  10  parts  of 
the  rope  supporting  them,  and  1  pound  on  the  free  end  will  balance  10 
pounds  on  the  movable  block ;  therefore,  the  ratio  of  P  to  \Vrs,\\  10, 
1,250 


and  /"  = 


10 


=  125  pounds.     Ans. 


939.  In  Fig.  149  is  shown  an  arrangement  called  a  dif- 
ferential pulley.  It  will  be  seen  that  if  a  force  be  applied 
at  P,  so  as  to  pull  the  point  Pdown  to  Z?,  the 
rope  or  chain  will  wind  up  on  the  large  pulley 
^,  and  unwind  from  the  smaller  pulley  i?, 
and  since  (T  is  a  movable  pulley,  the  weight  W 
will  move  an  amount  equal  to  one-half  the 
difference  between  the  amount  of  winding 
on  A  and  unwinding  on  B. 

Let  the  radius  of  A  be  represented  by  /v, 
and  of  ^  by  r;  then,  when  P  is  pulled  down 
to  Z>,  a  point  E  on  the  pulley  A  will  move 
through  a  certain  angle,  EOF,  the  length  of 
the  arc  E  /^  being  equal  to  the  distance  P  D. 
Any  point  on  the  pulley  B,  which  is  fastened  to 
A.,  will  turn  through  the  same  angle;  and  the 
difference  between  the  arc  K L,  through  which 
this  point  turns,  and  the  arc  E  /^  will  be  pro- 
portional to  the  difference  of  the  radii  R  and  r. 

When  P moves  down  to  Z>,  the  point  //on 
the  other  side  will  move  up  through  the  same  distance  to//'. 
The  point /will  move  up  to  /',  a  distance  equal  to  the  length 


Fig.  149. 
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of  the  arc  A' A,  and  ;;/  will  fall  through  the  same  distance 
to  ///',  thus  causing  the  weight  /J'  to  be  raised  one  half  the 
liifferenee  betxceen  in  ni'  and  P  J^.  The  ratio  between  the 
distances  through  which  /Kand  /^move  will  be 


arc  R  F  —  arc  K L      ,,  ,,         R  —  r       „ 
:  /:  /',  or  — ;: —  :  R. 


Ilencc,  J/'x 


2 

R-r 


2 


C^i.) 


Example. — If  /?  =  7  inches,  and  r  =  6i  inches,  how  much  weight  can 
be  raised  at  IV  with  a  force  of  50  pounds  at  i"  ? 

_  ...      IP R       2  X50  X7       ,  ,^ 

Solution.—    //  =-7^ -  =  — ^ — :;^i^— =  1,400  pounds.    Ans. 


R-r 
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THE    INCLINED    PLANE. 

940.  An  inclined  plane  is  a  slope  or  a  flat  surface, 
making  an  angle  with  a  horizontal  line. 

Three  cases  may  arise  in  practice  witli  the  inclined  plane: 

I.  "When  the  power  acts  parallel  to  the  plane,  as  in  Fig. 
150. 

II.  When  the  power  acts  parallel  to  the  base,  as  in  Fig. 
151. 

III.  When  the  power  acts  at  an  angle  to  the  plane,  or 
to  the  base,  as  in  Fig.  152. 

Ciisc  I. — In  Fig.  150,  the  relation  existing  between  the 
power  and  the  weight  is  easily  found.  The  weight  ascends 
a  distance  equal  to  c  b,  or  the  height  of  the   inclined  plane, 

while  the  power  descends 
through  a  distance  equal 
to  a  /;,  or  the  length 
of  the  inclined  plane. 
Therefore,  the  poiver 
niultiplicd  by  the  length 
of  the  inclined  plane 
Fin.  1.50.  equals  the  weight  multi- 

plied by  the  height  of  the  ine lined  plane.  Hence,  if  the 
length  ab  =  \{)  feet,  and  the  height  e  b  =  '}.0  feet,  W  X  20  = 
/'X  40,  or  1  pound  at  /^will  balance  2  pounds  at  W. 
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Fig.  151. 


Case  II. — In  Fig.  151,  the  power  is  supposed  to  act  par- 
allel to  the   base  for  any  position  of    IV,  the  pulley  being 

shifted  up  and  down; 
therefore,  while  IV  is 
moving  from  the  level 
a  c  to  d,  or  through  the 
height  c  d  of.  the  in- 
clined plane,  P  will 
move  a  distance  down- 
wards, relative  to  the 
axis  of  the  pulley,  equal 
to  the  length  of  the 
base  a  c.  Hence,  when  the  power  acts  parallel  to  the  base, 
IV  X  licigJit  of  the  inclined  plane  =  P  x  length  of  base. 

If  the  length  of  the  base  is  40  feet,  and  the  height  of  the 
inclined  plane  is  20  feet,  I^X  30  =  /^  X  40,  and  1  pound  at 
P  will  balance  2  pounds  at  W. 

Case  III. — For  Fig. 
152  no  rule  can  be  given. 
The  ratio  of  the  power 
to  the  weight  must  be 
determined  for  every 
position  of  IF  by  means 
of  the  triangle  or  paral- 
lelogram  of  forces. 

This  case  will  be  ex- 
plained by  means  of  an 

example,  as  it  affords  a  •  fig.  152. 

splendid  illustration  of  the  principle   of   resolution  of  forces. 

Example. — In  Fig.  153,  a  body  ^  is  shown  resting  on  an  inclined 
plane  A  B,  whose  dimensions  are  marked  on  the  cut ;  the  weight  P  acts  to 
pull  the  body  up  the  plane  by  means  of  the  rope  r  and  pulley  p.  It 
is  required  to  find  what  the  weight  of  P  must  be  in  order  to  start  IVup 
the  plane.  Suppose  />F  weighs  120  pounds,  and  that  friction  is  neglect- 
ed. It  is  also  required  to  find  the  perpendicular  pressure  which  IV 
exerts  against  the  plane. 

Solution. — Through  the  point  a,  the  center  of  gravity  of  W,  draw 
ai  vertical,  and  make  it  of  such  a  length  as  to  represent  120  pounds 
to  a  convenient  scale,  say  60  pounds  =  1  inch.     Drawing  ac  and  cd, 
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respectively,  parallel  and  perpendicular  to  the  plane,  a  c  represents 

the  magnitude  of  the  force  which  must  be  exerted  parallel  to  .  /  />'  in 

order  to  put  the  body  in  equilibrium — i.  e.,  to  balance  the  force  which 

gravity  exerts  in  pulling  the  body  down  the  plane.     If  the  rope  r  were 

parallel  to  ^/ ^,  <ii- would  represent  the 

weight  of  P\  but,  since  r  makes  an  angle  ''/^S* 

with  the  plane,   /*  will  not  be  equal  to  y  /    P 

ac.     To  find  what  the  weight  of  /*must 

be,  draw  a  d  parallel  to  a  c,  but  indicate 

it  as  acting  in  the  opposite  y 

direction,  or  from  <z  to  </  in-  ijy 

stead  of  from  a  to  c.     Now  y^ 


treat  ^rt^  as  though  it  were  a  compo- 
nent of  the  force  acting  in  the  rope — 
i.  e.,  draw  ^/^perpendicular  to  ad,  in- 
stead of  perpendicular  to  a  e.     The 
reason  for  this    is    that  if  d  c  were 
drawn  perpendicular  to  <7  ^  it  could 
be  resolved  into  components,  one  of 
which  would  be  parallel  to  a  d,  a  re- 
sult which  we  wish  to  avoid ;  in  other  F>g-  'M. 
words,  we  want  de  perpendicular  to  the  plane.     The  line  ae,  measured 
to  the  same  scale  as  ab,  will  give  the  value  of  P.     Measuring  it,  its 
length  is  .89"  ;  hence,  /» =  .80  x  00  =  53.4  pounds.    Ans. 

To  determine  the  perpendicular  pressure  against  the  plane,  it  will 
be  noticed  that  ab  equals  the  pressure  due  to  gravity.  Since  cb  and 
di'  are  both  perpendicular  to  A  B,  they  are  parallel,  and  since  df  acts 
in  the  opposite  direction  to  cb,  the  actual  pressure  against  the  plane  is 
given  by  the  difference  between  c b  and  d c.  Making  ry"  equal  to  de\ 
fb  represents  the  perpendicular  pressure  against  the  plane  when  the 
force  P  {=  ac)  acts  as  shown.  The  length  of  /b  is  1.39'  ;  hence,  the 
perpendicular  pressure  is  1.39  X  60  =  83.4  pounds.     Ans. 

Since  ca  and  ad  are  parallel  and  equal,  and  c/  and  dc  are  also 
parallel  and  equal,  it  follows  that  a/  and  a  c  must  also  be  parallel  and 
equal.  Consequently,  the  force  P  might  have  been  found  by  drawing 
a/  parallel  to  the  direction  in  which  the  pull  on  the  rope  acts,  and 
b/  perpendicular  to  the  plane  A  B.  Thus,  suppose  that  the  weight 
occupies  the  position  shown  by  the  dotted  lines.     Then,  drawing  a^ 
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parallel  to  a!  e',  ag  represents  the  weight  of  P,  and  g  b  represents  the 
perpendicular  pressure  of  the  body  fF  against  the  plane.  Measuring 
ag,  its  length  is  .79";  hence,  /*  =  .79  X  60  =  47.4  pounds.  Measuring 
g  b,  its  length  is  1.65" ;  hence,  the  perpendicular  pressure  =  1.65  X  60  = 
99  pounds. 

941.  The  Wedge.— 
The  w^edge  is  a  movable 
inclined  plane,  and  is  used 
for  moving  a  great  weight  a 
short  distance.  A  common 
method  of  moving  a  heavy 
body  is  shown  in  Fig.  154.  fig.  154. 

Simultaneous  blows  of  equal  force  are  struck  on  the  heads 
of  the  wedges,  thus  raising  the  weight  W.  The  laws  for 
wedges  are  the  same  as  for  Case  II  of  the  inclined  plane. 


Fig.  1.55. 


THE  SCREW. 

942.      A   screw 

is  a  cylinder  with  a 
spiral  groove  winding 
around  its  circumfer- 
ence.    This  spiral  is 
called  the  thread  of 
the  screw.     The  dis- 
tance that  the  thread 
is  drawn  back  or  ad- 
vanced in  one  turn  of 
the  screw  is  called  the 
'         pitch  of  the  screw. 
The  screw  in  Fig.  155  is  turned  in  a 
nut  a  by  means  of  a  force  applied  at 
the  end  of  the  handle  P.     For  one  com- 
plete   revolution    of    the    handle,    the 
screw  will  be  advanced  lengthwise  an 
amount  equal  to  the  pitch.      If  the  nut 
be  fixed,  and  a  weight  be  placed  upon 
the  end  of  the  screw,  as  shown,  it  will 
be    raised   vertically    a  distance    equal 
to  the  pitch  by  one  revolution  of  the 
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screw.  Durinc:  this  revolution  the  force  at  P  will  move 
through  a  distance  equal  to  the  circumference,  whose  radius 
is  /'/.  Hence,  Jf'x  pitch  of  thread  =  Px  circumference 
oi  P. 

943.  Single-threaded  screws  of  less  than  1  inch  pitch 
are  generally  classified  by  the  number  of  threads  they  have 
in  1  inch  of  their  length.  In  such  cases,  our  inch  divided  by 
the  number  of  threads  equals  the  pitcli ;  thus,  the  pitch  of  a 
screw  that  has  8  threads  per  inch  is  \" ;  one  of  32  threads 
per  inch  is  ^V",  etc. 

Example. — It  is  desired  to  raise  a  weight  by  fneans  of  a  screw  having 
5  threads  per  inch.  The  force  applied  is  forty  pounds  at  a  distance  of  14 
inches  from  the  center  of  the  screw ;  how  great  a  weight  can  be  raised  ? 

Solution. — Diameter  of  the  circumference  passed  through  by  the 
force  =  14  X  2  =  28  inches.  Therefore,  M^Xi  =  40x28x3. 1416,  or 
W^=  17,593  pounds.     Ans. 

VELOCITY  MATIO. 

94-L  The  ratio  of  the  distance  that  the  power  moves  to 
the  distance  which  the  weight  moves  on  account  of  the 
movement  of  the  power  is  called  the  velocity  ratio. 

Thus,  if  the  power  is  moving  12  inches  while  the  weight  is 
moving  1  inch,  the  velocity  ratio  is  12  to  1,  or  12;  that  is, 
P  moves  12  times  as  fast  as  W. 

945.  If  the  velocity  ratio  is  known,  the  weight  which 

any  machine  can  raise  equals  the  power  multiplied  by  the 

velocity  ratio.     If  the  velocity  ratio  is  8.7  to  1,  or  8.7,  jr= 

8.7  X  /',  since  JFx  1  =  /'X  8.7. 

Note. — In  all  of  the  preceding  cases,  including  the  last,  friction  has 
been  neglected. 

FRICTION. 

946.  Friction  is  the  resistance  that  a  body  meets  from 
the  surface  on  which  it  moves. 

947.  The  ratio  between  the  resistance  to  the  motion 
of  a  body  due  to  friction  and  the  perpendicular  pressure  be- 
tween the  surfaces  is  called  the  coefflcicnt  of  friction. 
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If  a  weight    JV,  as  in   Fig.  15G,  rests   upon  a  horizontal 
plane,  and  has  a  cord  fastened  to  it  passing  over  a  pulley  a, 

from  which  a  weight  Pis  suspended,  then,  if  Pis  just  suffi- 

P 
cient  to  start  JV,  the  ratio  of  Pto  JV,  or  jp,  is  the  coe^ctent 

of  friction  between  IF  and  the  surface  it  slides  upon. 

The  weight  Wis  the  perpendicular  pressure,  and  Pis  the 
force  necessary  to  overcome  the  resistance  to  the  motion  of 
W^due  to  friction. 


1 

• 

100  lbs. 
W 

/"a 
(   Q 

^^-- 

10  lbs. 


Fig.  156. 


li  W=  100  pounds  and  P=  10  pounds,  the  coefficient  of 

P         10 

friction  for  this  particular  case  would  be  -ttt  = =  .1. 

^  JV        100 

948.     Laws  of  Friction  :  — 

I.     Friction  is  directly  proportiojial  to  tJie  perpendicu- 
lar pressure  between  the  tzvo  surfaces  in  contact. 

II.  Friction  is  independent  of  the  extent  of  the  surfaces 
tn  contact  tvhen  the  total  pert>endicular  pressure  remains  the 
same. 

III.  Friction  increases  ivith  the  roughness  of  the  sur- 
faces. 

IV.  Friction  is  greater  between  surfaces  of  the  same 
material  than  between  those  of  different  materials. 

V.     Friction  is  greatest  at  the  beginning  of  motion. 

VI.     Friction   is  greater   between  soft  bodies  than  be- 
tween hard  ones. 

VII.     Rolttng  friction  is  less  tJian  sliding  friction. 

VIII.     Friction  is  diminished  by  polishing  or  lubricating 
the  surfaces. 
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Law  I  shows  why  the  friction  is  so  much  greater  on  jour- 
nals after  they  begin  to  heat  than  before.  The  heat  causes 
the  journal  to  expand,  thus  increasing  the  pressure  between 
the  journal  and  its  bearing,  and,  consequently,  increasing  the 
friction. 

Law  II  states  that,  no  matter  how  small  the  surface  may 
be  which  presses  against  another,  if  the  perpendicular  pres- 
sure is  the  same,  the  friction  will  be  the  same.  Therefore, 
large  surfaces  arc  used  where  possible;  not  to  reduce  the 
friction,  but  to  reduce  the  wear  and  diminish  the  liability  of 
heating. 

For  instance,  if  the  perpendicular  pressure  between  a 
journal  and  its  bearing  is  10,000  potmds,  and  the  coefficient 
of  friction  is  .2,  the  amount  of  friction  is  10,000  X  .2  =  2,000 
pounds. 

Suppose  that  one-half  the  area  of  the  surface  of  the  jour- 
nal is  80  square  inches;  then,  the  amount  of  friction  for 
each  square  inch  of  bearing  is  2,000  -r-  80  =  25  pounds. 

If  half  the  area  of  the  surface  had  been  100  square  inches, 
the  friction  would  have  been  the  same — that  is,  2,000  pounds; 
but  the  friction  per  square  inch  would  have  been  2,000  -r- 
100  =  12A-  pounds,  just  one-half  as  much  as  before,  and  the 
wear  and  liability  to  heat  wotild  be  one-half  as  great  also. 


COnFFICIKN'TS  OF   FRICTION. 

TABLE    17. 


Description  of  Surfaces 
in  Contact. 

Disposition 
of  Fibers. 

State  of  the 
Surfaces. 

Coefficient 
of  Friction. 

Oak  on  oak 

Parallel 
Parallel 
Parallel 
Parallel 
Parallel 
Parallel 

Dry 
Soaped 

Dry 
Soaped 

Dry 

Soaped 

Slightly 
Unctuous 

Slightly 
Unctuous 

Slightly 
Unctuous 

.48 

Oak  on  oak 

.16 

Wrought  iron  on  oak 

Wi'ought  iron  on  oak 

Cast  iron  on  oak 

.62 
.21 
.49 

Cast  iron  on  oak 

Wrought  iron  on  cast  iron. . 

W. ought  iron  on  bronze. . . . 

Cast  iron  on  cast  iron 

.19 

.18 

.18 
.15 
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EFFICIENCY. 

949.  The  force  which  is  required  to  raise  a  weight,  or 
overcome  an  eqvial  resistance  any  machine,  is  always 
greater  than  this  zucight  or  resistance,  divided  by  the  velocity 
ratio  of  the  machine. 

Thus,  if  there  were  no  friction,  a  machine  whose  velocity 
ratio  was  5  would,  by  an  application  of  100  pounds  of  force, 
raise  a  weight  of  500  pounds. 

Now,  suppose  that  the  friction  in  the  machine  is  equiva- 
lent to  10  pounds  of  force,  then  it  would  take  110  pounds  of 
force  to  raise  500  pounds. 

If,  in  the  above  illustration,  friction  were  neglected,  110 
pounds  X  5  =  550  pounds,  or  the  weight  that  110  pounds 
would  raise ;  but,  owing  to  the  frictional  resistance,  it  only 
raised  500  pounds;  therefore,  we  have  for  the  ratio  between 

the  two  4?^  =  -91.     That  is,  500  :  550  =  .91  :  1. 
550 

950.  This  ratio  between  the  weight  actually  raised  and 
the  applied  force  multiplied  by  the  velocity  ratio  is  called 
the  efficiency  of  the  tnachine. 

Let  F=  the  force  applied  to  the  machine; 

F=  the  velocity  ratio  of  the  machine; 

J/F=  the  weight  actually  lifted,  or  equivalent  resistance 

overcome ; 

E  =  the  efficiency  of  the  machine. 

W 
Then,  E  =  Trp-  (22.) 

Example. — In  a  machine  having  a  combination  of  pulleys  and  gears, 
the  velocity  ratio  of  the  whole  is  9.75.  A  force  of  250  pounds  just  lifts 
a  weight  of  1,626  pounds;  what  is  the  efficiency  of  the  machine  ? 

SoLUTioN.-E  =  7^  =  2mxl.ro  =  •^^^^'  °'' ^^•'^^ ^-    '^''"• 
Since  the  total  amount  of  friction  varies  with  the  load,  it 
follows  that  the  efficiency  will  also  vary  for  different  loads. 

Example. — A  pulley  block  with  a  velocity  ratio  of  7  has  an  efficiency  of 
S8<g  for  a  load  of  3,000  pounds;  what  power  is  required  to  start  the  loaar' 

Solution. — E  =  ^  ,.■,  or  .38  =    ..   „ 
F  V  i  F 

Hence,  F=  — ^ ^  =  1,128  pounds,  nearly.     Ans. 

.38  X  < 


3.52  ELEMENTARY  MECHANICS. 

rXAMIM.I.S    low    I»WACTICR. 

1.  A  wedge  is  caused  to  move  a  weight  vertically  by  means  of  a 
screw,  which  pulls  the  wedge  horizontally  on  its  base.  If  the  screw 
has  ')  threads  per  inch  and  the  handle  is  10  inches  long,  what  force  will 
be  necessary  to  apply  to  the  handle  to  raise  a  weight  of  1,400  pounds, 
the  height  of  the  wedge  being  8  inches,  and  the  length,  14  inches  ? 

Ans.  2.546  lb.,  nearly. 

2.  If  the  distance  from  the  fulcrum  to  the  point  at  which  a  force  of 
IS.*}  pounds  is  applied  to  a  lever  is  4  feet,  and  the  distance  from  the 
fulcrum  to  the  weight  is  1^  inches,  how  great  a  weight  will  the  force 
lift  ?  Ans.  4,:320  lb. 

3.  It  is  desired  to  raise  a  weight  of  600  pounds  by  means  of  a  block 
and  tackle  having  two  fixed  and  two  movable  pulleys;  what  force  must 
be  applied  at  the  free  end  of  the  rope  ?  Ans.  I.IO  lb. 

4.  If,  in  the  last  example,  the  free  end  of  the  rope  be  attached  to  a 
windlass  whose  drum  is  5  inches  in  diameter,  and  which  has  a  handle 
situated  15  inches  from  the  axis  of  the  drum,  what  force  will  be  neces- 
sary to  raise  the  weight  ?  Ans.  25  lb. 

5.  It  is  required  to  pull  a  wagon  up  an  inclined  plane  one  mile  long. 
The  height  of  the  plane  being  120  feet,  and  the  weight  of  the  wagon 
and  load  2,816  pounds,  what  force  will  be  necessary  ?  Ans.  64  lb. 

6.  In  F"ig.  144,  the  radius  of  the  wheel  .-/  is  32  inches,  of  C,  18  inches, 
and  of  E,  30  inches;  the  radius  of  the  drum  /"is  10  inches,  of  the  pinion 
D,  4  inches,  and  of  the  pinion  B,  6  inches.  \i  P  moves  4  feet  6  inches, 
how  far  will  the  weight  /Fmove?  Ans.  }  in. 

7.  In  the  last  example,  how  great  a  force  must  be  applied  at  P  to 
raise  a  weight  of  2,160  pounds  ?  Ans.  30  lb. 

8.  In  example  4,  if  the  friction  be  taken  as  22^  of  the  load  lifted, 
what  force  will  be  necessary  ?    What  will  be  the  efficiency  ? 

30.5  lb. 
82jf,  nearly. 

WORK    AM)    KXERGY. 


Ans.  \ 


951.  Work  is  the  overcoming  of  resistance  continually 
occurring  along  the  path  of  motion. 

Mere  motion  is  not  work,  but  if  a  body  in  motion  con- 
stantly overcomes  a  resistance,  it  does  work. 

952.  The  unit  of  work  is  one  pound  raised  vertically 
ovf  foot,  and  is  called  one  foot-|>ound.  -Ml  work  is  meas- 
ured by  this  standard.  A  horse  going  up  hill  does  an 
amount  of  work  equal  to  his  own  weight,  plus  the  weight  of 
the   wagon   and   contents,    plus   the    frictional    resistances 
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reduced  to  an  equivalent  weight,  multiplied  by  the  vertical 
height  of  the  hill.  Thus,  if  the  horse  weighs  1,200  pounds, 
the  wagon  and  contents  1,300  pounds,  and  the  frictional  re- 
sistances equal  400  pounds,  then,  if  the  vertical  height  of  the 
hill  is  100  feet,  the  work  done  is  equal  to  (1,200  +  1,200  + 
400)  X  100  =  280,000  foot-pounds. 

953.  If  the  force  necessary  to  overcome  the  resistance 
be  represented  by  /%  the  space  through  which  the  resistance 
acts  by  S,  and  the  work  done  by^,  then  [/z=  F  S. 

If  JF=  the  weight  of  a  body,  and  A  =  the  height  through 
which  it  is  raised,  (7=  IV  h.      Hence,  the  work  done 
U=FS=Wh.         (23.) 

954.  The  total  amount  of  Avork  is  independent  of  time, 
whether  it  takes  one  minute  or  one  year  in  which  to  do  it; 
but,  in  order  to  compare  the  work  done  by  different  machines 
with  a  common  standard,  time  must  be  considered. 

When  time  is  considered,  the  unit  of  time  is  always  one 
minute^  and  the  unit  which  measures  the  capacity  of  any 
contrivance  for  producing  work  then  becomes  one  foot- 
pound per  minute.  This  unit  is  called  the  unit  of 
power.  The  tQTva  power  2iS  here  used  has  a  different  mean- 
ing from  that  previously  given  to  it,  which  simply  meant 
force  acting  to  produce  motion  in  simple  machines.  The 
student  should  carefully  distinguish  between  the  two.  There 
will  be  no  difficulty  in  doing  this,  as  the  wording  of  the 
sentence  in  which  it  occurs  will  always  show  whether  force 
or  work  per  minute  is  meant.  The  power  of  a  machine 
may  always  be  determined  by  dividing  the  work  done  in  foot- 
pounds by  the  time  in  minutes  required  to  do  the  work;  i.  e., 

FS 
Power  =  -y^,  (24.) 

in  which  F  and  6"  have  the  same  values  as  in  formula  23, 
and  7"=  the  time  in  minutes.  Hence,  if  a  certain  machine 
does,  say,  10,000  foot-pounds  of  work  in  10  minutes,  its 
power  is  10,000  -=-  10  =  1,000  foot-pounds  per  minute;  if  an- 
other machine  does  the  same  work  in  5  minutes,  its  power 
is  10,000  -h  5  =  2,000  foot-pounds  per  minute — just  twice  as 
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much.  Hence,  we  say  that  the  power  of  the  second  ma- 
chine is  twice  that  of  the  first,  and  understand  thereby  that 
if  both  machines  work  for  the  same  length  of  time  the 
second  machine  will  do  twice  as  much  work  as  the  first 
machine. 

^)55.  Since  the  unit  of  power  is  very  small,  and  would 
lead  to  the  use  of  very  large  numbers  in  expressing  the 
power  of  large  machines,  the  common  standard  to  which  all 
work  is  reduced  is  the  horsepower,  which  equals  33,000  units 
of  power. 

One  horsepower  is  33,000  foot-pounds  /yer  minute;  in  other 
li'orth,  it  is  3-!,(>00  pounds  raised  vertieally  one  foot  in  one 
minute,  or  1  pound  raised  vertieally  33,000  feet  in  one  minute, 
or  any  combination  that  will  give  33,000  foot-pounds  in  one 
minute  by  multiplying  the  resistance  in  pounds  by  the  distance 
in  feet  through  which  it  is  overcome,  and  dividing  by  the  time 
in  minutes. 

Thus,  110  pounds  raised  vertically  5  feet  in  one  second,  is 
a  horsepower;  for,  since  one  second  =  -gV  of  a  minute,  110  X 
5  -^  ^'u  =  33,000  foot-pounds  in  one  minute.  The  abbrevia- 
tion for  horsepower  is  II.  P. 

E.XAMPLE. — If  the  coefficient  of  friction  is  .3,  how  many  horsejxjwer 
will  it  require  to  draw  a  load  of  10,000  pounds  on  a  level  surface  a  dis- 
tance of  one  mile  in  one  hour  ? 

SoLUTiox. — 10,000  X  -3  =  3,000  pounds  =  the  force  necessary  to  over- 
come the  resistance  (resistance  of  the  air  is  neglected).  One  mile  =  5,280 
feet ;  one  hour  =  60  minutes. 

^  FS        3.000x5.280       o^.nnnr     .1  ■      . 

Power  =  -     .-  = — =  264,000  foot-pounds  per  mmute. 

1  du 

_.  264.000       -  „  „       . 

Horsepower  =  =  8  H.P.     Ans. 

oo,UUU 

956.  Energy  is  a  term  used  to  express  t lie  ability  of  an 
agent  to  do  icork.  "Work  cannot  be  done  without  motion, 
and  the  work  that  a  moving  body  is  capable  f)f  doing  in  being 
brought  to  rest  is  called  the  kinetic  energy  of  the  body. 

Kinetic  energy  means  the  actual  energy  of  a  body  in 
motion.  The  work  which  a  moving  body  is  capable  of  doing 
in  being  brought  to  rest  is  exactly  the  same  as  the  kinetic 
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energy  developed  by  it  when  falling  in  a  vacuum  through  a 

height  sulificient  to  give  it  the  same  velocity. 

Let  JV=  the  Aveight  of  the  body  in  pounds; 

V  =  its  velocity  in  feet  per  second; 

//  =  the  height  in  feet  through  which  the  body  must 

fall  to  produce  the  velocity  v; 

IV 
VI  =  the  mass  of  the  body  =  — .      (See  formula  lO, 

Art.  888.) 

957.     The  work  necessary  to  raise  a  body  through  a  height 
h  is  W Ji.   The  velocity  produced  in  falling  through  a  height 

//is  V  =  \f'lgh^  and  //  =  ^.      (See  formulas   15  and   16, 
Art.  896.) 


v" 


W 


Therefore,  work  =  Wh  =  [F -—  =  4-  x  —  x  v^  =  ^m  v",  or 

^g  g 

Wh  =  i  m  v\         (25.) 

In  other  words,  if  the  weight  of  the  body  and  its  velocity  are 
given,  the  work  necessary  to  bring  it  to  rest  is  equal  to  one- 
half  the  product  of  the  mass  and  the  square  of  the  velocity  in 
feet  per  second.      This  is  the  kinetic  energy  of  a  moving  body. 

If  a  body,  whose  weight  is  64.32  pounds,  is  moving  with  a 
velocity  of  20  feet  per  second,  the  kinetic  energy  is -i-  mv"^  = 

U  ""  ''  =  23^ll:iS  ""  '"^  =  *""  foot-pounds. 

958.  The  height  through  which  a  body  would  have  to 
fall  in  a  vacuum  to  gain  a  velocity  of  20  feet  per  second  is 

/         '''  400  400      ^, 

l^=  .T-=  .7-771^17777=  -rn^;  the   work   done    in    raismg    a 


s        3  X  32.16        64.32' 


body  through  this  height  is  Wh  —  64. 32  X  -ttt-^^  =  400  foot- 

64.32 

pounds,  the  same  result  as  before.     The  distinction  between 

kinetic  energy  and  work,  then,  is  this:  A  body  moving  %vith 

a  certain  velocity,  and  nicetinsr  zvith  no  resistance,  is  not  doins' 

any  work,  but  has  a  certain  amount  of  kinetic  energy  stored 

up  in  it,  which  depends  upon  the  velocity  and  mass  of  the 

body. 
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If  a  resistance  be  interposed  just  sufficient  to  stop  the 
body,  the  body  will  then  do  an  amount  of  work  equal  to  its 
kinetic  energy. 

Example. — If  a  body  weighing  2."»  pounds  falls  from  a  height  of  100 
feet,  how  much  work  can  be  done  ? 

Solution.— Work  =  Wh  =  25  x  100  =  2.r)00  foot-pounds.     Ans. 

E.XAMi'LK. — A  body  weighing  r>0  pounds  has  a  velocity  of  100  feet  per 
second;  what  is  its  kinetic  energy  ? 

Solution'.— Kinetic  energy  =  \m  v^  =    .,  ^    =  5 — ^cTTa  —  ^.TTS.eS 

r  1  >  *J?^  *  X   O*.l0 

foot-pounds.     Ans. 

E.XAMPLE. — In  the  last  example,  how  many  horsepower  would  be 
required  to  give  the  body  this  amount  of  kinetic  energy  in  3  seconds  ? 

Solution. — 1  H.P.  =33,000  pounds  raised  one  foot  in  one  minute. 
If  7,773.63  foot-pounds  of  work  are  done  in  3  seconds,  in  one  second 

there  would  be  done        . ' "  '  =  2,.591.21   foot-pounds  of  work,   and  in 

o 
one  minute,  2,591.21  X  60  =  155,472.6  foot-pounds. 
The  number  of  horsepower  developed  would  be 

1.55  472  6 

959.  Potential  energy  is  latent  energy  ;  it  is  the  energy 
wliieh  a  body  at  rest  is  eapable  of  giving  out  binder  certain 
conditions. 

If  a  stone  be  suspended  by  a  string  from  a  high  tower,  it 
has  potential  energy  due  to  its  position.  If  the  string  be 
cut,  the  stone  will  fall  to  the  ground,  and  during  its  fall  its 
potential  energy  will  change  into  kinetic  energy,  so  that,  at 
the  instant  it  strikes  the  ground,  its  potential  energy  is 
wholly  changed  into  kinetic  energy. 

At  a  point  equal  to  one-half  the  height  of  the  fall,  the 
potential  and  kinetic  energies  were  equal.  At  the  end  of 
the  first  quarter,  the  potential  energy  was  |,  and  the  kinetic 
energy  | ;  at  the  end  of  the  third  quarter,  the  potential 
energy  was  J,  and  the  kinetic  energy  \. 

A  pound  of  coal  has  a  certain  amount  of  potential  energy. 
When  the  coal  is  burned,  the  potential  energy  is  liberated, 
and  changed  into  kinetic  energy  in  the  form  of  heat.  The 
kinetic  energy  of  the  heat  changes  water  into  steam,  which 
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thus  has  a  certain  amount  of  potential  energy.  The  steam 
acting  on  the  piston  of  an  engine  causes  it  to  move  through 
a  certain  space,  thus  overcoming  a  resistance,  changing  the 
potential  energy  of  the  steam  into  kinetic  energy,  and  thus 
doing  work. 

Potential  energy,  then,  is  the  energy  stored  ivitJiin  a  body, 
wJiich  may  be  liberated  and  produce  motion,  thus  generating 
kinetic  energy,  and  enabling  work  to  be  done. 

980.  The  principle  of  conservation  of  energy  teaches 
that  energy,  like  matter,  can  never  be  destroyed.  If  a  clock 
is  put  in  motion,  the  potential  energy  of  the  spring  is  changed 
into  the  kinetic  energy  of  motion,  which  turns  the  wheels, 
thus  producing  friction.  The  friction  produces  heat,  which 
dissipates  into  the  surrounding  air,  but  still  the  energy  is 
not  destroyed — it  merely  exists  in  another  form.  The  poten- 
tial energy  in  coal  was  received  from  the  sun,  in  the  form  of 
heat,  ages  ago,  and  has  laid  dormant  for  millions  of  years. 


FORCE   OF   A   BLOW. 

961.  The  average  force  of  a  bloAv  may  be  determined 
as  follows : 

In  driving  a  nail  into  a  piece  of  wood  with  a  hammer,  the 
head  of  the  hammer  must  be  capable  of  exerting,  in  a  very 
short  time,  a  force  equal  to  that  of  a  load  sufficiently  heavy 
to  produce  by  its  weight  a  movement  of  the  nail  into  the  wood, 
equal  to  the  movement  of  the  nail  produced  by  the  hammer; 
in  other  words,  the  striking  force,  multiplied  by  the  distance 
that  the  nail  is  driven  into  the  wood,  must  equal  the  kinetic 
energy  of  the  hammer. 

Suppose  that  the  velocity  of  the  hammer,  as  it  strikes  the 
nail,  is  30  feet  per  second,  that  the  weight  of  the  head  is  2 
pounds,  and  that  the  nail  is  driven  into  the  wood  \  of  an 
inch.  Let  the  resistance  offered  by  the  wood,  which  is  the 
same  as  the  striking  force  of  the  hammer,  be  represented  by 
F;  then,  since  \  inch  =  -^^  of  a  foot, 

/^  X  A  =  i ;;/  X  ^'^  =  2^^423g  ^  ^^'  "  ^^^'  ''^^'■^^• 
Therefore,  7^=  28  X  48  =  1,344  pounds. 
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Had  the  penetration  been  J,  of  an  inch,  instead  of  \  of  an 
inch,  the  vahie  of  /''would  have  been  twice  as  large,  or  2,088 
pounds.  This  is  as  it  should  be,  since  the  work  done  is  the 
same  in  both  cases,  while  the  distance  through  which  the 
force  acts  is  only  half  as  great  in  the  second  case  as  in  the 
first  case.  Hence,  in  order  that  the  work  may  be  the  same, 
the  force  must  be  doubled. 

Example. — If  the  head  of  a  drop-hammer,  weighing  400  pounds,  falls 
from  a  height  of  10  feet,  and  compresses  a  piece  of  cold  iron  .01  of  an 
inch,  what  was  the  striking  force  of  the  hammer  ? 

Solution. — .01  of  an  inch  =  --rJ-of  a  foot. 

/'x  •-?!-=  /r// =  400  X 10  =  4,000. 

Hence,    F=  ^-^^  ^'"  =  4.800,000  lb.     Ans. 


DENSITY    AND    SPECIFIC    GR.VVITY. 

962.     The  density  of  a  body  is  its  mass  divided  by 

its  volume  in  cubic  feet.* 

Let   D  be  the  density;  then,  the  density  of  a  body  is, 

m  IV  W 

D  =  ^rr-    Since  ;«  =  — ,  Z>=— ?>.         (26.) 

E.XAMPLE. — Three  cubic  feet  of  cast  iron  weigh  1,350  |X)unds;  what 

is  the  density  of  cast  iron  ? 

'  l-V  1  ^tO 

SOLUTION.-/?  =  ^  =  ^5-L__  =  13.992. 

E.XAMPLE. — A  cubic  foot  of  water  weighs  62.42  pounds;  {a)  what  is 
its  density  ?  {f>)  What  is  the  ratio  between  the  density  of  cast  iron  and 
the  density  of  water  ? 

W  62  42 

Solution. — (a)    D  =  — rr-  =  ...,  ,  . — r-  =  1.941  =  density.     Ans. 
^  '  ^'^  I  32.16  X  1 

(^)^^  =  7.21=  ratio.     Ans. 

963.  The  specific  gravity  of  a  body  is  the  ratio 
betii'ccn   its  -weig/it  aud  the  ^ccigJit  of  a  like  volume  of  water. 


*NoTE. — Some  writers  define  density  as  the  weight  of  a  unit  of 
volume  of  the  material.  When  English  measures  are  used,  the  density 
of  any  material,  according  to  this  definition,  is  the  weight  of  a  cubic 
foot  of  the  material  in  pounds. 
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964.  Since  gases  are  so  much  lighter  than  water,  it  is 
usual  to  take  the  specific  gravity  of  a  gas  as  the  ratio 
between  the  weight  of  a  certain  volume  of  the  gas  and  the 
weight  of  the  same  volume  of  air. 

Example. — A  cubic  foot  of  cast  iron  weighs  450  pounds;  what  is  its 
specific  gravity,  a  cubic  foot  of  water  weighing  62.42  pounds  ? 

Solution. — According  to  the  definition, 

450 


63.43 


7.21.     Ans. 


Note. — Notice  that  this  answer  is  the  same  as  that  of  the  preceding 
example;  hence,  the  specific  gravity  of  a  body  is  also  the  ratio  of  the 
density  of  a  body  to  the  density  of  water. 

965.  The  specific  gravities  of  different  bodies  are  given 
in  printed  tables;  hence,  if  it  is  desired  to  know  the  weight 
of  a  body  that  cannot  be  conveniently  weighed,  calculate  its 
cubical  contents^  and  multiply  the  specific  gravity  of  the  body 
by  the  tveigJit  of  a  like  volume  of  ivater,  remembering  that  a 
cubic  foot  of  water  zveigJis  62.  Jf.2  pounds. 

Example. — How  much  will  3,214  cubic  inches  of  cast  iron  weigh  ? 
Take  its  specific  gravity  as  7.21. 

Solution. — Since  1  cubic  foot  of  water  weighs  63.42  pounds,  3,314 
cubic  inches  weigh 

1^  X  62.43  =  116.098  pounds. 

Then,^  116.098  X  7.31  =  837.067  pounds.     Ans. 

Example. — What  is  the  weight  of  a  cubic  inch  of  cast  iron? 

62  43 
Solution.—- -^^^  X  7.31  =  .26044  pound.     Ans. 

One  cubic  foot  of  pure  distilled  water  at  a  temperature  of 
39.2°  Fahrenheit  weighs  62.425  pounds,  but  the  value  usually 
taken  in  making  calculations  is  62.5  pounds. 

Example. — What  is  the  weight  in  pounds  of  7  cubic  feet  of  oxygen  ? 

Solution. — One   cubic  foot  of  air  weighs  .08073   pound,  and  the 
specific  gravity  of  oxygen  is  1.1056,  compared  with  air;  hence, 
.08073  X  1-1056  X  7  =  .63479  pound,  nearly.     Ans. 


EXAMPLES  FOR   PRACTICE. 

1.  A  man  jumps  from  a  railroad  train  traveling  at  the  rate  of  60 
miles  per  hour;  if  he  weighs  160  lb.,  what  is  the  kinetic  energy  of  his 
body  ?  Ans.  19,363.68  ft. -lb. 


3no  ELE^^EXTARY  MECHANICS. 

2.  A  hammer  strikes  a  nail  with  a  velocity  <»f  40  ft.  per  sec. ;  if  the 
head  weighs  1.^  lb.,  and  the  nail  isdriven  -,*,  in.,  what  is  the  force  of  the 
blow  ?  Ans.  1.433  lb.,  nearly. 

8.  A  load  of  20. (XX)  lb.  is  pulled  up  an  inclined  plane  IJ  miles  long 
in  5  minutes;  if  the  height  of  the  plane  is  800  ft.,  and  the  frictional 
resistances  are  Si  of  the  load,  what  is  the  horsepower  required  ? 

Ans.  125.62  H.  P. 

4.  If  a  cubic  foot  of  a  certain  substance  weighs  162^  lb.,  what  is  its 
specific  gravity  ?  Ans.  2.6. 

5.  A  mixture  of  lead  and  tin  has  a  specific  gravity  of  9.28;  what  is 
the  weight  of  a  cubic  inch  ?  Ans.  5.37  oz. 

6.  A  weight  of  11,625  lb.  is  raised  vertically  10  ft.  in  3  minutes,  by 
means  of  a  block  and  tackle  and  a  windlass;  the  frictional  resistances 
being  26;?,  how  many  horsepower  were  required  ?  Ans.  1.48  H.  P. 

7.  A  body  weighing  24,062.5  lb.  is  drawn  on  a  horizontal  surface  at 
the  rate  of  000  ft.  per  min. ;  the  coefficient  of  friction  being  8^,  what 
horsepower  will  be  necessary  to  overcome  the  resistance  of  friction  ? 

Ans.  35  H.  P. 

8.  A  solid  cast  iron  sphere,  12"  in  diameter,  falls  through  a  height 
of  50  ft. ;  what  will  be  its  kinetic  energy  on  striking?    Ans.  11,781  ft.-lb. 

966.  The  table  of  specific  gravities  gives  the  specific 
gravities  of  a  variety  of  substances  likely  to  be  met  with  in 
ordinary  practice.  The  weights  per  cubic  foot  are  calcu- 
lated on  a  basis  of  62.5  pounds  of  water  per  cubic  foot. 
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HYDROSTATICS. 

967.  Hydrostatics  treats  of  liquids  at  rest  under  the 
action  of  forces. 

968.  Liquids  are  very  nearly  incompressible.  A  pres- 
sure of  15  pounds  per  square  inch  compresses  water  less  than 
■gQ^fl-^  of  its  volume. 

969.  Fig.  157  represents  two  cylindrical  vessels  of  ex- 
actly the  same  size.  The  vessel 
a  is  fitted  with  a  wooden  block  of 
the  same  size  as  the  cylinder,  and 
can  move  in  it;  the  vessel  b  is 
filled  with  water,  whose  depth  is 
the  same  as  the  length  of  the 
wooden  block  in  a.  Both  vessels 
are  fitted  with  air-tight  pistons  P 
whose  areas  are  each  10  square 
inches. 

Suppose,  for  convenience,  that 
the  weights  of  the  cylinders, 
pistons,  block,  and  water  be 
neglected,  and  that  a  force  of 
100    pounds    be    applied    to  both  Fig.  157. 

pistons.     The  pressure   per   square   irwsh   will   be  — j —  =  10 

pounds.  In  the  vessel  a^  this  pressure  will  be  transmitted 
to  the  bottom  of  the  vessel,  and  will  be  10  pounds  per 
square  inch;  it  is  easy  to  see  that  there  will  be  no 
pressure  on  the  sides.  In  the  vessel  /5,  an  entirely  dif- 
ferent result  is  obtained.  The  pressure  on  the  bottom 
will  be  the  same  as  in  the  other  case — that  is,  10 
pounds  per  square  inch — but    owing  to  the  fact  that  the 
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molecules  of  the  water  are  perfectly  free  to  move,  this  pres- 
sure of  10  pounds  per  square  inch  is  transmitted  in  every 
direction  with  the  sauie  intensity  ;  that  is  to  say,  the  pressure 
at  any  point,  r,  d,  c,f,g,  //,  etc.,  due  to  the  force  of  loo  pounds 
is  exactly  the  same,  and  equals  10  pounds  per  square  inch. 

This  may  be  easily  proven  experimentally  by  means  of  an 
apparatus  like  that  shown  in  Fig.  158.     Let  the  area  of  the 

piston  a  be  20  square  inches ; 
of  b,  7  square  inches;  of  f, 
1  square  inch ;  of  d,  G  square 
inches ;  of  <*,  8  square  inches, 
and  of  y,  4  square  inches. 

If  the  pressure  due  to  the 
weight  of  the  water  be  neg- 
lected, and  a  force  of  5 
pounds  be  applied  at  c 
(whose  area  is  1  square 
inch),  a  pressure  of  5  pounds 
per  square  inchwill  be  trans- 
mitted in  all  directions; 
and  in  order  that  there 
shall  be  no  movement,  a 
force  of  6  X  5  =  30  pounds  must  be  applied  at  d^  40  pounds 
at  e,  20  pounds  at/",    100  pounds  at  a,  and  35  pounds  at  b. 

If  a  force  of  99  pounds  were  applied  to  a,  instead  of  100 
pounds,  the  piston  a  would  rise,  and  the  other  pistons 
b,  c,  d,  e,  and/"  would  move  inwards;  but,  if  the  force  applied 
to  a  were  100  pounds,  they  would  all  be  in  equilibrium.  Had 
101  pounds  been  applied  at  a,  the  pressure  per  square  inch 

would  be  -^: —  =  5.05k  pounds,  which  would  be  transmitted 
20  ^  ' 

in  all  directions;  and,  since  the  pressure  due  to  ^  is  only  5 
pounds  per  square  inch,  it  is  now  evident  that  the  piston  a 
will  move  downwards,  and  the  pistons  b,  e,  d,  e,  andy"will  be 
forced  outwards. 

The  whole  may  be  summed  up  as  follows: 

9  7().  R  u  Ic. —  T//e  pressure  per  unit  of  area  exerted  any- 
where upon  a  mass  of  liquid  is  transmitted  undiminished  in 
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all  directions,  and  acts  with  the  same  force  tipon  all  S7ir faces 
in  a  direction  at  right  angles  to  those  siirfaccs. 

This  law  was  first  discovered  by  Pascal,  and  is  the  most 
important  in  Hydromechanics.  Its  meaning  should  be 
thoroughly  understood. 

Example. — If  the  area  of  the  piston  e  in  Fig.  158  were  8.25  square 
inches,  and  a  force  of  150  pounds  were  applied  to  it,  what  forces  would 
have  to  be  applied  to  the  other  pistons  to  keep  the  water  in  equilibrium, 
assuming  that  their  areas  were  the  same  as  given  before  ? 

150 

Solution. -^-^  =  18.182  lb.  per  sq.  in.,  nearly. 

8.25  i-         i  J 

20  X  18.183  —  363.64    lb.  =  force  to  balance  a. 

7  X  18.182  =  127.274  lb.  =  force  to  balance  b. 

1  X  18.182  =    18.182  lb.  =  force  to  balance  c.   \     Ans. 

6  X  18.182  =  109.092  lb.  =  force  to  balance  d. 

4  X  18.183  =    72.728  lb.  =  force  to  balance  /. 

971.  The  pressure  due  to  the  weight  of  a  liquid  may  be 
downwards,  upwards,  or  sideways. 

972.  Downward  Pressure. — In  Fig.  159,  the  pres- 
sure on  the  bottom  of  the  vessel  a  is,  of  course,  equal  to  the 
weight  of  the  water  it  contains. 
If  the  area  of  the  bottom  of  the 
vessel  b,  and  the  depth  of  the 
liquid  contained  in  it,  are  the 
same  as  in  the  vessel  a,  the  pres- 
sure on  the  bottom  of  b  will  be 
the  same  as  on  the  bottom  of  a. 
Suppose  the  bottoms  of  the  ves- 
sels a  and  b  are  G  inches  square, 
and  that  the  part  c  d,  in  the  ves- 
sel b,  is  2  inches  square,  and 
that  both  vessels  are  filled 
with  water 
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Fig.  1.59. 
Then,  the  weight  of  1  cubic  inch  of  water  being 


—  •  03617  pound,  and  the  number  of  cubic  inches  in  a, 

l,7/«o 

6  X  6  X  24  =  864  cubic  inches,  the  weight  of  the  water  is 
864  X  .03617  =  31.25  pounds.      Hence,  the  total  pressure  on 


the  bottom  of  the  vessel  a  is  31.25  pounds,  or 
pound  per  square  inch. 


31.25 
36 


=  .868 
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The  pressure  in  b,  due  to  the  weight  contained  in  the  part 
be,  is  G  X  6  X  10  X  .03017  =  13.02  pounds. 

The  weight  of  the  part  contained  in  crt'  is  2  X  2  X  14  X 

.03617  =  2.0255  pounds,  and  the   weight  per  square  inch  of 

,  .    2.0255         ^^^^.,  , 

area  in  i  a  is =  .5004  pound. 

•t 

According  to  Pascal's  law,  this  weight  (pressure)  is  trans- 
mitted equally  in  all  directions,  therefore,  every  square  inch 
of  the  large  part  of  the  vessel  h  will  be  subjected  to  a  pres- 
sure of  .5004  pound.  The  area  of  the  part  be  is  6  X  6  = 
30  square  inches,  and  the  total  pressure  due  to  the  weight  of 
the  water  in  the  small  part  will  be  .oOO-l  x  30  =  18.23  pounds. 
Hence,  the  total  pressure  on  the  bottom  of  b  will  be  13.02  -f- 
18.23  =  31.25  pounds,  the  same  result  as  in  the  case  of  the 
vessel  a. 

If  an  additional  pressure  of  ten  pounds  per  square  inch 
were  applied  to  the  upper  surface  of  both  vessels,  the  total 
pressure  on  their  bottoms  would  be  31.25 -j-  (0  X  0  X  10) 
=  31.25  +  300  =  391.25  pounds. 

In  case  this  pressure  were  obtained  by  means  of  a  weight 
placed  on  a  piston,  as  shown  in  Figs.  157  and  158,  the  weight 
for  the  vessel  a  would  be  0  X  0  X  10  =  300  pounds,  and  for 
the  vessel  /;,  2  X  2  X  10  =  40  pounds. 

973.  Tlic  (.cncral  I.aw  for  the  Downward  Pres- 
sure upon  tlie  Hottoni  of  any  Vessel  : 

Kule. —  T/ic  pressure  upon  the  bottom  of  a 
vessel  eontaining  a  fluid  is  independent  of  the 
shape  of  the  vessel,  and  is  equal  to  the  weight 
of  a  prism  of  the  fluid  whose  base  has  the  same 
area  as  the  bottom  of  the  vessel,  and  -whose 
altitude  is  the  distanee  betxveen  the  bottom  and 
the  upper  surfaee  of  the  fluid,  plus  the  pressure 
per  unit  of  area  upon  the  upper  surfaee  of  the 
fluid  multiplied  by  the  area  of  the  bottom  of 
the  vessel. 


s 


Fig.  160. 


974.     Suppose  that  the  vessel  b,  in  Fig. 
159,  were  inverted,  as  shown  in  Fig.  100,  the 
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pressure  upon  the  bottom  will  still  be  .868  pound  per  square 
inch,  but  it  will  require  a  weight  of  3,490  pounds  to  be  placed 
upon  the  piston  at  the  upper  surface  to  make  the  pressure 
on  the  bottom  391.25  pounds,  instead  of  a  weight  of  40 
pounds,  as  in  the  other  case. 

E.XAMPLE. — A  vessel  filled  with  salt  water,  having  a  specific  gravity 
of  1.03,  has  a  circular  bottom  13  inches  in  diameter.  The  top  of  the 
vessel  is  fitted  with  a  piston  3  inches  in  diameter,  on  which  is  laid  a 
weight  of  75  pounds ;  what  is  the  total  pressure  on  the  bottom,  if  the 
depth  of  the  water  is  18  inches  ? 


-The  weight  of  1  cubic  inch  of  the  water  is 


62.5  X  1-03 

1,728 


Solution. 

.037254  lb. 

13  X  13  X  .7854  X  18  X  .037254  =  89.01  pounds  =  the  pressure  due  to 

the  weight  of  the  water. 

75 
- — 3 ^^Wl  ~  l^-^l  It)-  P^'"  SQ-  i"-  ^"^  to  the  weight  on  the  piston. 

13  X  13  X  •re54  X  10.61  =  1,408.29  lb.  =  pressure  on  the  bottom  due  to 
the  weight. 

Total  pressure  =  1,408.29  +  89.01  =  1,497.3  lb.     Ans. 

975.  Up-ward  Pressure. — In  Fig.  IGl  is  represented 
a  vessel  of  exactly  the  same  size  as  that  represented  in  Fig. 
160.  There  is  no  upward  pressure  on  the  sur- 
face c  due  to  the  weight  of  the  water  in  the 
large  part  c  d,  but  there  is  an  upward  pres- 
sure on  c  due  to  the  weight  of  the  Avater  in  the 
small  part  d  c.  The  pressure  per  square  inch 
due  to  the  weight  of  the  water  in  b  c  was  found 
to  be  .5064  pound  (see  Art.  972) ;  the  area  of 
the  upper  surfaces  of  the  large  part  ^  ^  is  evi- 
dently (0  X  6)  —  (2  X  2)  =  36  —  4  =  32  square 
inches,  and  the  total  upward  pressure  due  to  the 
weight  of  the  water  is .  5064  X  32  =  16. 2  pounds.  ^ 

If  an  additional  pressure  of  10  pounds  per  pio.  lei. 

square  inch  were  applied  to  a  piston  fitting  the  top  of  the 
vessel,  the  total  upward  pressure  on  the  surface  c  would  be 
16.2  +  (32  X  10)  =  336.2  pounds. 

976.  General  La^v  for  UpM^^ard  Pressure  : 
Rule. —  TJie  ttpzvard pressure  on  any  submerged  ]iorizontal 

surface  equals  the  weight  of  a  prism  of  the  liquid  whose  base 
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lias  an  area  equal  to  the  area  of  the  submerged  surface^  and 
whose  altitude  is  the  distanee  betxceen  the  submerged  surfaee 
and  the  upper  surfaee  of  the  liquid,  plus  the  pressure  per  unit 
of  area  on  the  upper  surfaee  of  the  fluid  multiplied  by  the 
area  of  the  submerged  surfaee. 

Example. — A  horizontal  surface  6  inches  by  4  inches  is  submerged 
in  a  vessel  of  water  26  inches  below  the  upper  surface.  If  the  pressure 
on  the  water  is  16  ])<)unds  pt-r  square  inch,  what  is  the  total  upward 
pressure  on  the  ln>rizontal  surface  ? 

SoLi'Tio.v.— 6  X  4  X  26  X  03617  =  22.57  lb.,  or  the  upward  pressure 
due  to  the  weight  of  the  water. 

6  X  4  X  16  =  384  lb.,  or  the  upward  pressure  due  to  the  outside  pres- 
sure of  16  lb.  per  sq.  in. 

The  total  upward  pressure  =  384  +  22.57  =  406.57  lb.     Ans. 


977.     Lateral    (Sideways)  Pressure. — Suppose   the 
top  of  the  vessel  shown  in  Fig.  10'^  is  10  inches  square,  and 

that  the  projections  at  a  and  b  are  1  inch 
X  1  inch,  and  10  inches  long. 

The  pressure  per  square  inch  on  the 
bottom  of  the  vessel,  due  to  the  weight 
of  the  liquid,  is  1  X  1  X  18  X  the  weight 
of  a  cubic  inch  of  the  liquid. 

The  pressure  at  a  depth  equal  to  the 
distance   of  the   upper  surface  b  below 
«p  the  top  of  the  vessel  is  1  X  1  X  17  X  the 
weight  of  a  cubic  inch  of  the  liquid. 
Since  both  of  these  pressures  are  trans- 
Fio.  1C2.  mitted  in  every  direction,  they  are  also 

transmitted  laterally  (sideways),  and  X.\\q  pressure  per  unit  of 
area  on  the  projection  b  is  a  mean  betiveen  the  two,  and 
equals  1  X  1  X  17^  X  the  weight  of  a  cubic  inch  of  the  liquid. 
To  find  the  lateral  pressure  on  the  projection  a,  imagine 
that  the  dotted  line  c  is  the  bottom  of  the  vessel,  then  the 
conditions  will  be  the  same  as  in  the  preceding  case,  except 
that  the  depth  is  not  so  great. 

The  lateral  pressure  on  a  is  thus  seen  to  be  1  X  1  X  11  j  X 
the  weight  of  a  cubic  inch  of  the  liquid. 
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General  Law  for  Lateral  Pressure  : 

978.  Rule. —  Tlie pressure  tipon  any  vertical  surface  due 
to  the  weight  of  a  liquid  is  equal  to  the  weight  of  a  prism 
of  the  liquid  whose  base  has  the  same  area  as  the  vertical  sur- 
face^ and  xvhose  altitude  is  the  depth  of  the  center  of  gravity 
of.  the  vertical  surface  below  the  level  of  the  liquid. 

A  ny  additional  pressure  is  to  be  added  as  in  the  previous 
cases. 

Example. — A  well  3  feet  in  diameter  and  20  feet  deep  is  filled  with 
water ;  what  is  the  pressure  on  a  strip  of  the  wall  1  inch  wide,  the 
center  of  which  is  1  foot  from  the  bottom  ?  "What  is  the  pressure  on 
the  bottom  ?  What  is  the  upward  pressure  per  square  inch,  2  feet 
6  inches  from  the  bottom  ? 

Solution.— 1  X  36  X  3.1416  =  113.1  sq.  in.  =  area  of  the  strip.  Depth 
of  center  of  gravity  =  20  —  1  =  19  ft.  , 

113.1  X  19  X  12  X  .03617  =  932.71  lb.  =  total  pressure  upon  the 
strip.     Ans. 

932  71 
The  pressure  per  square  inch  is     '^'       =  8.247  lb.,  nearly. 

86  X  36  X. 7854  X  20  X  12  X. 03617  ==8,836  lb.  =  the  pressure  on  the 
bottom.     Ans. 

20-2.5  =  17.5.  1  X  17.5  X  12  X. 03617  =  7.596  lb.  =  the  upward 
pressure  per  square  inch,  2  ft.  6  in.  from  the  bottom,  since  2  ft.  6  in.  = 
2.5  ft.     Ans. 

979.  The  effects 
of  the  lateral  pressure 
are  illustrated  in  Fig. 
163.  ^  is  a  tall  vessel 
having  a  stop-cock 
near  its  base,  and  ar- 
ranged to  float  upon 
the  water,  as  shown. 
When  this  vessel  is 
filled  with  water,  the 
lateral  pressures 
any  two  points  of  the 
surface  of   the  vessel, 

and   opposite    to  each  Pig.  les. 

other,  are  equal.      Being  equal,  and  acting  in  opposite  direc- 
tions, they  destroy  each  other  (see  Art.  881),  and  no  motion 
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can  result  ;  but,  if  the  stop-cock  be  opened,  there  will  be 
no  resistance  to  that  pressure  actinj^  on  the  surface  e(iual  to 
the  area  of  the  opening,  the  pressure  which  formerly  acted 
causing  the  water  to  flow  out,  while  its  equal  and  opposite 
pressure  will  cause  the  vessel  to  move  backward  through  the 
water  in  a  direction  opposite  to  that  of  the  spouting  water. 

Since  the  pressure  on  the  bottom  of  a  vessel  due  to  the 
weight  of  the  liquid  is  dependent  only  upon  the  height  of 
the  liquid,  and  not  upon  the  shape  of  the  vessel,  it  follows 
that  if  a  vessel  has  a  number  of  radiating  tubes,  as  Fig.  104, 
the  water  in  each  tube  will  be  on  the  same  level  no  matter 
what  may  be  the  shape  of  the  tubes.  For,  if  the  water  were 
higher  in  one  tube  than  in  the  others,  the  downward  pressure 
on  the  bottom  due  to  the  height  of  the  water  in  this  tube 

would    be 


greater 
than  that  due  to  the 
height  of  the  water 
in  the  other  tubes. 
Consequently,  the 
upward  pressure 
would  also  be  great- 
er; the  equilibrium 
would  be  destroyed, 
and  the  waterwould 
flow  from  this  tube 
into  the  vessel,  and 
Fig.  164.  rise    in    the    other 

tubes  until  it  was  at  the  same  level  in  all,  when  it  would  be 
in  equilibrium.  This  principle  is  expressed  in  the  familiar 
saying,    "  Water  seeks  its  level." 

This  explains  why  city  water  reservoirs  are  located  on 
high  elevations,  and  why  water  on  leaving  the  hose-nozzle 
spouts  so  high. 

If  there  was  no  resistance  by  friction  and  air,  the  water 
would  spout  to  a  height  equal  to  the  level  of  the  water  in 
the  reservoirs.  If  a  long  pipe  was  attached  to  the  nozzle, 
whose  length  was  equal  to  the  vertical  distance  between  the 
nozzle  and  the  level  of  the  water  in  the  reservoir,  the  water 
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would  juGt  reach  the  end  of  the  pipe.      If  the  pipe  was  low- 
ered slightly,  the  water  would  trickle  out. 

Fountains,  canal  locks,  and  artesian  wells  are  examples  of 
the  application  of  this  principle. 

Example. — The  water  level  in  a  city  reservoir  is  150  feet  from  the 
level  of  the  street ;  what  is  the  pressure  of  the  water  per  square  inch 
on  the  hydrant  ? 

Solution.— 1  x  150  X  12  X  .03617  =  65.106  lb.  per  sq.  in.     Ans. 

980.  The  weight  of  a  column  of  water  1  inch  square 
and  1  foot  high  is  .03617  X  12  =  .434  pound,  nearly.  Hence, 
if  the  depth  (head)  is  given,  the  pressure  per  square  inch 
may  be  found  by  multiplying  the  depth  in  feet  by  .434. 
The  constant  .434  is  the  one  ordinarily  employed  in  practical 
calculations. 


981.     In  Fig.  165,  let  the  area  of  the  piston  ahel  square 
inch ;  of  d,  40  square  inches.     According 
to  Pascal's  law,  1  pound  placed  upon  a 
will  balance  40  pounds  placed  upon  /;. 

Suppose  that  a  moves  downwards  10 
inches;  then,  10  cubic  inches  of  water 
will  be  forced  into  the  tube  d.  This 
will  be  distributed  over  the  entire  area 
of  the  tube  d  in  the  form  of  a  cylinder, 
whose  cubical  contents  must  be  10  cubic 
inches,  whose  base  has  an  area  of  40 
square  inches,  and  whose  altitude  must 

be  —  =  —  of  an  inch ;  that  is,  a  move-  ne*  jgs, 

ment  of  10  inches  of  the  piston  a  will  cause  a  movement  of 
^  of  an  inch  of  the  piston  d. 

Here  is  the  old  principle  of  machines:  The  power  multi- 
plied by  the  distance  through  which  it  moves  equals  the  weight 
viultiplied  by  the  distance  through  tuhich  it  moves. 

Hence,  if  1  pound  on  the  piston  a  represents  the  power  P, 
the  equivalent  weight  W  on  b  may  be  obtained  from  the 
equation  Px  10  =  fFx  i,  or  10  =  i  W,  and  W=  40. 
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Another  familiar  fact  is  also  recognized,  for  the  velocity 
ratio  of  P  to  W  is  lo  :  |,  or  40.  Since  in  any  machine  the 
weight  equals  the  power  multiplied  by  the  velocity  ratio,  W 
=  PX  40,  and  when  P—  1  pound,   \V=  40  pounds. 

9S2.  This  principle  is  made  use  of  in  the  hydraulic 
press  represented  in  Fig.  100.  As  the  man  depresses  the 
lever  O,  he  forces  down  the  piston  a  upon  the  water  in  the 
cylinder  A.  The  water  is  forced  through  the  bent  tube  d 
into  the  cylinder  in  which  the  large  piston  6"  works,  and  causes 
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it  to  rise,  thus  lifting  the  platform  A",  and  compressing  the 
bales.  If  the  area  of  «  be  1  square  inch,  and  that  of  6" be  100 
square  inches,  the  velocity  ratio  will  be  100. 

If  the  length  of  the  lever  between  the  hand  and  the  ful- 
crum is  10  times  the  length  between  the  fulcrum  and  the 
piston  a,  the  velocity  ratio  of   the  lever  will  be  10,  and  the 
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total  velocity  ratio  of  the  hand  to  the  piston  C  will  be  1,000. 

Hence,  a  force  of   100  pounds  applied  by  the  hand  will 

raise   100  X  1,000  =  100,000  pounds.      But,    if  the    average 

movement  of  the  hand  per  stroke  is  10  inches,  it  will  require 

— ? — -  —  100  strokes  to  raise  the  platform  1  inch,  and  it  is 

again  seen  that  what  is  gained  in  power  is  lost  in  speed. 

Applications  of  this  principle  are  seen  in  the  hydraulic 
machines  used  for  forcing  locomotive  drivers  on  their  axles, 
etc.,  and  for  testing  the  strength  of  boiler  shells. 

983.  Example. — A  suspended  vertical  cylinder  is  tested  for  the 
tightness  of  its  heads  by  filling  it  with  water.  A  pipe  whose  inside 
diameter  is  i  of  an  inch,  and  whose  length  is  20  feet,  is  screwed  into  a 
hole  in  the  upper  head,  and  then  filled  with  water ;  what  is  the  pressure 
per  square  inch  on  each  head,  if  the  cylinder  is  40  inches  in  diameter 
and  60  inches  long  ? 

Solution. — Area  of  heads  =  40'^  X  .7854  =  1,256.64  sq.  in. 

Pressure  per  square  inch  on  the  bottom  head,  due  to  the  weight  of 
the  water  in  the  cylinder,  =  1  X  60  X  -03617  =  2.17  lb.  (£f  X  -7854  = 
.04909  sq.  in.,  the  area  of  the  pipe. 

.04909  X  20  X  12  X  .03617  =  .426  lb.  =  the  weight  of  water  in  pipe  — 
the  pressure  on  a  surface  area  of  .04909  sq.  in. 

The  pressure  per  square  inch  due  to  the  water  in  the  pipe  is  X 

,426  =  8.68  lb.  per  sq.  in.  upon  the  upper  head.     Ans. 

The  pressure  per  square  inch  on  the  lower  head  is  8.68  +  2.17  =  10.85 
lb.  per  sq.  in.     Ans. 

Example. — In  the  last  example,  if  the  pipe  is  fitted  with  a  piston 
weighing  J  of  a  pound,  and  a  5-pound  weight  is  laid  upon  it,  what  is 
the  pressure  per  square  inch  upon  the  upper  head  ? 

Solution. — In  addition  to  the  pressure  of  .426  pound  on  the  area  of 
.04909  sq.  in.,  there  is  now  an  additional  pressure  upon  this  area  of 
5  +  i  =  5.25  lb.,  and  the  total  pressure  upon  this  area  is  .426  +  5.25  = 
5.676  lb. 

The  pressure  per  square  inch  is  ■  .).q,,q  X  5.676  =  115.6  lb.     Ans. 

984.  Pressure  upon  Oblique  Surfaces. — Hereto- 
fore, the  pressure  upon  horizontal  and  vertical  surfaces  only 
has  been  considered.  The  pressure  upon  sides  which  are 
oblique  to  the  bottom  will  now  be  considered. 
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According  to  the  law  of  Pascal,  the  pressure  which  a  fluid 

exerts  upon  a  surface  is  at  right 

angles  to  the  surface;  hence,  in 

Fig.   107,  the  pressure   acts   in 

a    direction     indicated  by    the 

arrow-head  on  the  line  C  D,  and 

the   lateral   pressure   on  every 

square  unit  of  area  of  the  side 

/'  //  will    be    in    the    direction 

CD.     According  to  the  law  for 

lateral  pressure  (Art.  978),  the 

^^^-  ^^-  total     perpendicular      pressure 

upon  the  side  F  H  will  be:  Area  of  side  F  H  Y.  \  A  //  X  the 

Aveight  of  a  cubic  inch  of  the  fluid. 

Let  the  line  C  D  represent  this  perpendicular  pressure 
and  call  it  /'.  Now,  resolve  /'into  two  components,  one,  /*,, 
acting  horizontally,  and  the  other,  /,,  acting  vertically.  The 
angle  C  D  E  =  F  H  A,  ior  C  D  is  perpendicular  to  I'll, 
and  E  D  \s  perpendicular  to  A  H.  (See  Art.  692.)  There- 
fore, P^z=  P  X  cos  C  D  E  =:  Px  cos  F  H  A\  but  the  cosine 
oi  F  H  A  is  numerically  equal  to  A  H,  which  equals  the 
projection  of  F  If  on  a  line  at  right  angles  to  E  D. 

The  angle  G  D  C  =  E  C  D  =  A  F  H,  since  C  D  is,  per- 
pendicular to  F II,  and  G  D  is  perpendicular  to  A  F;  con- 
sequently, the  vertical  component  /*,  =  /-*  cos  G  D  C  = 
Pcos  A  F II.  But  the  cosine  A  F  II  is  numerically  equal  to 
A  F,  which  equals  the  projection  of  /''  //  upon  a  line  at  right 
angles  to  G  D.  Hence,  the  rule  for  finding  the  pressure 
exerted  by  a  fluid  in  any  direction  upon  a  surface  is: 

Kulc. —  TJw  pressure  exerted  by  a  fluid  in  any  direction 
on  (1  plixue  surface  is  equal  to  t/ie  weight  of  a  prism  of  the 
fluid  whose  base  is  the  projection  of  the  surface  at  right 
angles  to  the  direction  considered,  and  whose  height  is  the 
de/yth  of  the  center  of  gravity  of  the  surface  below  the  level  of 
the  liquid. 

985.  It  can  be  proven  by  higher  mathematics  that  the 
preceding  rule  holds  good  for  any  surface,  no  matter  what  its 
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shape  may  be ;  that  is,  whether  flat,  spherical,  cylindrical,  or 
any  shape  whatever.  Consequently,  if  a  cylinder  is  filled 
with  water,  and  a  pressure  is  applied,  the 
total  pressure  upon  any  half-section  of  the 

cylinder,  as^  C B  {Fig.  1G8),  tending  to  ^  ^/ 1|  b 

separate  one  half  from  the  other,  is  equal 

to  the  projected  area  of  the  half  cylinder 

{or  the  inside  diameter  times  the  length  of 

the  cylinder),  multiplied  by  the  depth  of  fig.  les. 

the  center  of  gravity  of  the  cyli?ider  {or  ^  d),  multiplied  by 

the  weight  of  a  cubic  unit  of  water,  plus  the  diameter  of  the 

shell  mzdtiplied  by  the  pressure  per  square  inch  multiplied  by 

the  length  of  the  cylinder. 

If  ^=  the  inside  diameter  in  inches  and  /=  the  length 
of  the  cylinder  in  inches,  the  pressure  due  to  the  weight  of 
the  water  (when  the  cylinder   is  horizontal  and  filled  with 

water)  upon  the  half  cylinder  ACB  =  dxlX--rX  the  weight 

d^ 
of  a  cubic  inch  of  water  =  /  x  -^  X    the  weight  of  a  cubic 

inch  of  water. 

The  pressure  due  to  an  additional  pressure  P^  pounds  per 

square  inch  =  /  X  d  =  P^.     Thus,  if  a  cylinder  60  inches 

long  and  40  inches  in  diameter,  lying  horizontally,  is  filled 

with  water,  the  pressure  on  any  half -section,  as  A  C  B,  due 

to  the  weight  of  the  water,  will  be  found  as  follows: 

40^ 
60  X  -^  X  .03617  =  1,736.16  pounds. 

If  there  were  an  additional  pressure  per  square  inch  of  50 
pounds,  the  total  pressure  would  be  60  X  40  X  50  -f  1,736.16 
=  121,736.16  pounds. 

If  the  cylinder  were  vertical  instead  of  horizontal,  the 

depth  of  the  center  of  gravity  would  evidently  he  ^l  below 

the  surface,  and  the  pressure  tending  to  separate  one  half 

from  the  other,  due  to  the  weight  of  the  water,  would  be 

/  /' 

dx  IX^X  weight  of  a  cubic  inch  of  water  =  d  X  -^  X  weight 

of  a  cubic  inch  of  water. 
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Any  additional  pressure  should  be  calculated  as  in  the 
previous  case. 

i)^S<>.  E.XAMPLE. — What  would  be  the  pressure  due  to  the  weight 
of  the  water,  if  the  cylinder  in  the  last  example  were  vertical  ? 

Solution.—    40  x  ^  X  .03617  =  2,604.24  lb.     Ans. 

In  the  case  of  a  sphere,  the  projected  area  is  evidently  the 
area  of  a  circle  whose  diameter  is  the  same  as  the  diameter 
of  the  sphere.     Hence,  the  pressure  upon  a  hemi.sphere  due 

to  the  weight  of   the  water  will  be  W  X  .7854  X  -5-  X  the 

weight  of  a  cubic  inch  of  water  =  —  X  .7854  X  the  weight 

of  a  cubic  inch  of  water. 

The  pressure  upon  a  hemisphere  whose  diameter  is  20 

inches,    when  filled  with   water,   due  to  the  weight  of  the 

20' 
water  only,  will  be-—  X  .7854  X  .03G17  =  113.03  pounds. 

For  an  additional  pressure  /'  in  pounds  per  square 
inch,  the  pressure  on  the  hemisphere  due  to  this  will  be 
^'  X  .7854  X  P. 

Example. — If  the  ends  of  the  vessel  shown  in  Fig.  167  make  right 
angles  with  the  bottom,  and  the  distance  between  them,  or  length  of 
the  vessel,  is  12  ft-et,  what  are  the  horizontal,  vertical,  and  perpendicular 
pressures  against  the  sides,  both  making  equal  angles  with  the 
bottom  ? 

Solution. — Apply  rule,  Art.  t)H4.  In  finding  the  horizontal 
pressure,  the  direction  considcjcd  is  that  of  the  line  ED;  that  is, 
horizontal.  The  projected  area  of  the  surface  whose  edge  is  F  H 
projected  at  right  angles  to  E  D  \'a  A  Hx  length  of  vessel  =  6  X  12  = 
72  sq.  ft.  Depth  of  center  of  gravity  =  6  -5-  2  =  3  ft.  Hence,  hori- 
zontal pressure  =  6  X  12  X  3  X  62.5  =  13,500  lb.     Ans. 

Note. — We  multiply  by  62.5,  because  all  dimensions  are  in  feet. 

In  a  similar  manner,  the  vertical  pressure  is  found.  Thus,  direction 
considered  is  that  of  the  line  G  D.  Projected  area  of  surface  FH, 
when  projected  at  right  angles  to  G  D,  =  FA  X  length  of  vessel.     FA 

=  ^-^  =  li  ft.  Vertical  pressure  =  li  X  12  X  3  X  62,5  =  3,375  lb.  Ans. 

To  find  the  perpendicular  pressure,  first  find  the  length  of  the  side 
/•'//.  FJ/=  4/6"  +  (Uf  =  6.1847  ft.  Perpendicular  pressure  =  6.1847 
X  12  X  3  X  62.5  =  13,916  lb. ,  nearly.     Ans. 
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Example. — A  sphere  having  a  diameter  of  30  inches  is  filled  with 
water,  and  subjected  to  an  additional  pressure  of  75  pounds  per  square 
inch ;  what  is  the  total  pressure  tending  to  separate  one  vertical  half- 
section  of  the  sphere  from  its  opposite  half  ? 

Solution. — The  pressure  due  to  the  weight  of  the  water  is  -^  x 
.  7854  X.  03617  =  383. 5  lb. 

802  y^   7854  X  75  =  53,014.5  lb.  =  additional  pressure. 

Total  pressure  tending  to  separate  any  two  halves  =  53,014.5  +  383.5 
=  53,398  lb.     Ans. 


987. 


BUOYANT  EFFECTS  OF  WATER. 

In  Fig.  1G9  is  shown  a  6-inch  cube  entirely  sub- 
merged in  water.  The  lateral  pressures 
are  equal,  and  act  in  opposite  directions. 
The  upward  pressure  =  6  X  6  X  21  X 
.03C17;  the  downward  pressure  =  G  X  6 
X  15  X  .03617,  and  the  difference  =6x6 
X  6  X  .03617  =  the  volume  of  the  cube  in 
cubic  inches  X  the  weight  of  1  cubic  inch 
of  water.  That  is,  the  upward  pressure 
exceeds  the  downward  pressure  by  the 
weight  of  a  volume  of  water  equal  to  the 
Fig.  169.  volume  of  the  body. 

This  excess  of  upward  pressure  over  the  downward  pres- 
sure acts  against  gravity ; 
consequently,  t/  a  body 
be  immersed  in  a  fin  id, 
it  ivill  lose  in  weight 
an  amount  equal  to  the 
weight  of  the  fluid  it  dis- 
places. This  is  called  the 
principle  of  Arclii- 
medes,  because  it  was 
first  stated 'by  him. 

988.  Archimedes' 
principle  may  be  experi- 
mentally demonstrated 
with  the  beam  scales,  as 
shown  in  Fig.  170.  fig.  iro. 
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From  one  scale-pan,  suspend  a  hollow  cylinder  of  metal  /, 
and  below  that  a  solid  cylinder  a  of  the  same  size  as  the  hol- 
low part  of  the  upper  cylinder.  Put  weights  in  the  other 
scale-pan  until  they  exactly  balance  the  two  cylinders.  If  a 
be  immersed  in  water,  the  scale-pan  containing  the  weights 
will  descend,  showing  that  a  has  lost  some  of  its  weight. 
Now,  fill  /  with  water,  and  the  volume  of  water  that  can  be 
poured  into  /  will  equal  that  displaced  by  a.  The  scale-pan 
that  contains  the  weights  will  gradually  rise  until  /  is  filled, 
when  the  scales  balance  again. 

9<S9.  If  the  immersed  body  be  lighter  than  the  liquid, 
the  upward  pressure  will  cause  it  to  rise  and  extend  partly 
out  of  the  liquid,  until  the  weight  of  the  body  and  the  weight 
of  the  liquid  displaced  are  equal.  If  the  immersed  body  is 
heavier  than  the  liquid,  the  d<nvnward  pressure  plus  the 
weight  of  the  body  will  be  greater  than  the  upward  pressure, 
and  the  body  will  fall  downwards  until  it  touches  bottom  or 
meets  an  obstruction.  If  the  weights  of  equal  volumes  of 
the  liquid  and  the  body  are  equal,  the  body  will  remain  sta- 
tionary, and  be  in  equilibrium  in  any  position  or  at  any 
depth  beneath  the  surface  of  the  liquid. 

An  interesting  experiment  in  confirmation  of  the  above 
facts  may  be  performed  as  follows:  Drop  an  c^g  into  a  glass 
jar  filled  with  fresh  water.  The  mean  density  of  the  egg 
being  a  little  greater  than  that  of  water,  the  egg  will  fall  to 
the  bottom  of  the  jar.  Now,  dissolve  salt  in  the  water, 
stirring  it  so  as  to  mix  the  fresh  and  salt  water.  The  salt 
water  will  presently  become  denser  than  the  egg,  and  the 
egg  will  rise.  Now,  if  fresh  water  be  poured  in  until  the 
egg  and  water  have  the  same  density,  the  egg  will  remain 
stationary  in  any  position  that  it  may  be  placed  below  the 
surface  of  the  water.  

EXAMPLES  FOR   PRACTICE. 

1.  The  diameter  of  the  plunger  of  a  hydraulic  press  used  in  an 
engineering  establishment  is  12".  Water  is  forced  into  the  cylinder  of 
the  press  by  means  of  a  small  pump  having  a  plunger  whose  diameter 
is  J  '.  and  stroke  is  4  '.  What  pressure  is  exerted  by  the  large  plunger, 
when  the  force  acting  on  the  small  plunger  is  125  pounds  ? 

Ans.  32,000  lb. 
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2.  If  the  small  plunger,  in  the  last  example,  makes  96  working 
strokes  per  minute,  {a)  how  long  will  it  take  the  large  plunger  to  move 
8"  ?    {d)  What  is  the  velocity  ratio  ?  .  (  (a)  5|  min. 

(  (^)  256  :  1. 

3.  A  vertical  pipe,  88  feet  high,  is  filled  with  water ;  (a)  what  is  the 
pressure  on  bottom  ?  {/>)  If  the  diameter  of  the  pipe  is  8",  what  is 
the  total  pressure  on  a  strip,  2i"  high,  whose  center  of  gravity  is  21 
feet  from  the  bottom  ?  j^^^  j  (a)  38.2  lb.,  nearly. 

■  i  {/>)  1,827.03  lb. 

4.  A  sphere,  16"  in  diameter,  is  submerged  in  water  with  its  center 
of  gravity  43  ft.  8"  below  the  surface.  What  is  (a)  the  total  lateral 
pressure?    (i)  the  total  pressure  ?  j,        Ua)  7,620.8  lb. 

■  ](<^)  15,241.6  1b. 

SPECIFIC    GRAVITY. 

990.  In  Art.  963  it  was  stated  that  the  specific 
gravity  of  a  body  was  the  ratio  between  the  weight  of  the 
body  and  the  weight  of  an  equal  volume  of  water,  but  no 
methods  were  given  for  finding  this  ratio.  Some  of  these 
methods  will  now  be  explained. 

991.  Archimedes'  principle  affords  an  easy  and  accurate 
method  of  finding  the  specific  gravity  of  solids  not  easily 
soluble  in  water.  Weigh  the  body  in  air;  then,  weigh  the 
body  in  water,  suspending  it  by  a  string,  and  attaching  the 
string  to  a  scale-pan  in  place  of  the  two  cylinders  shown 
in  Fig.  170.  TAe  difference  between  the  two  weights  zvill  be 
the  weigJit  of  an  equal  "voluvie  of  zvater.  The  ratio  of  the 
weight  in  air  to  the  difference  thus  found  will  be  the  specific 
gravity.     The  abbreviation  for  specific  gravity  is  Sp.  Gr. 

Let  Whe.  the  weight  of  the  solid  in  air  and  W  the  weight 
in  water;  then,  W  —  W  =  the  weight  of  a  volume  of  water 
equal  to  the  volume  of  the  solid,  and 

Example. — A  body  in  air  weighs  36J  ounces  and  in  water  30  ounces; 
what  is  its  specific  gravity  ? 

Solution. — Substituting  in  formula  27, 

e      r>  ^  361  36i     _-       . 

Sp-  Gr.  =  ^_^,  =  36p:^_=  -j^  -5.8.     Ans. 
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992.  If  the  body  be  lighter  than  water,  a  piece  of  iron 
or  other  heavy  substance  must  be  attached  to  it,  sufficiently 
heavy  to  sink  both.  Tlun^  weigh  both  bodies  in  air  and  both 
in  ivatcr.  Wcigli  both  separately  in  air,  and  iveigh  the 
heavier  body  in  icater.  Subtract  the  weights  of  the  bodies  in 
air  and  in  water,  and  the  result  ivill  be  the  weight  of  a 
volume  of  the  water  equal  to  the  vohime  of  the  tivo  bodies. 
Find  the  difference  of  the  weights  of  the  heavy  body  in  air  and 
in  water,  and  the  result  will  be  the  zveight  of  a  volume  of 
water  equal  to  the  volume  of  the  heavy  body.  Subtract  this 
last  result  from  the  former,  and  the  result  will  be  the  zucight 
of  a  volume  of  water  equal  to  the  volume  of  the  light  body. 
The  weight  of  the  light  body  in  air  divided  by  the  weight  of 
its  equal  volume  of  water  is  the  specific  gravity  of  the  light 
body. 

Let  W  =  weight  of  both  bodies  in  air; 
Jf  =  weight  of  both  bodies  in  water; 
w    =  weight  of  light  body  in  air; 
W^  =  weight  of  heavy  body  in  air; 
W^  =  weight  of  heavy  body  in  water. 
Then,  the  specific  gravity  of  the  light  body  is  given  by 

Sp.  Gr.  =  (j^_  ,p)l(,j/_  lyj  (28.) 

Example. — A  piece  of  cork  weighs  4.8  ounces  in  air.  A  piece  of  cast 
iron  weighs  36  ounces  in  air  and  31  ounces  in  water.  The  weight  of 
the  iron  and  cork  together  in  water  is  15.8  ounces;  what  is  the  specific 
gravity  of  the  cork  ?     Of  the  cast  iron  ? 

Solution. — Substituting  in  formula  28  the  values  given, 

o      p  w 4^8 4.8  _ 

P-        ■  -  (IV-  IV')-{lVt-  IV,)  ~  (40.8  -  15.8)  -  (36  -  31)  ~  20  ~ 

.24,  the  specific  gravity  of  the  cork.     Ans. 

IV  36 

By  formula  27,  Sp.  Gr.  =  ^^_  ^,  =  gg  _  g^  =  '^•2,  the  specific 

gravity  of  the  iron.     Ans. 

993.  To  find  the  specific  gravity  of  a  liquid: 

Weigh  an  empty  flask ;  fill  it  with  water,  then  weigh  it 
and  find  the  difference  between  the  two  results ;  this  will 
equal  the  weight  of  the  water.  Then,  iveigh  t lie  flask  filled 
with  the  liquid,  and  subtract  the  zueight  of  the  flask ;    the 
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rcsjilt  is  the  weight  of  a  volume  of  the  liquid  equal  to  the 
volume  of  the  water.      The  tveigJit  of  the  liquid  divided  by 
the  weight  of  the  ivater  is  the  specific  gravity  of  the  liquid. 
Let  fr=  the  weight  of  the  flask  and  liquid; 
W  =  the  weight  of  the  flask  and  water; 
w  =  the  weight  of  the  flask. 

W  —  w 
Sp.  Gr.  =  l^,-^,.  (29.) 


Then, 


w 


Example. — If  the  weight  of  the  flask  is  8  ounces,  the  weight  when 
filled  with  water  is  33  ounces,  and  when  filled  with  alcohol  28  ounces, 
what  is  the  specific  gravity  of  the  alcohol  ? 

Solution. — Substituting  in  formula  29, 

JV-  w        28-8 


Sp.  Gr.  = 


.8.     Ans. 


IV  -w       33  - 

994.  The  method  of  finding  the  specific  gravity  of 
gases  is  about  the  same  as  that  just  given  for  liquids,  the 
air  being  pumped  out  of  the  flask  by  an  air  pump.  As 
there  are  great  difficulties  attending  the  operation,  the 
method  will  not  be  described. 

995.  Instruments  called  hydrometers  are  in  general 
use  for  determining  quickly  and  accurately  the  specific  grav- 
ities of  liquids  and  some  forms  of  solids.  They  are  of  two 
kinds — viz.  : 

(1.)     Hydrometers  of  constant  zveight,  as  Beautne's. 
(2.)     Hydrometers  of  constant  volume^  as  Nicholson's. 

996.  A  hydrometer  of  constant  weight  is  shown  in  Fig. 
171.  It  consists  of  a  glass  tube,  near  the  bottom 
of  which  are  two  bulbs.  The  lower  and  smaller 
bulb  is  loaded  with  mercury  or  shot,  so  as  to  cause 
the  instrument  to  remain  in  a  vertical  position 
when  placed  in  the  liquid.  The  upper  bulb  is 
filled  with  air,  and  its  volume  is  such  that  the 
whole  instrument  is  lighter  than  an  equal  volume 
of  water. 

The  point  to  which  the  hydrometer  sinks  when 
placed  in  water  is  usually  marked,  the  tube  being 
graduated  above  and  below  in  such  a  manner  that 
the  specific   gravity   of    the   liquid   can  be  read     fig.  in. 
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directly.  It  is  customary  to  have  two  instruments,  one  with 
the  zero  point  near  the  top  of  the  stem  for  use  in  liquids 
heavier  than  water,  and  the  other  with  the  zero  point  near 
the  bulb  for  use  in  liquids  lighter  than  water. 

These  instruments  are  more  commonly  used  for  determin- 
ing the  degree  of  concentration  or  dilution  of  certain  licjuids, 
as  acids,  alcohol,  milk,  solutions  of  sugar,  etc.,  rather  than 
their  actual  specific  gravities.  They  are  then  known  as 
aciihuHitirs,  alcoJiolomctcrs^  lactometers,  saccharomcters,  etc. , 
according  to  the  use  to  which  they  are  put. 

997.  ZVicliolson's  Hydrometer. — This  instrument  is 
shown  in  Fig.  172.  It  consists  of  a  hollow  cylinder  carrying 
at  its  lower  end  a  basket  d,  heavy  enough  to  keep  the 
apparatus  upright  when  placed  in  water.     At  the  top  of  the 
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cylinder  is  a  vertical  rod,  to  which  is  attached  a  shallow  pan 
a  for  holding  weights,  etc.  The  cylinder  must  be  of  such 
size  that  the  apparatus  may  be  so  much  lighter  than  water 
that  a  certain  weight  Jf'must  be  placed  in  the  pan  to  sink 
it  to  a  given  point  c  on  the  rod.  The  body  whose  specific 
gravity  it  is  desired  to  find  must  weigh  less  than  W.  It  is 
placed  in  the  pan  a,  and  enough  weight  w  is  added  to  sink 
the  point  c  to  the  water  level.  It  is  evident  that  the  weight 
of  the  given  body  is  \V  —  w.  The  body  is  now  removed 
from  the  pan  a  and  placed  in  the  basket  d^  an  additional 
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weight  being  added  to  sink  the  point  c  to  the  water  level. 
Represent  the  weight  now  in  the  pan  by  W .  The  differ- 
ence W  —  %v  is  the  weight  of  a  volume  of  water  equal  to 
the  volume  of  the  body.      Hence, 

Sp.  Or.  =^^.  (30.) 

Example. — The  weight  necessary  to  sink  the  hydrometer  to  the  point 
c  is  16  ounces;  the  weight  necessary  when  the  body  is  in  the  pan  d:  is  7.3 
ounces,  and  when  the  body  is  in  the  basket  d,  10  ounces;  what  is  the 
specific  gravity  of  the  body  ? 

o     .^  W-w        16-7.3      8.7       __„„      . 

SOLUTION.-Sp.  Gr.  =    ^,_,^  =  jo^i^  =  3T  =  ^-^^^^    '^"'• 

998.  Archimedes'  principle  gives  a  very  easy  and  accu- 
rate method  of  finding  the  volume  of  an  irregularly  shaped 
body.  Thus,  subtract  its  weight  in  water  from  its  weight 
in  air,  and  divide  by  .03G17;  the  result  will  be  in  cubic 
inches,  or  divide  by  62.5  and  the  result  will  be  in  cubic  feet. 

If  the  specific  gravity  of  the  body  is  known,  its  cubical 
contents  can  be  found  by  dividing  its  weight  by  its  specific 
gravity,  and  then  dividing  again  by  either  .03017  or  02. 5. 

Example. — A  certain  body  has  a  specific  gravity  of  4.38  and  weighs 
76  pounds ;  how  many  cubic  inches  are  there  in  the  body  ? 

76 
Solution.-     4.33  ^  .03617  =  ^^^-^^  "^- ^"-     ^'^'- 

999.  Since  the  weight  of  a  cubic  foot  of  water  varies 
for  different  temperatures,  and  with  the  amount  of  impuri- 
ties it  contains,  it  is  necessary  to  have  some  standard  when 
getting  the  specific  gravity.  This  standard  is  pure  distilled 
water  at  its  maximum  density,  which  occurs  at  a  tempera- 
ture of  39.2°  Fahrenheit.  At  this  temperature  water 
weighs  02.425  pounds  per  cubic  foot;  but  for  ordinary  cal- 
culations it  is  customary  to  take  it  as  weighing  1,000  ounces, 
or  62.5  pounds,  per  cubic  foot. 


CAPILLARY    ATTRACTION. 
1000.     If  a  clean  glass  rod  be  placed  vertically  in  water, 
the  water  will  be  drawn  up  around  the  tube.      (See  a,  Fig. 
173.)     If  the  same  rod  be  placed  in  mercury,  the  liquid  will 
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be  depressed  instead  of  raised.  On  examination,  it  will  be 
found  that  water  7i'its  the  glass,  tu/iilc  vurcury  docs  not.  If 
the  rod  be  greased  and  placed  in  water,  the  surface  of  the 
water  will  be  depressed  about  the  rod.  If  a  clean  lead  or 
zinc  strip  be  placed  in  mercury,  the  surface  of  the  mercury 
will  be  raised  abcnit  the  strip. 

In  the  last  two  cases,  the  greased  rod  came  out  dry,  no 
water  adhering  to  it,  while  the  mercury  did  adhere  to  the 
lead  or  zinc  strip,  which  came  out  ivct. 

In  general,  all  liquids  that  icill  wet  the  solids  placed  in 
them  will  be  lifted,  while  those  that  do  not  zi'ill  be  pushed 
down. 


Fig.  173. 

These  phenomena  are  called  ciipilliiry  attrciction,  be- 
cause they  are  best  shown  in  very  i\\\i^  or  hair-like  tubes.  In 
Fig.  173,  b  is  a  glass  tube  in  water,  and  c  is  a  glass  tube  in 
mercury.  The  surface  of  the  water  in  the  tube  b  is  concave, 
while  the  surface  of  the  mercury  in  the  tube  c,  is  convex. 

1001.  The  amount  which  a  liquid  will  ascend  or  be 
depressed,  varies  inversely  as  the  diameter  of  the  tube.  Thus, 
water  will  rise  twice  as  far  in  a  tube  -gV  of  an  inch  in  diameter 
as  in  one  -^  of  an  inch  in  diameter. 

1002.  There  are  many  illustrations  of  capillary  action. 
It  is  capillary  attraction  that  aids  the  ascent  of  sap  in  the 
pores  of  plants.  It  lifts  the  oil  between  the  fibers  of  a  lamp 
"wick  to  the  place  of  combustion.  It  enables  cloth  and 
sponges  to  take  up  moisture.  It  causes  blotting  paper  to 
absorb  ink  ;  but  when  paper  is  sized,  its  pores  are  filled,  and 
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the  ink  dries  by  evaporation.  It  is  capable  of  exerting  great 
force,  as  is  shown  in  the  effects  produced  by  the  swelling  of 
wood  and  other  substances  when  kept  wet.  Dry  wooden 
wedges  driven  into  a  groove  cut  around  a  cylinder  of  stone, 
and  occasionally  wet,  will  cause  it  to  break  asunder.  As  the 
pores  between  the  fibers  of  a  rope  run  around  it  in  spiral 
lines,  the  swelling  produced  by  wetting  a  tight  rope  will 
cause  the  fibers  to  shorten,  and  to  contract  the  rope  with 
immense  force.  

EXAMPLES  FOR   PRACTICE. 

1.  If  a  certain  quantity  of  red  lead  weighs  5  pounds  in  air,  and  4.441 
pounds  in  water,  what  is  its  specific  gravity  ?  Ans.  8.94  +. 

2.  A  piece  of  iron  weighing  1  pound  in  air  and  .861  pound  in  water 
is  attached  to  a  piece  of  wood  weighing  1  pound  in  air.  When  both 
bodies  are  placed  in  water  they  weigh  .2  pound.  What  is  (a)  the 
specific  gravity  of  the  iron  ?    (i)  Of  the  wood  ?  a       \^^^  7.194. 

•  (  (^)  .602. 

3.  An  empty  flask  weighed  13  oz. ;  when  filled  with  water,  it  weighed 
22  oz.,  and  when  filled  with  sulphuric  acid,  29.56  oz.  What  was  the 
specific  gravity  of  the  acid  ?  Ans.  1.84. 

4.  How  many  cubic  feet  of  brick,  having  a  specific  gravity  of  1.9, 
are  required  to  weigh  260  pounds  ?  Ans.  2. 19  cu.  ft. ,  nearly. 
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THE  MEAN  VELOCITY. 
1003.  Hydrokinetics,  also  called  hydrodynamics 
and  hydraulics,  treats  of  water  in  motion.  The  velocity 
is  not  the  same  at  all  points  of  the  flow,  unless  all  cross- 
sections  of  the  pipe,  or  canal,  are  equal.  That  velocity,  which 
being  multiplied  by  the  area  of  the  cross-section  of  the  stream 
will  equal  the  total  quantity  discharged,  is  called  the  mean 
velocity. 

Let  Q  =  the    quantity   in   cubic   feet   which    passes   any 
section  in  1  second ; 
A  =  the  area  of  the  section  in  square  feet; 
v^  =-  the  mean  velocity  in  feet  per  second. 
Then,  Q  =  Av,„,       (31.) 

and  v^  =  %.  (32.) 
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Example. — The  area  of  a  certain  cross-section  of  a  stream  is  27  9 

stjuare  inches;  the  mean  velocity  nf  the  water  thrnujrh  this  section  is 

51  feet  per  second;  what  is  the  quantity  tlischarKtd,  in  cubic  feet  ? 

27  9 
Solution.— j2  =  ^J  I'm  =  -rjr  X  51  =  9.9  cu.  ft.  per  sec.     Ans, 

Note. — 1  square  foot  =  144  square  inches. 

ExAMPi.K. — In  the  last  example,  what  would  tlic  mean  velocity  have 
been  had  the  area  of  the  cross-section  been  36  stjuare  inches,  to  dis- 
charge the  same  quantity  ? 


Solution. 


.„  =  4=?^  =  MXl44^3^_^^^_p^^^^_     ^„^ 


A 


36 
144 


36 


VELOCITY  OF  EFFLUX. 
1 004.  If  a  small  aperture  is  made  in  a  vessel  containing 
water,  the  velocity  with  which  the  water  issues  from  the 
vessel  is  the  same  as  if  it  had  fallen  from  the  level  of  the 
surface  to  the  level  of  the  aperture,  all  resistances  being 
neglected.      This  velocity  is  called  the  velocity  of  efflux. 

1()()5.  The  vertical  height 
of  the  level  surface  of  the  water 
abovethe  horizontal  linethrough 
the  center  of  the  aperture,  is 
called  the  head.  In  Fig.  174, 
a  is  the  head  for  the  aperture 
A;  b  is  the  head  for  the  aper- 
ture /?,  and  r  is  the  head  for  the 
aperture  C. 

Fir,.  174. 

Let  V  —  the  velocity  of  efflux  in  feet  per  second ; 

//  =  the  head  in  feet  at  the  aperture  considered ; 

jr=  the  weight  of  the  water  in  pounds  flowing  through 

this  aperture  per  second. 

Were  it  not  for  the  resistance  of  the  air,  friction,  and  the 

effect  of  the  falling  particles,  the  issuing  water  would  spout 

to  the  level  of  the  water  in   the  vessel  ;  that  is,  to  a  height 

equal  to  its  head.      The  kinetic  energy  of  the  issuing  water 

J  Ft'" 


will  be  expressed  by 


2^ 


The  work  it  can  do  will  be  W  h. 
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Since  the  kinetic  energy  equals  the  work,  — —  =  JV /i,  or 


V  —  ^  "Ig  li  ;  that  is,  tJic  velocity  of  efflux  is  the  sai)ie  as  if 
the  same  weight  of  water  had  fallen  through  a  height  equal 
to  its  head. 

Example. — A  small  orifice  is  made  in  a  pipe  50  feet  below  the  water 
level ;  what  is  the  velocity  of  the  issuing  water  ? 


Solution.— z/  =  \/-ig  /i—  4/2  X  32.16  X  50  =  56.7  ft.  per  sec.     Ans. 

1006.  From  the  above  formula,  as  in  the  laws  of  fall- 

iner  bodies,  h  =  — .      Here,  h  is  called  the  head  due  to  the  ve- 

2g 

locity  V.  Consequently,  if  the  velocity  of  efflux  is  known, 
the  head  can  be  found. 

Example. — An  issuing  jet  of  water  has  a  velocity  of  60  feet  per 
second ;  what  is  tlie  liead  that  causes  it  to  flow  with  this  velocity  ? 

Solution. — h  =  ^ —  =  -7^ rnrrrT  =  55.97  feet.     Ans. 

'i  g       3x32.16 

1007.  Suppose  that  a  tall  vessel  be  fitted  with  a  piston, 
and  that  it  has  an  orifice  near  the  bottom  fitted  with  a  stop- 
cock. If  an  additional  pressure  be  applied  to  the  piston,  it 
is  evident  that  the  velocity  of  efflux  will  be  increased. 

Let  /  be  the  pressure  per  unit  of  area  at  the  level  of  the 
water,  due  to  the  additional  pressure  on  the  piston.  If  the 
unit  of  area  is  one  square   inch,  the   height  of  a  column  of 

P 
water  that  will  cause  a  pressure  equal  \.o  p  is  -j—  feet. 

If  the  unit  of  area  is  1  square  foot,  the  height  of  a  column 

P 
of  water  is  -^^-—  feet.      Denote  this  height  corresponding  to 

the  additional  pressure  by  It^.  The  original  head  of  the 
water  in  the  vessel  is  // ;  hence,  Ji^  -\-  h  ==  the  total  head,  and 
the  velocity  of  efflux,  when  the  cock  is  opened,  will  be 

V  =  ^2g{h^  +  h).  (33.) 

1008.  The  total  head,  //,  -I-  h,  is  called  the  equivalent 

head,  and  must,  in  all  cases,  be  reduced  to  feet  before 
substituting  in  the  formula. 
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Example. — The  area  of  a  piston  fitting  a  vessel  filled  with  water  is 
27.;{6  square  inches.  The  total  pressure  on  the  piston  is  HO  pounds; 
the  weight  of  the  piston  is  25  pounds,  and  the  head  of  the  water  at  the 
Jevel  of  the  orifice  is  6  feet  10  inches;  what  is  the  velocity  of  the  efflux, 
assuming  that  there  are  no  resistances? 

SoLi'Tiox. — 80  4-  25  =  105  lb.  =  the  total  pressure  on  the  upper  sur- 


face of  the  liquid. 
3.837^ 


105 
27.36 


=3.8377  lb.  per  sq.  in. 


"  .■■     =  8.8426  feet  =  head  in  feet  due  to  the  pressure  of  105  pounds 

=  //,.     6  ft.  10  in.  r=  6.8333  ft.  =  //. 

7/  =  4/2 i'(//,  +  //)  =  f/2i'-(8.8426  4- 6.8333)  =  f/2x  32.16  X  15.6759  = 
81.75  ft.  per  sec.     Ans. 

lOOi-).  When  water  issues  from  the  side  of  a  vessel,  it 
will  be  subjected  to  the  same  laws  that  govern  projectiles. 
The  range  may  be  calculated  in  the  same  manner  by  taking 
the  velocity  of  efflux  as  the  initial  velocity  of  the  projectile. 


K  U  A 

Fig.  175. 

The  range  may  be  calculated  more  conveniently  by  the 
following  formula: 

R  =  4/4^77  (34.) 

in  which  R  is  the  range,  h  is  the  head,  or  equivalent  head,  at 
the  level  of  the  orifice,  and  y  is  the  vertical  height  of  the 
orifice  above  the  point  where  the  water  strikes,  all  dimen- 
sions being  in  feet.  In  Fig.  175,  the  upper  surface  of  the 
water  is  free.  For  the  orifice  E,  h  =  B  E  and  y  =  E  A\  for 
the  orifice  C,  h  =  B  C  and y  =  C  A. 
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The  greatest  range  is  obtained  when  //  =  j';  that  is,  when 
the  orifice  is  half  way  between  the  upper  surface  of  the  water, 
and  the  level  of  the  place  where  the  stream  strikes.  If  two 
orifices  are  situated  equally  distant  from  the  middle  orifice, 
giving  the  greatest  range,  as  C  and  E  in  Fig.  175,  the 
ranges  of  the  water  issuing  from  them  will  be  equal. 

Example. — The  vertical  height  above  the  ground  of  the  surface  of 
the  water  in  a  vessel  is  12  feet.  If  an  orifice  is  situated  4  feet  from  the 
upper  surface,  what  is  the  range  ?  What  is  the  greatest  range  ?  Where 
is  the  other  point  of  equal  range  ? 

Solution. — R  =  ^4 A/  =  1/4x4x8  =  11.31  ft.,  nearly.     Ans. 

Greatest  range  =  |/4  X  6  X  6  =  13  feet.     Ans. 

6  —  4  =  2;  hence,  the  point  of  equal  range  is  6  +  2  =  8  feet  below  the 
surface  of  the  water. 

Proof.— Range  =  4/4  Aj  —  |/4  X  8  X  4  =  11.31  ft.,  as  before. 

1010.     When  the  water  flows  through     ^ ^ 

an  orifice  of  large  size  in  the  bottom  of  the 
vessel,  compared  with  the  area  of  the  base, 
a  different  rule  must  be  used  from  that 
given  above.  In  Fig.  17G,  suppose  that  the 
area  of  the  orifice  in  the  bottom  of  the 
vessel  is  a,  and  that  the  area  of  the  bottom 
is  A  ;  then,  the  velocity  v  is  expressed  by 
the  formula 


v  =  i/-ll±.  (35.) 

A' 

That  is,  if/ie  velocity  of  efflux  from  the  bottom  of  a  vessel  in 
feet  per  second,  equals  the  square  root  of  2  g  times  the  head^ 
divided  by  1  minus  the  ratio  of  the  square  of  the  area  of  the 
orifice  to  the  square  of  the  area  of  the  bottom. 

1011.  If  the  area  of  the  cross-section  of  the  base  is 
more  than  20  times  the  area  of  the  orifice,  use  the  formula 
V  —  \/2gli.     That  is, 

Rule. —  The  velocity  of  efflux  from  a  small  orifice,  when 
the  cross-sectional  area  of  the  vessel  is  equal  to,  or  more  tJian, 
twenty  times  the  area  of  the  orifice,  equals  the  square  root  of 
2  g  times  the  head. 


388 


HYDROMECHANICS. 


1012.  Example. — A  vessel  has  a  rectangular  rross-section, 
11  X  14  iiulics,  and  the  upper  surface  of  the  water  is  14  feet  above  the 
bottom.  If  an  orilice  4  inches  Mpiare  is  made  in  the  bottom  of  the 
vessel,  what  is  the  velocity  of  efflu.v  ? 

Soh;tion. — Area  of  the  cross-section  is  14  X  H  =  l''>4  sq.  in.  Area 
of  orifice  is  4  X  4  =  16  sq.  in.  Since  154  h-  10  =  Oj,  the  area  of  the  l)ase 
is  less  than  20  times  the  area  of  the  orifice;  hence,  using  formula  35, 


Ans. 


16* 

.  1^  -       154* 

Example. — If  the  orifice  had  been  2  inches  square  in  the  above 
example,  what  would  the  velocity  <>f  efflux  luive  bton  ?  Als(\  if  it  had 
been  8  inches  square  ? 

Solution. —  2  inches  x  2inches  =  4sq.  in.,  or  the  area  of  the  orifice. 
Since  154  -=-  4  =  38i,  the  area  of  the  base  is  greater  than  20  times  the 
area  of  the  orifice;  hence,  using  rule.  Art.  lOl  1 , 

V  =  i/2]^/  =  'f/2x  32.16  x  14  =  30.008  feet  per  second.     Ans. 

8  inches  X  8  inches  =  64  square  inches,  or  the  area  of  the  orifice  in 
the  second  case. 


^^  ^1  ^^^\    ^      / '-^  X  32. ^IXJi  ^  32.99  feet  per  second;  practical- 


ly,  33  feet  per  second.     Ans. 


THE    CONTRACTED    VEIX. 

101 3.     When  water  issues  from  an  orifice  in  a  thin  plate 
(see  Fig.  177),  or  from  a  square-edged*  orifice  (see  Fig.  178), 


L 


Pig.  177.  F^O-  ^^8. 

the  Stream  is  contracted  at  a  short  distance  from  the  orifice, 


*NoTE. — By   square  edged  orifice   is  meant  one  whose   edges  are 
neither  rounding  nor  tapering.    The  orifice  itself  may  have  any  shape. 
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and  expands  again  to  the  full  size  of  the  orifice.  The  point 
at  which  the  contraction  is  greatest  is  at  a  distance  from 
the  orifice  equal  to  about  one-half  of  the  diameter  of  the 
orifice.  In  consequence  of  this  contraction,  the  velocity  of 
efflux  is  slightly  reduced  from  the  theoretical  value,  and  the 
qiiajitity  discharged  is  greatly  reduced.  This  contraction  is 
called  the  contracted  vein,  a  name  given  to  it  by  Sir 
Isaac  Newton. 

For  ordinary  purposes,  the  actual  velocity  of  efflux  may  be 
taken  as  98^  of  the  theoretical  values,  calculated  by  the 
preceding  rules. 

The  actual  velocity  of  efflux  from  a  small  square-edged 
orifice  is  expressed  by  the  formula 


v=.^^\/%gh.  (36.) 

Example. — What  is  the  actual  velocity  of  discharge  from  a  small 
square-edged  orifice  in  the  side  of  a  vessel,  if  the  head  is  20  feet  ? 

Solution. — Applying  formula  36, 

2/  =  .  98  V^gh  =  .  98  |/2.x  32.16X20  =  35. 15  ft.  per  sec.     Ans. 

1014.  The    diameter   of   the    contracted    vein    at    its 
smallest  section  is  about  .8  of  the  diameter  of   the  orifice, 

.and  its  area  is  about  .8  X  .8  =  .04  of  the  area  of  the  orifice. 
In  Art.  1003,  it  was  stated  that  the  quantity  discharged 
in  cubic  feet  per  second  was  equal  to  the  area  of  the  section, 
multiplied  by  the  mean  velocity,  or  ^  =  ^  z',„.  Now,  if  the 
theoretical  velocity  z>  be  substituted  for  the  mean  velocity 
v,^,  the  formula  becomes  Q  =  Av,  the  theoretical  value;  t/ie 
actual  value  is  the  area  of  the  contracted  vein  imiltiplied  by 
the  actual  velocity  of  efflux,  or  Q=  .64:  A  X  .98  z^  =  .027  /l  v; 
that  is,  the  actual  discharge  is  about  .627  of  the  theoreti- 
cal discharge.  This  number,  .027,  is  called  the  coeffi- 
cient of  efflux.  The  theoretical  velocity  is  the  velocity 
which  a  body  would  acquire  by  falling  in  a  vacuum  through  a 
height  equal  to  the  head. 

1015.  The  coefiicient  of  efflux  varies  somewhat  accord- 
ing to  the  head,  and  the  size  and  shape  of  the  orifice;  but 
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for  square-edged  orifices,  or  for  orifices  in  thin  plates,  its 
average  value  may  be  taken  as  .015.  Hence,  tJic  actual 
quantity  discharged  is  .615  times  the  theoretical  amount ^  or 

Q=jn5Av.  (37.) 

Example. — The  theoretical  discharge  from  a  certain  vessel  is  12.4 
cubic  feet  per  minute:  what  is  the  amount  actually  discharged  per 
second  ? 

Solution. — Multiplying  the  theoretical  discharge  by  the  average 

coefficient  of  cfHux.  12.4  X  615  =  7.626  cu.  ft.  per  min. ;  -^^  =  .1271 

cu.  ft.  per  sec.     Ans. 


1016.  If  the  water  discharges  through  a  short  tube 
whose  length  is  from  H  to  3  times  the  diameter  of  the  orifice 
(see  Fig.  ITU)  the  discharge  is  increased.  From  a  large 
number  of  experiments  made  by  different  persons,  the  co- 
efficient of  efflux  for  a  short  tube  may  be  taken  as  .815; 


Fig.  179. 


Fig.  180. 


that  is,  the  actual  discharge  may  be  taken  as  .815  times  the 
theoretical  discharge  through  an  orifice  of  the  same  size. 
If  the  inside  edges  of  the  tube  are  well  rounded,  and  the 
tube  is  conical,  as  shown  in  Fig.  ISO,  there  will  be  no  con- 
traction, and  the  coefficient  of  efflux  may  be  taken  as 
.97,  that  is,  the  actual  discharge  through  a  tube  of  this 
form  is  .!»7  times  the  theoretical  discharge  through  an 
orifice  whose  area  is  the  same  as  the  area  of  the  endof  the 
tube. 
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If  in  a  compound  mouthpiece  or  tube,  such  as  shown  in 
Fig.  181,  a  b,  the  narrowest  part,  be  taken  as  the  diameter 
of  the  orifice,  the  coefficient  of  efflux 
may  be  taken  as  1.552G;  that  is,  the 
actual  discharge  through  a  com- 
pound mouthpiece  of  this  shape  is 
1.5526  times  the  theoretical  discharge 
through  an  orifice  whose  area  is  the 
same  as  the  area  of  the  smallest  sec- 
tion of  the  mouthpiece. 

1017.  When  the  upper  surface 
of  the  Avater  remains  at  the  same 
height  above  the  orifice,  there  is  said  to  be  a  constant 
head.  The  velocity  of  efflux  varies  for  different  points 
in  the  orifice;  it  is  greater  at  the  bottom  of  the  orifice 
than  at  the  top,  since  the  head  is  greater  at  the  bottom  than 
at  the  top.  A  mean  velocity  may  be  obtained  by  dividing 
the  quantity  of  ivatcr  discharged  in  feet  per  second  by  the  area 

of  the  orifice,  or  v,^  =  -=^. 

The  theoretical  head  necessary  to  give  this  velocity  v^  is 


Fig.  181. 


h  = 


v„ 


^g 


Since  the  actual  velocity  is  .98  of  the  theoretical 


/v   V  v" 

velocity,  the  actual  head  is  h=  (-7^)  -^"^g—  1-04—. 

That  is,  the  actual  head  must  be  1.04  times  the  theoretical 
head  due  to  the  mean  velocity. 

Let  Q  =  theoretical  number  of  cubic  feet  discharged  per 
second ; 
v„^  =  theoretical  mean  velocity  through  orifice  in   feet 

per  second  =  Q  -^  A; 
A  =  area  of  orifice  in  square  feet; 
h  =  theoretical  head  necessary  to  give  a  mean  velo- 
city 7',„; 
Qa  =  actual    quantity    discharged   in    cubic    feet    per 
second. 
Then,  for  an  orifice  in  a  thin  plate,  or  a  square-edged  ori- 
fice (the  hole  itself  may  be  of  any  shape,  triangular,  square, 
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circular,  etc.,  but  the  edges  must  not  be  rounded),  the  actual 
quantity  discharged  is 

(2„  =  .C15  Q=.G15A  v^  =  .015  A  \^'lg/i.  (38.) 

That  is,  the  actual  quantity  discharged  through  a  square- 
edged  orifice  or  through  a  thin  plate  is  .Olo  times  the  theoret- 
ical discharge,  and  equals  .01'>  multiplied  by  the  area  of  the 
orifice,  multiplied  by  the  mean  velocity,  or  equals  .015  multi- 
plied by  the  area  of  the  orifice,  multiplied  by  the  square  root 
of  2  g  times  the  theoretical  head  corresponding  to  the  theoreti- 
cal mean  velocity. 

For  a  discharge  through  a  short  tube,  as  shown  in  Fig.  179, 

(?„  =  .815  (?  =  .815  A  v„  =  .815  ^  V^gh^  (39.) 

For  a  discharge  through  a  mouthpiece,  as  shown  in  Fig.  180, 

(2„=.97  Q=.dl!  Av,„  =  .07  Ai/2gh.  (40.) 

For  a  discharge  through  the  compound  mouthpiece,  as 
shown  in  Fig.  181,  the  area  of  the  orifice  being  taken  as  the 
area  of  the  smallest  section, 

(?„  =  1.552G  Q  =  1.5526  A  z'„.  =  1.552G  A  ^'Igh.  (41.) 

In  these  four  formulas,  it  is  taken  for  granted  that  there 
is  a  constant  head. 


^VI:lRs. 

1()18.  The  weir  is  a  device  universally  used  for  meas- 
uring the  discharge  of  water.  It  is  a  rectangular  orifice 
through  which  the  water  flows. 

1019.  In  Fig.  182  is  rep- 
resented a  weir  in  which  the 
top  of  the  weir  (orifice)  is 
level  with  the  upper  surface 
of  the  water  flowing  through 
it.  By  means  of  higher  math- 
ematics it  has  been  found  that 
the  theoretical  mean  velocity 

FIG.  182.  ^'m  is  equal  to  \^/¥gT. 

1020.  If  ^=  the  depth  of  the  opening  in  feet,  and  b  its 
breadth  in  feet,  the  area  of  the  opening  \s  A  —  d  X  b,  and  the 
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theoretical    discharge   is    Q  —  dxbx  ^^„=  d b  X  ||/2^/j  = 
f  b  d^  'Zgd,  the  head  for  this  case  being  taken  as  d. 

The  actual  discharge  is 
(?„=.G15(2=.G15  x^bdx^'Zgd  =  Alb\/^Zgd\  (42.) 

That  is,  the  actual  discharge  through  a  zveir  in  cubic  feet 
per  second  whose  top  is  on  a  level  with  the  upper  surface  of 
the  zvatcr^  is  equal  to  .J^l  niultiplicd  by  the  breadth  of  the  zveir ^ 
multiplied  by  the  square  root  of  2  g  times  the  cube  of  the  depth 
of  the  zveir.     A II  dimensions  are  to  be  taken  in  feet. 

Example. — A  weir  like  that  represented  in  Fig.  182  has  a  depth 
^=18  inches  and  a  breadth  (J  =  30  inches;  what  is  the  actual  discharge 
per  minute  in  cubic  feet  ? 

Solution. — Applying  formula  42, 

QA  

e„  =  .413^2^rt'«  =  .41XT7>X  4/3  X  32.16  x(i|)^  =  15.1  cu.  ft.  per 

sec,  or.  15.1  X  60  =  906  cu.  ft.  per  min.     Ans. 

To  obtain  the  mean  velocity  t/,„,  divide  the  actual  discharge 
(which  may  be  calculated  by  the  last  rule)  by  the  area  of  the 

Q._Qa 

A   ~  bd 

Example. — What  is  the  mean  velocity  in  feet  per  second  of  the 
water  in  the  last  example  ? 

Qa  15.1  15.1 


weir,  or 


V,, 


(43.) 


Solution. — 7/„.  = 


4.027  ft.  per  sec.     Ans. 


bd~  %\y^\\~  3.75 

1021.  It  should  be  kept  in  mind  that  a  weir  is  but  a 
rectangular  opening.  It  is  a  special  name  given  to  a  rec- 
tangular orifice.  Some  writers  use  the  term  rectangular 
notch,  instead  of  weir. 

1022.  In  Fig.  183  is 
represented  a  weir  whose 
top  is  below  the  level  of 
the  upper  surface  of  the 
water.  If  Ji^  is  the  depth 
in  feet  of  the  top  of  the 
weir  below  the  surface  of 
the  water,  and  It.  is  the 
depth  in  feet  of  the  bot- 
tom of  the  weir  below  the  fig.  i8§. 
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surface  of  the  water,  the  actual  discharge  Q^  in  cubic  feet 
per  second  is 

a  =  .41  bVTg  {\0?  -  sOT:).  (44.) 

That  is,  the  actual  discharge  through  a  weir  xvliose  top  is  //, 
feet,  and  whose  bottom  is  h  feet  below  the  surface  of  the  water, 
equals  .Jfl  times  the  breadth  of  the  weir  multiplied  by  the 
square  root  of  2  g  times  the  difference  between  the  square  roots 
of  the  cubes  of  the  depth  of  the  bottom  of  the  weir  and  the 
depth  of  the  top- of  the  weir. 

Example. — A  weir  like  that  shown  in  Fig.  183  has  a  depth  //=2 
feet  and  a  breath  b  =  'i  feet.  The  depth  of  the  top  below  the  sur- 
face of  the  water  is  5  feet;  what  is  the  discharge  in  cubic  feet  per  min- 
ute? 

Solution. — Using  formula  44,  //,  =  5,  //  =  5  +  2  =  7,  and 

Qa  =.  41  /^i/27  ( f/F-  4/^)  =  .41  X  3^2x32.16  ( vT»  -  |/5"»)  =  72.41 
cu.  ft.  per  sec.  =  72.41  X  60  =  4,344.6  cu.  ft.  per  min.     Ans. 

E.XAMPLE. — What  is  the  mean  velocity  in  the  last  example  ? 
Solution. — Using  formula  43, 

Vm  =  T^  =  r.  '  ..  =  12.07  ft.  per  sec.     Ans. 
^</      2x3  ^ 


FLOW    OF    W  ATKR    I\    PIPES. 

1023.  When  water  flows  from  one  reservoir  to  another 
through  a  pipe,  the  velocity  of  efflux  is  considerably  less 
than  the  theoretical  velocity  due  to  the  head.  This  loss  is 
due  to  several  causes,  but  is  principally  caused  by  the  fric- 
tion of  the  water  against  the  inside  surface  of  the  pipe.  This 
friction  varies  directly  as  the  length  of  the  pipes,  and  in- 
versely as  the  diameter;  that  is,  the  friction  in  a  pipe  200  feet 
long  is  twice  as  much  as  in  a  pipe  100  feet  long,  and  the 
friction  in  a  pipe  4  inches  in  diameter  is  only  half  as  much 
as  in  a  pipe  2  inches  in  diameter,  the  velocity  remaining  the 
same  in  both  cases.  The  friction  also  varies  nearly  as  ih^ 
square  of  the  velocity. 
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THE  MEAN   VELOCITY   OF  DISCHARGE. 

1024.  For  striiight  cylindrical  pipes  of  uniform  diam- 
eter, 

Let  ?7„,  =  mean  velocity  of  discharge  in  feet  per  second ; 

Ji  =  total  head  in  feet  =  the  vertical  distance  between 

the  level  of  the  water  in  the  reservoir  and  the  point 

of  discharge ; 
/=  length  of  pipe  in  feet; 
</=  diameter  of  pipe  in  inches; 
f  —  coefficient  of  friction. 

Then,  -..  =  3-31SV7S-  ^^^"^ 

That  is,  tJie  mean  velocity  of  discharge  equals  2.315  times 
the  square  root  of  the  head  in  feet^  mnltiplicd  by  the  diameter 
in  inches.,  divided  by  the  lengtJi  in  feet.,  multiplied  by  the 
coefficient  of  friction,  plus  one-eighth  of  the  diameter  of  the 
pipe  in  inches. 

1025.  The  head  is  always  taken  as  the  vertical  dis- 
tance between  an  imaginary  line  through  the  point  of 
discharge  and  the  level  of  the  water  at  the  source,  or  point 
from  which  it  is  taken,  and  is  always  measured  in  feet.  It 
matters  not  how  long  the  pipe  is,  whether  vertical  or  in- 
clined, whether  straight  or  curved,  nor  whether  any  part  of 
the  pipe  goes  below  the  level  of  the  point  of  discharge  or 
not,  the  head  is  always  measured  as  stated  above. 

1026.  Example. — What  is  the  mean  velocity  of  efflux  from  a 
6-inch  pipe,  5,780  feet  long,  if  the  head  is  170  feet  ?    Take/  =  .021. 


Solution.—  v^  =  2.315  j/  ./^^    ,  =  2.315  i/- 

f    t I +^d  T     . 


170x6 


fl  +  \d  y    .021  x5,780  +  iX6 

=  6.69  ft.  per  sec.     Ans. 

102T.  When  the  pipe  is  very  long,  compared  ^/ith  the 
diameter,  as  in  the  above  example,  the  following  formula 
may  be  used: 


z/„.=2.315^^^,  (46.) 


in  which  the  letters  have  the  same  meaning  as  in  the  preced- 
ing formula. 
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Example. — In  the  preceding  example,  calculate  the  value  of  Vm  by 
using  formula  46. 

Solution. — Substituting  the  values  given, 


Vm  =  2.3154/5?  =  2.315i/      ^"^^^X^       =  6.71  ft.  per  sec.     Ans, 
r    //  r    .021  X  5,780  ' 

102s.  Formula  46  maybe  used  when  the  length  of 
the  pipe  exceeds  10,000  times  its  diameter,  since  the  differ- 
ence between  the  values  calculated  by  formulas  46  and  46 
then  becomes  quite  small. 


THK   ACTUAL   HBAD. 

1029.  The  actual  head  necessary  to  produce  a  certain 
velocity  7'„,  may  be  calculated  by  the  formula 

That  is,  t/ic  total  licadin  feet  necessary  to produee  a  vcloeity 
of  efflux  v„„  in  a  straight  eylindrieal  pipe,  is  equal  to  the 
coefficient  of  friction  niultiplied  by  the  length  of  the  pipe  in 
feet,  multiplied  by  the  square  of  the  mean  velocity  of  efflux  in 
feet  per  second,  divided  by  5.36  times  the  diameter  of  the  pipe 
in  inches,  plus  .0233  titnes  the  square  of  the  mean  velocity. 

Example. — A  7-inch  pipe  6,000  feet  long  is  required  to  deliver  water 
with  a  velocity  of  7  feet  per  second;  what  must  be  the  necessary  head  ? 
Assume  /  =  .026. 

Solution. — Substituting  the  given  values  in  formula  47, 

J,      fJjLk  ^  M'XA  .,-  -    026  X  6.000  X  7^  ^^^  v  7»  -  004  «?      ft 

nearly.     Ans. 


THE  QUANTITY   I>ISCHARGF.n   FROM    PIPES. 

1()3().  The  formulas  just  given  are  made  use  of  in 
ascertaining  the  quantity  of  water  that  will  be  discharged 
from  a  pipe  in  a  given  time,  with  a  given  head.  This  is 
readily  found  by  means  of  formula  31 ,  (?  =  ^^'„,. 

Since  A  =  .7854  d'  =  area  of  the  inside  of  the  pipe,  the 
quantity  discharged  can  be  readily  calculated  as  soon  as  v^ 
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is  known.     This  method   gives  the  discharge   in   cubic  feet 

per  second,  when  the  diameter  d  is  taken  in  feet. 

One   cubic   foot  contains  7.48  gallons;  hence,   when  d  is 

taken  in  feet,  Q  —  .7854  rt'V,,,  x  7.48  gallons.      If  d  is  taken 

...         ^      .7854  d"  ^  ^^ 

m  mches,  (J  =  — tt". —  ^',„  X  7.48,  or 
'  --  X44  ' 

g==.0408^V^.  (48.) 

That  is,  tJie  discharge  in  gallons  per  second  equals  .OJfiS 
times  the  square  of  the  diameter  of  the  pipe  in  inches,  multi- 
plied by  the  mean  velocity  of  efflux  in  feet  per  second. 

Example. — What  is  the  discharge  in  gallons  per  minute  from  a 
6-inch  pipe,  if  the  mean  velocity  of  efflux  is  5.6  feet  per  second  ? 

Solution.— g  =  -0408  d'^v.n  =  .0408  X  36  X  5.6  =  8.225  gal.  per  sec, 
or,  8.225  X  60  =  493.5  gal.  per  min.     Ans. 

1031.  If  the  diameter  of  the  pipe  and  the  discharge 
are  known,  the  mean  velocity  can  be  readily  found  from  the 
formula 

^m  =  '-^^-  (49.) 

That  is,  the  mean  velocity  of  discharge  equals  2^.51  times 
the  number  of  gallons  discharged  per  second,  divided  by  the 
square  of  the  diameter  of  the  pipe  in  inches. 

Example. — A  5-inch  pipe  is  discharging  360  gallons  per  minute; 
what  is  the  mean  velocity  of  efflux  ? 

Solution. — -  =  6  gal.  discharged  per  sec.    Applying  formula  49, 

24.51  X  Q       24.51X6       .  ^^o  ,,  . 

Vm  = -y^ — —  = 2^ =  5.882  ft.  per  sec.     Ans. 

1032.  If  the  head,  the  length  of  the  pipe,  and  the 
diameter  of  the  pipe,  are  given  to  find  the  discharge,  use  the 
formula 


That  is,  the  discharge  in  gallons  per  second  equals  .09Jf.^5 
times  the  square  of  the  diameter  of  the  pipe  in  inches,  multi- 
plied by  the  square  root  of  the  head  in  feet  times  the  diameter 
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of  the  pipe  in  inc/ns,  divided  by  tJie  eoeffieiettt  of  friction 
times  the  lent^th  of  the  pipe  in  feet,  plus  one-eii^hth  the 
diameter  of  t lie  pipe  in  inches. 

KKtIi.  To  find  the  value  of  /,  calculate  7'„,  by  formula 
46,  assuminp:  that  /=  .(»25,  and  get  the  final  value  of  J 
from  the  following  table: 

TAiii.i:  IN. 


Vm  = 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

f  = 

.0686 

.or.27 

.04r)7 

.0415 

.0:J87 

.0365 

Vm  = 

0.7 

0.8 

0.9 

1 

u 

n 

/  = 

.0349 

.0336 

.0325 

.0315 

.0297 

.0284 

Vm  = 

2 

3 

4 

6 

8 

12 

f  = 

.0265 

.0243 

.0230 

.0214 

.0205 

.0193 

Note. — The  values  given  in  Table  18  are  calculated  by  the  formula 

....^^^      .017156 
/=.  014392  + =^. 

ExAMPLE.-^The  length  of  a  pipe  is  6,270  feet,  its  diameter  is 
8  inches,  and  the  total  head  at  the  point  of  discharge  is  215  feet;  how 
many  gallons  are  discharged  per  minute  ? 

Solution. — Using  formula  46, 

v„  =  2.315^/^  =  ^-^^^1^.025^X^270  =  '^•^'  ^^^^  P^*" ^^<^<'"^'  "^^""^y- 
For  v„  =  6./  =  .0214,  and  for  v„  =  8,/  =  .0205.     .0214  -  .0205  = 

.0009  =  difference  for  a  difference  in  the  7/m's  of  8  —  6  =  2  ft.  per  sec. 
7.67  -  6  =  1.67.     Hence,  2  :  1.67::. 0009  :  .r,  or  .r  =  .0007515.     Using 

but  four  decimal  places  .r  =  .0008.     Since  the  value  of  /is  smaller  for 

v„  =  8,  than  for  7'„  =  6.  the  value  of  /  for  Vm  =  7-67  is  .0214  -  .0008  := 

.0206.     Hence,  using  formula  50, 

e  =  .0944.^./^^=  .M44.1  X  8. /=:^|5=:  =  21.98 
gal.  per  sec,  nearly,  =  21.98  x  60  =  1,318  gal.  per  min.     Ans. 
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1034.  If  it  is  desired  to  find  the  head  necessary  to  give 
a  discharge  of  a  certain  number  of  gallons  per  second, 
through  a  pipe  whose  length  and  diameter  are  known,  cal- 
culate the  mean  velocity  of  efflux  by  using  formula  49. 
Find  the  value  of  f  from  the  table  corresponding  to  this 
value  of  7',,, ;  substitute  these  values  of  f  and  v„^  in  formula 
47,  and  calculate  the  head. 

Example. — A  4-inch  pipe  2,000  feet  long  is  to  discharge  24,000  gal- 
lons of  water  per  hour ;  what  must  be  the  head  ? 

24  000 
Solution. —  "^tt^— ^  =  ^f  g^l-  per  sec.     Using  formula  49, 

24.51(9       24.51x61-      ^^^, 

Vm  = ,..  "^  = :r?i —  =  10- 3  ft.  per  sec. 

a-  lb 

In  the  table, /=  .0205  for  Vm  =  8,  and  .0193  for  v^  =  12. 

.0205  -  .0193  =  .0012  =  difference  for  a  difference  in  the  2/,„'s  of  12  - 
8  =  4  ft.  per  sec.  10.2-8  =  2.2.  Hence,  4  :  2.2  ::  .0012  :  .r,  or  xr=  .00066 
=  .0007,  when  using  but  four  decimal  places.  Then,  .0205— .0007  = 
.0198=/ for  -u,n  =  10.2. 

Substituting  in  formula  47, 

194.6  ft.,  nearly.     Ans. 


TO   CALCULATE  THE  DIAMETER   OF  A   PIPE. 

1035.  There  is  no  simple  accurate  method  known  by 
which  the  diameter  of  a  pipe  may  be  calculated,  that  will 
give  the  exact  discharge  for  any  required  head  and  length. 
All  methods  are  approximations  at  best,  but  the  following, 
which  is  based  on  formula  50,  is  as  accurate  as  any,  and  is 
better  than  most  printed  formulas. 

Neglecting  the  fraction  -J  d,  in  formula  50,  and  solving 
for  d. 


■^j 


/l 

Assuming  that/=  .025,  for  a  trial  value,  the  above  equa- 
tion then  becomes 

^=1.229f-^.  (51.) 
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Formula  50  may  also  be  written 

^=2.„f(2+™:.     (52.) 

l()»i<>.  By  aid  of  formulas  51  ;in(l  52,  the  diameter  of 
a  pipe  may  be  approximated  as  follows: 

l^ul^;. — Find  the  value  of  d  by  formula  51;  substitute  this 
value  in  formula  49,  and  find  the  value  of  v„.  Then,  find 
from  the  table  the  value  of  f  corresponding  to  this  value  of  v„. 
Substitute  the  values  of  d  and  f  Just  found,  in  the  right-hand 
viember  of  formula  52,  and  solve  for  d  ;  the  result  will  be  the 
diameter  of  the  pipe,  nearly  enough  for  all  practical  purposes. 

Example. — A  pipe  2.000  feet  long  is  required  to  discharge  24,000 
gallons  of  water  per  hour.  The  head  being  195  feet,  what  should  be 
the  diameter  of  the  pipe  ? 

Solution.— By  formula  51  (remembering  that  Q  is  gallons  per 
second), 

^^1.229^ -'""I^^^^^^^^-^^^IS-'H-. 

Substituting  this  value  in  formula  49, 
24.51  X6J 


Vm  — 


=  9.352  feet  per  second. 


4.18* 

The  value  of  /  from  the  table  for  Vm  =  9.352,  is  .0201.     Substituting 

this  value  of/,  and  the  value  for  d,  found  above,  in  formula  52, 

,     »  ..//(•0201  X  2.000  + iX  4.18)  m?  _  ^  ,,,„  . 
d=2.hi\/ jgg 4.01  +. 

Hence,  the  diameter  is  4".     Ans. 

1037.  If  this  value  were  again  substituted  in  formula 
49,  and  the  value  of  d  again  calculated  by  formula  52,  a  still 
closer  approximation  to  4"  would  be  obtained;  but  such  re- 
finement is  unnecessary,  since  the  next  larger  size  of  pipe, 
as  made  by  the  manufacturers,  is  44".  It  will  be  noticed 
that  this  example  is  the  reverse  of  that  in  Art.  l(Ki4.  For 
most  practical  calculations,  formula  5 1 ,  will  give  suffi- 
ciently exact  results. 

1038.  In  laying  pipes,  all  bends  and  elbows  should  be 
avoided  as   much   as   possible.     When  they  are   absolutely 
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necessary,  they  should  be  as  large  as  the  circumstances  will 
permit,  so  as  to  change  the  direction  gradually.  Sudden 
changes  in  direction  destroy  the  velocity  very  rapidly,  and, 
consequently,  reduce  the  discharge.  A  reduction  or  in- 
crease in  the  size  of  the  pipe,  owing  to  screwing  on  of  branch 
pipes,  smaller  or  larger  than  the  main  pipe,  also  reduces  the 
velocity. 


When  bends  are  neces- 
sary, it  is  better  to  round 
them  as  shown  in  Fig. 
184,  than  to  have  a  sharp 
bend  as  shown  in  Fig. 
185. 


Fig.  185. 


A  bend  at  right  angles,  as  shown  in  Fig.  186,  is  very 
destructive  to  the  velocity.  A  rounded  elbow,  as  shown  in 
Fig.  187,  should  be  used,  and  the  radius  should  be  made  as 
large  as  possible. 


Fig.  186. 


Fig.  187. 


EXAMPLES  FOR  PRACTICE. 

1.     A  weir  whose  top  is  level  with  the  water  has  a  depth  of  13'  and 
a  breadth  of  20" ;  what  is  the  actual  discharge  per  minute  ? 

Ans.  370.8  cu.  ft 
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2.  A  weir  whose  top  is  4  feet  below  the  surface  of  the  water,  is  32' 
broad  and  14'  deep;  what  is  the  actual  discharge  per  minute  ? 

Ans.  14.73n.8gal. 

3.  What  is  the  mean  velocity  of  efBux  from  a  H-inch  pipe.  2J  miles 
long,  under  a  head  of  (\rt  feet  ?  Ans.  2.302  ft.  per  sec. 

4.  In  the  last  exam])lf,  what  is  the  discharge  in  gallons  jwr  minute  ? 

Ans.   140.39  gal.  per  min. 

5.  What  head  is  necessary  in  order  that  a  4-inch  pijw,  1,2(M)  feet  long, 
may  disciiarge  10,H(¥)  gallons  of  water  per  hour?  Ans.  27.1  ft. 

6.  What  must  be  the  diameter  of  a  pipe  that  is  8,700  feet  long,  in 
order  that  it  may  discharge  90,000  gallons  of  water  per  hour  under  a 
head  of  180  feet.     Give  diameter  to  nearest  inch  next  larger  in  size. 

Ans.  10'. 


PNEUMATICS. 


PROPERTIES  OF  AIR  AND  GASES. 


1039.  Pneumatics  is  that  branch  of  Mechanics  which 
treats  of  the  properties  of  gases. 

1040.  The  most  striking 
feature  concerning  gases  is  that, 
no  matter  how  small  the  quan- 
tity may  be,  they  zvill  ahvays 
fill  the  vessels  which  contain 
them.  If  a  bladder  or  football 
is  partly  filled  with  air  and 
placed  under  a  glass  jar  (called 
a  receiver),  from  which  the 
air  has  been  exhausted,  the 
bladder  or  football  will  immedi- 
ately expand,  as  shown  in  Fig. 
188.      The   force    which   a   gas  fig.  188. 

always  exerts  when  confined  in  a  limited  space,  is  called 
tension.  The  word  tension  in  this  case  means  pressure, 
and  is  only  used  in  this  sense  in  reference  to  gases. 

1041.  As  zvater  is  the  most  common  type  of  fluids,  so 
air  is  the  most  common  type  of  gases.  It  was  supposed  by 
the  ancients  that  air  was  imponderable,  i.  e.,  that  it  weighed 
nothing,  and  it  was  not  until  about  the  year  1G50  that  it  was 
proven  that  air  really  had  weight.  A  cubic  inch  of  air, 
under  ordinary  conditions,  weighs  .31  grain,  nearly.  The 
ratio  of  the  weight  of  air  to  water  is  about  1  :  774;  that 
is,  air  is  only  ^tt  ^^  heavy  as  water.  In  Art.  989  it 
was  shown  that  if  a  body  was  immersed  in  water,  and 
weighed  less  than  the  volume  of  water  displaced,  the  body 
would  rise  and  extend  partly  out  of  the  water.     The  same 
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is  true  to  a  certain  extent  of  air.  If  a  vessel  made  of  light 
material  is  filled  with  a  gas  lighter  than  air,  so  that  the 
total  weight  of  the  vessel  and  gas  is  less  than  the  weight  of 
the  volume  of  air  which  they  displace,  the  vessel  will  rise. 
It  is  on  this  principle  that  balloons  are  made. 


1  ()42.  Since  air  has  weight,  it  is 
evident  that  the  enormous  quantity 
of  air  that  constitutes  the  atmos- 
phere must  exert  a  considerable  pres- 
sure upon  the  earth.  This  is  easily 
proven  by  taking  a  long  glass  tube, 
closed  at  one  end,  and  filling  it  with 
mercury.  If  the  finger  is  placed  over 
the  open  end,  so  as  to  keep  the  mer- 
cury from  running  out,  and  the  tube 
is  inverted  and  placed  in  a  cup  of 
mercury,  as  shown  in  Fig.  189,  the 
mercury  will  fall,  then  rise,  and  after 
a  few  oscillations  will  come  to  rest  at 
a  height  above  the  top  of  the  mercury 
in  the  glass  equal  to  about  30  inches. 
This  height  will  always  be  the  same 
under  the  same  atmospheric  condi- 
tions (allowance  being  made  for  the 
effects  of  capillary  attraction).  Now, 
if  the  atmosphere  has  weight,  it  must 
press  upon  the  upper  surface  of  the 
mercury  in  the  glass  with  equal  in- 
iiG.  lay.  tensity  upon  every  square  unit,  ex- 

cept upon  that  part  of  the  surface  occupied  by  the  tube. 
According  to  Pascal's  law  (see  Art.  970),  this  pressure  is 
transmitted  in  all  directions.  There  being  nothing  in  the 
tube,  except  the  mercury,  to  counterbalance  the  upward  pres- 
sure of  the  air,  the  mercury  falls  in  the  tube  until  it  exerts  a 
downward  pressure  on  the  upper  surface  of  the  mercury  in 
the  cup  sufficiently  great  to  counterbalance  the  upward  pres- 
sure produced  by  the  atmosphere.     In  order  that  there  shall 
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be  equilibrium,  the  pressure  of  the  air  per  unit  of  area  on  the 
upper  surface  of  the  mercury  in  the  glass  must  equal  the 
pressure  (weight)  exerted  per  unit  of  area  by  the  mercury 
inside  of  the  tube.  Suppose  that  the  area  of  the  inside  of  the 
tube  is  one  square  inch  ;  then,  since  mercury  is  13.6  times  as 
heavy  as  water,  the  weight  of  the  mercurial  column  is  ,03017 
X  13.6  X  30  =  14.7574  pounds.  The  actual  height  of  the 
mercury  is  a  little  less  than  30  inches,  and  the  actual  weight 
of  a  cubic  inch  of  distilled  water  is  a  little  less  than  .03617 
pound.  When  these  considerations  are  taken  into  account, 
the  average  weight  of  the  mercurial  column  at  the  level  of 
the  sea  is  14.69  pounds,  or,  as  it  is  usually  expressed,  14.7 
pounds.  Since  this  weight,  exerted  upon  1  square  inch  of 
the  liquid  in  the  glass,  just  produced  equilibrium,  it  is  plain 
that  the  pressure  of  the  outside  air  is  14.7  pounds  upon  every 
square  inch  of  surface. 

1043.  Vacuum. — The  space  between  the  upper  end  of 
the  tube  and  the  upper  surface  of  the  mercury  is  called  a 
vacuum,  meaning  that  it  is  an  entirely  empty  space,  and 
does  not  contain  any  substance,  solid,  liquid,  or  gaseous.  If 
there  was  a  gas  of  some  kind  there,  no  matter  how  small  the 
quantity  might  be,  it  would  expand,  filling  the  space,  and 
its  tension  would  cause  the  column  of  mercury  to  fall  and 
become  shorter,  according  to  the  amount  of  gas  or  air  present. 
The  space  is  then  called  a  partial  vacuum.  If  the  mer- 
cury fell  1  inch,  so  that  the  column  was  only  29  inches  high, 
we  should  say,  in  ordinary  language,  that  there  were  29  incJics 
of  vacuiun.  If  it  fell  8  inches,  we  would  say  that  there  were 
22  inches  of  vacuum  ;  if  it  fell  16  inches,  we  would  say  that 
there  were  14  inches  of  vacuum,  etc.  Hence,  when  the 
vacuum  gauge  of  a  condensing  engine  shows  26  inches  of 
vacuum,   there  is  enough  air  in  the  condenser  to  produce 

3Q 26  4 

a  pressure  of  -^ — — —  X  14.7  =  -77-  X  14.7  =  1.96  pounds  per 

square  inch.  In  all  cases  where  the  mercurial  column  is 
used  to  measure  a  vacuum,  the  height  of  the  column  in 
inches  gives  the  number  of  inches  of  vacuum.     Thus,  if  the 
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column  were  5  inches  high,  or  the  vacuum  gauge  showed 
5  inches,  the  vacuum  would  be  5  inches. 

If  the  tube  had  been  filled  with  water  instead  of  mercury, 
the  height  of  the  column  of  water  to  balance  the  pressure  of 
the  atmosphere  would  have  been  30  X  13.  G  =  408  inches  = 
34  feet.  This  means  that  if  a  tube  were  filled  with  water, 
inverted  and  placed  in  a  dish  of  water  in  a  manner  similar  to 
the  experiment  made  with  the  mercury,  that  the 
resulting  height  of  the  column  of  water  would  be 
34  feet. 


1044.  The  barometer  is  an  instrument 
used  for  measuring  the  pressure  of  the  atmos- 
phere. There  are  two  kinds  in  general  use — the 
mercurial  barometer  and  the  aneroid  barometer. 
The  mercurial  barometer  is  shown  in  Fig. 
190.  The  principle  is  the  same  as  in  the  case  of 
the  inverted  tube  shown  in  Fig.  189.  The  tube 
and  cup  at  the  bottom  are  protected  by  a  brass 
or  iron  casing.  At  the  top  of  the  tube  is  a  grad- 
uated scale  which  can  be  read  to  yoVo  *^f  ^^"^  inch, 


by  means  of  a  vernier.  Attached  to  the  casing 
is  an  accurate  thermometer  for  determining  the 
temperature  of  the  outside  air  at  the  time  the 
barometric  observation  is  taken.  This  is  neces- 
sary, since  mercury  expands  when  the  temperature 
is  increased,  and  contracts  when  the  temperature 
falls  ;  for  this  reason  a  standard  temperature  is 
assumed,  and  all  barometer  readings  are  reduced 
to  this  temperature.  This  standard  temperature 
is  usually  taken  at  32°  F.,  at  which  temperature 
the  height  of  the  mercurial  column  is  30  inches. 
Another  correction  is  made  for  the  altitude  of  the 
place  above  sea  level,  and  a  third  correction  for 
the  effects  of  capillary  attraction. 

1045.     In    Fig.    191    is   shown   a   cut    of   an 
y  aneroid    barometer.      These    instruments    are 

Fjg.  m    ^^^^^  i^^  various  sizes,  from  the  size  of  a  large 
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watch  up  to  an  8  or  10  inch  face.  They  consist  of  a  cylin- 
drical box  of  metal,  with  a  top  of  thin,  elastic,  corrugated 
metal.  The  air  is  removed  from  the  box.  When  the  atmos- 
pheric pressure  increases,  the  top  is  pressed  inwards,  and 
when  it  is  diminished,  the  top  is  pressed  outwards  by  its 
own  elasticity,  aided  by  a  spring  beneath.  These  movements 
of  the  cover  are  transmitted  and  multiplied  by  a  combina- 
tion of  delicate  levers  which  act  upon  an  index  hand  and 


Fig.  191. 
cause  it  to  move  either  to  the  right  or  left  over  a  graduated 
scale.  These  barometers  are  self-correcting  (compensated) 
for  variations  in  temperature.  They  are  very  portable, 
occupying  but  a  small  space,  and  are  so  delicate  that  they 
are  said  to  show  a  difference  in  the  atmospheric  pressure 
when  transferred  from  the  table  to  the  floor.  They  must  be 
handled  with  care,  as  they  are  easily  injured.  The  mercyrial 
t)arometer  is  the  standard. 
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10-t6.  With  air,  as  with  water,  the  lower  we  get,  the 
greater  the  pressure,  and  the  higher  we  get,  the  less  the 
pressure.  At  the  level  of  the  sea,  the  height  of  the  mer- 
curial column  is  about  30  inches;  at  5,000  feet  above  the 
sea,  it  is  24.7  inches;  at  10,000  feet  above  the  sea,  it  is  20.5 
inches;  at  15,000  feet  above  the  sea,  it  is  16,9  inches;  at  3 
miles,  it  is  16.4  inches,  and  at  6  miles  above  the  sea  level,  it 
is  8.9  inches. 

The  density  also  varies  with  the  altitude ;  that  is,  a  cubic 
foot  of  air  at  an  elevation  of  5,000  feet  above  the  sea  level 
will  not  weigh  as  much  as  a  cubic  foot  at  sea  level.  This  is 
proved  conclusively  by  the  fact  that  at  a  height  of  3|-  miles 
the  mercurial  column  measures  but  15  inches,  indicating 
that  half  the  weight  of  the  entire  atmosphere  is  below  that. 
It  is  known  that  the  height  of  the  earth's  atmosphere  is  at 
least  50  miles;  hence,  the  air  just  before  reaching  the  limit 
must  be  in  an  exceedingly  rarefied  state.  It  is  by  means  of 
barometers  that  great  heights  are  measured.  The  aneroid 
barometer  has  the  heights  marked  on  the  dial,  so  that  it  can 
be  read  directly.  With  the  mercurial  barometer,  the  heights 
must  be  calculated  from  the  reading. 

1047.  The  atmospheric  pressure  is  everywhere  present, 
and  presses  all  objects  in  all  directions  with  equal  force.  If 
a  book  is  laid  upon  the  table,  the  air  presses  upon  it  in 
every  direction  with  an  equal  average  force  of  14.7  pounds 
per  square  inch.  It  would  seem  as  though  it  would  take 
considerable  force  to  raise  a  book  from  the  table,  since,  if  the 
size  of  the  book  were  8  inches  by  5  inches,  the  pressure  upon 
it  is  8  X  5  X  14.7  =  588  pounds;  but  there  is  an  equal  pres- 
sure beneath  the  book  to  counteract  the  pressure  on  the  top. 
It  would  now  seem  as  though  it  would  require  a  great  force 
to  open  the  book,  since  there  are  two  pressures  of  588  pounds 
each,  acting  in  opposite  directions,  and  tending  to  crush  the 
book ;  so  it  would  but  for  the  fact  that  there  is  a  layer  of  air 
between  each  leaf  acting  upwards  and  downwards  with  a  pres- 
sure of  14.7  pounds  per  square  inch.  If  two  metal  plates  be 
made  as  perfectly  smooth  and  flat  as  it  is  possible  to  get 
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them,  and  the  edge  of  one  be  laid  upon  the  edge  of  the 
other,  so  that  one  may  be  sHd  upon  the  other,  and  the  air 
thus  excluded,  it  will  take  an  immense  force,  compared  with 
the  weight  of  the  plates,  to  separate  them.  This  is  because 
the  full  pressure  of  14.7  pounds  per  square  inch  is  then 
exerted  upon  each  plate  with  no  counteracting  equal  pres- 
sure between  them. 

If  a  piece  of  flat  glass  be  laid  upon  a  flat  surface  that  has 
been  previously  moistened  with  water,  it  will  require  con- 
siderable force  to  separate  them;  this  is  because  the  water 
helps  to  fill  up  the  pores  in  the  flat  surface  and  glass,  and 
thus  creates  a  partial  vacuum  between  the  glass  and  the 
surface,  thereby  reducing  the  counter  pressure  beneath  the 
glass. 

1048.     Tension    of  Gases. — In    Fig.  189     the    space 

above  the  column  of  mercury  was  said  to  be  a  vacuum,  and 

that    if    any   gas  or  air   was  present,  it  would  expand,  its 

tension   forcing    the    column    of    mercury  downwards.      If 

enough  gas  is  admitted  to  cause  the  mercury  to  stand  at 

14  7 
15  inches,  the  tension  of  the  gas  is  evidently  • — —  =  7. 35  pounds 

per  square  inch,  since  the  pressure  of  the  outside  air  of  14.7 
pounds  per  square  inch  only  balances  15  inches,  instead  of  30 
inches,  of  mercury;  that  is,  it  balances  only  half  as  much  as 
it  would  if  there  were  no  gas  in  the  tube ;  therefore,  the 
pressure  (tension)  of  the  gas  in  the  tube  is  7.35  pounds.  If 
more  gas  is  admitted  until  the  top  of  the  mercurial  column 
is  just  level  with  the  mercury  in  the  cup,  the  gas  in  the  tube 
has  then  a  tension  equal  to  the  outside  pressure  of  the 
atmosphere.  Suppose  that  the  bottom  of  the  tube  is  fitted 
with  a  piston,  and  that  the  total  length  of  the  inside  of  the 
tube  is  36  inches.  If  the  piston  be  shoved  upwards  so  that 
the  space  occupied  by  the  gas  is  18  inches  long,  instead  of  36 
inches,  the  temperature  remaining  the  same  as  before,  it 
will  be  found  that  the  tension  of  the  gas  within  the  tube  is 
29.4  pounds  per  square  inch.  It  will  be  noticed  that  the 
volume  occupied  by  the  gas  is  only  half  that  in  the  tube 
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before  the  piston  was  moved,  while  the  pressure  is  twice  as 
great,  since  14.7  X  2  =  29.4  pounds.  If  the  piston  be  shoved 
up,  so  that  the  space  occupied  by  the  gas  is  only  9  inches, 
instead  of  18  inches,  the  temperature  still  remaining  the 
same,  the  pressure  will  be  found  to  be  58.8  pounds  per  square 
inch.  The  volume  has  again  been  reduced  one-half,  and  the 
pressure  increased  2  times,  since  29.4x2  =  58.8  pounds. 
The  space  now  occupied  by  the  gas  is  9  inches  long,  whereas, 
before  the  piston  was  moved  it  was  36  inches  long  ;  as  the 
tube  was  assumed  to  be  of  uniform  diameter  throughout  its 

9 
length,  the  volume  is  now  i^  =  i  of  its  original  volume,  and 

its  pressure  is  '  =  4  times  its  original  pressure.  More- 
over, if  the  temperature  of  the  confined  gas  remains  the 
same,  the  pressure  and  volume  Avill  always  vary  in  a  similar 
way.  The  law  which  states  these  effects  is  called  Mariotte's 
Law,  and  is  as  follows: 

1049.  Mariotte's  La^w. —  The  temperature  remaining 
the  same,  the  volume  of  a  given  quantity  of  gas  varies 
inversely  as  the  pressure. 

The  meaning  of  this  is  :  If  the  volume  of  the  gas  is 
diminished  to  ^,  -J,  i,  etc.,  of  its  former  volume,  the  tension 
will  be  increased  2,  3,  5,  etc.,  times,  or  if  the  outside  pres- 
sure be  increased  2,  3,  5,  etc.,  times,  the  volume  of  the  gas 
will  be  diminished  to  -J-,  ■^,  -|-,  etc.,  of  its  original  volume,  the 
temperature  remaining  constant.  It  also  means  that  if  a 
gas  is  under  a  certain  pressure,  and  the  pressure  is  dimin- 
ished to  ^,  1,  yVj  ^tc. ,  of  its  original  pressure,  that  the  volume 
of  the  confined  gas  will  be  increased  2,  3, 10,  etc.,  times — its 
tension  decreasing  at  the  same  rate. 

Suppose  3  cubic  feet  of  air  to  be  under  a  pressure  of  60 
pounds  per  square  inch  in  a  cylinder  fitted  with  a  movable 
piston ;  then,  the  product  of  the  volume  and  pressure  is  3  X 
60  =  180.  Let  the  volume  be  increased  to  6  cubic  feet,  then 
the  pressure  will  be  30  pounds  per  square  inch,  and  30  X  6 
=  180,  as  before.     Let  the  volume  be  increased  to  24  cubic 
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24 
feet,  it  is  then  — -  =  8   times  its  original  volume,  and  the 
o 

pressure  is  ^  of  its  original  pressure,  or  60  X  ^  =  7^  pounds, 

and  24  X  7^  =  180,  as  in  the  two  preceding  cases.      It  will 

now  be  noticed  that  if  a  gas  be  enclosed  within  a  confined 

space,  and  allowed  to  expand  without   losing  any  heat,  t/ie 

product  of  the  pressure,  and  the  corresponding  volume  for  one 

position  of  the  piston,  is  the  same  as  for  any  other  position  of 

the  piston.     If  the  piston  were  to  compress  the  air,  the  same 

result  would  be  obtained. 

Let  /    =  pressure  for  one  position  of  the  piston ; 

/j  =  pressure  for  any  other  position  of  the  piston ; 

V   =  volume  corresponding  to  the  pressure/; 

z/j  =  volume  corresponding  to  the  pressure  p^. 
Then,  pv=p^v^.  (53.) 

1050.  Knowing  the  volume  and  the  pressure  for  any 
position  of  the  piston,  and  the  volume  for  any  other  position, 
the  pressure  may  be  calculated,  or,  if  the  pressure  is  known 
for  any  other  position,  the  volume  may  be  calculated. 

Example. — If  1.875  cubic  feet  of  air  be  under  a  pressure  of  72 
pounds  per  square  inch  (a)  what  will  be  the  pressure  when  the  volume 
is  increased  to  2  cubic  feet  ?    (<^)  to  3  cubic  feet  ?  (c)  to  9  cubic  feet  ? 

Solution. — Solving  formula  53,  for  pi,  the  unknown  pressure, 

...        pv       72x1.875       _^  ,,  .         . 

(a)     px  =- —  = 5— ■  =  0/^  lb.  per  sq.  m.     Ans. 

/ T\        I  '3  X  1.8/5        jf-  11  .  A 

{b)      px  — ^ ■  =  45  lb.  per  sq.  m.     Ans. 

o 

,,       ^         73X1.875       -,^1,  .  , 

{c)      /i  = •  =  15  lb.  per  sq.  m.     Ans. 

y 

Example. — Ten  cubic  feet  of  air  have  a  tension  of  5.6  pounds  per 

square  inch ;  {a)  what  is  the  volume  when  the  tension  is  4  pounds  ? 

^b)  8  pounds  ?  (t)  25  pounds  ?  {d)  100  pounds  ? 

Solution. — Solving  formula  53,  for  Vx, 

,  .  ;>?/       5.6  X  10      ^, 

{a)  vx  =  S-  = ? —  =  1-1  cu.  ft.     Ans. 

p\  4 

/iN  5.6  X  10      „ 

{b)  Vx  = £^ —  =  7  cu.  ft.     Ans. 

o 

ic)  ^i  =  '^"^o^  ^'"  =2.34cu.  ft.     Ans. 

(d)  V,  =  ^^^^  =  .56  cu.  ft.     Ans. 
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1 05 1 .  Note. — There  are  two  ways  of  measuring  the  pressure  of 
a  gas  :  by  means  of  an  instrument  called  a  manometer,  and  by 
means  of  a  gauge.  The  manometer  generally  used  is  practically  the 
same  as  a  mercurial  barometer,  except  that  the  tube  is  much  longer, 
so  that  pressures  equal  to  several  atmospheres  inay  be  measured,  and 
is  enlarged  and  bent  into  a  U  shape  at  the  lower  end ;  both  lower  and 
upper  ends  are  open,  the  lower  end  being  connected  to  the  vessel  con- 
taining the  gas  whose  pressure  it  is  desired  to  measure.  The  gauge 
is  so  common  that  no  description  of  it  will  be  given  here.  With  both 
the  manometer  described  above  and  the  gauge,  the  pressures  recorded 
are  the  amounts  by  which  they  exceed  the  atmospheric  pressure,  and 
are  called  the  gauge  pressures.  To  find  the  real  pressure, 
called  the  absolute  pressure,  the  atmospheric  pressure  must  be 
added  to  the  gauge  pressure.  In  all  formulas  in  which  the  pressure  of 
a  gas  or  steam  is  used,  the  absolute  pressure  must  be  used,  unless  the 
gauge  pressure  is  distinctly  specified  as  being  the  proper  pressure  to 
use.  For  convenience,  all  pressures  given  in  Arts.  1039  to  1088, 
inclusive,  and  in  the  questions  referring  to  these  articles,  will  be 
absolute  pressures,  and  the  word  "absolute"  will  be  omitted  to  avoid 
its  constant  repetition. 

1052.  As  a  necessary  consequence  of3Iariotte's  law,  it 
may  be  stated  that  tJie  density  of  a  gas  varies  directly  as  the 
pressure,  and  inversely  as  the  volume ;  that  is,  the  density  in- 
creases as  tJie  pressure  increases,  and  decreases  as  the  volume 
increases. 

This  is  evident,  since  if  a  gas  has  a  tension  of  2  atmo- 
spheres, or  14.7  X  2  =  29.4  pounds  per  square  inch,  it  will 
weigh  twice  as  much  as  the  same  volume  would  if  the  ten- 
sion was  1  atmosphere,  or  14.7  pounds  per  square  inch.  For, 
let  the  volume  be  increased  until  it  is  twice  as  great  as  the 
original  volume,  the  tension  will  then  be  1  atmosphere.  The 
total  weight  of  the  gas  has  not  been  changed,  but  there  are 
now  2  cubic  feet  for  every  1  cubic  foot  of  the  original 
volume,  and  the  weight  of  1  cubic  foot  now  is  only  half  as 
great  as  before.  Thus,  the  density  decreases  as  the  volume 
increases,  and  as  an  increase  of  pressure  causes  a  decrease 
of  volume,  the  density  increases  as  the  pressure  increases. 

Let  D  be  the  density  corresponding  to  the  pressure/  and 
volume  V,  and  D^  be  the  density  corresponding  to  the  pres- 
sure/^  and  volume  v^;  then, 

p:D=p^:  /;„  or/  D^  =A  A  (54.) 

and        v:  D^  =  v^  \  D,oxv  D^  v^  D^.  (55.) 

Since  the  weight  is  proportional  to  the  density,  the 
weights  may  be  used  in  place  of  the  densities  in  formulas 
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54  and  55.  Thus,  let  IV he  the  weight  of  a  cubic  foot  of 
air  or  other  gas,  whose  volume  is  t/ and  pressure  is  / ;  let 
W^  be  the  weight  of  a  cubic  foot  when  the  volume  is  z\  and 
pressure  is /j  then, 

j,W^=/>JV.  (56.) 

vW=vJV^.  (57.) 

Example. — ^The  weight  of  1  cubic  foot  of  air  at  a  temperature  of 
60°  F.,  and  under  a  pressure  of  one  atmosphere  (14.7  pounds  per  square 
inch),  is  .0763  pound;  what  would  be  the  weight  per  cubic  foot  if  the 
volume  were  compressed  until  the  tension  was  5  atmospheres,  the  tem- 
perature still  being  60°  F.  ? 

Solution. — Applying  formula  56,/  W^i  =pi  W,  or  1  X  J'F'i  =  5  X 
.0763.     Hence,    ll\  =  .3815  lb.  per  cu.  ft.     Ans. 

Example. — If  in  the  last  example  the  air  had  expanded  until  the 
tension  was  5  pounds  per  square  inch,  what  would  have  been  its  weight 
per  cubic  foot  ? 

Solution. — Applying  formula  56,/  U\  =  pi  JV.     Here/  =  14.7, /i 

QO-I  rr 

=  5  and    Jf"=.0763.     Hence,  14.7  X  JF,  =5x.0763,  or    J^F,  =:^  = 

.02595  lb.  per  cu.  ft.     Ans. 

Example. — If  6.75  cubic  feet  of  air,  at  a  temperature  of  60°  F.,  and  a 
pressure  of  one  atmosphere,  are  compressed  to  2.25  cubic  feet  (the  tem- 
perature still  remaining  60°  F.),  what  is  the  weight  of  a  cubic  foot  of 
the  compressed  air  ? 

Solution. — Applying  formula  57fVW=Vi]Vi,  or  6.75  X -0763  = 

6  75  V   0763 
2.25  X  Wi ;  hence,   U\  =  — — r^  ;         =  .2289  lb.  per  cu.  ft.     Ans. 

1053.  In  all  that  has  been  said  before,  it  has  been 
stated  that  the  temperature  was  constant;  the  reason  for 
this  will  now  be  explained.  Suppose  five  cubic  feet  of  air  to 
be  confined  in  a  cylinder  placed  in  a  vacuum,  so  that  there 
will  be  no  pressure  due  to  the  atmosphere,  and  suppose  the 
cylinder  to  be  fitted  with  a  piston  weighing  say  100  pounds, 
and  having  an  area  of  10  square  inches.     The  tension  of  the 

gas  will  be— —  =  10  pounds  per  square  inch.      Suppose  that 

the  temperature  of  the  air  is  32°  F.,  and  that  it  is  heated 
until  the  temperature  is  33°  F.,  i.  e.,  the  temperature  is 
1°,  it  will  be  found  that  the  piston  has  risen  a  certain  amount, 
and,   consequently,    the   volume   has   increased,   while   the 
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pressure  is  the  same  as  before,  or  10  pounds  per  square  inch. 
If  more  heat  is  applied  until  the  temperature  of  the  gas  is 
34°  F.,  it  will  be  found  that  the  piston  has  again  risen,  and 
the  volume  again  increased,  while  the  pressure  still  remains 
the  same.  It  will  be  found  that  for  every  increase  of  tem- 
perature there  will  be  a  corresponding  increase  of  volume. 
The  law  which  expresses  this  change,  is  called  Gay-Lussac's 
Law,  and  is  as  follows: 

1 054.  Gay-Lussac's  Law. — If  the  pressure  remains 
constant,  every  increase  of  temperature  of  1°  F.  produces  in  a 
given  quantity  of  gas  an  expansion  of  -jJ-j  of  its  volume  at 
32°  F. 

If  the  pressure  remains  constant,  it  will  also  be  found  that 
every  decrease  of  temperature  of  1°  F.,  will  cause  a  decrease 
of  -^-^  of  the  volume  at  32°  F. 
Let  V  =  original  volume  of  gas; 
^'j  =  final  volume  of  gas ; 

/   =  temperature  corresponding  to  volume  v; 
/j  =  temperature  corresponding  to  volume  v^. 

Then,  ''',  =  ^-(^>  (58.) 

That  is,  the  volume  of  gas  after  heating  {or  cooling')  equals 
the  original  volume,  multiplied  by  Jf.60^  plus  the  final  tem- 
perature, divided  by  Jf.60,  plus  the  original  temperature. 

ExAMPL'E. —  5  cubic  feet  of  air  at  a  temperature  of  45%  are  heated 
under  constant  pressure  up  to  177° ;  what  is  its  volume  ? 

Solution. — Applying  formula  58, 

/460  +  /A         /460  + 177\       .  „.„         ,^       . 

1055.  Suppose  that  a  certain  volume  of  gas  is  confined 
in  a  vessel  so  that  it  cannot  expand ;  in  other  words,  sup- 
pose that  the  piston  of  the  cylinder  before  mentioned  to  be 
fastened  so  that  it  cannot  move.  Let  a  gauge  be  placed  on 
the  cylinder  so  that  the  tension  of  the  confined  gas  can  be 
registered.  If  the  gas  is  heated,  it  will  be  found  that  for 
every  increase  of  temperature  of  1°  F.,  there  will  be  a  cor- 
responding increase  of   -^^  of    the  tension.     That  is,    the 
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volume  remaining  constant,  the  tension  increases  -^^-^  of  the 
original  tension  for  every  degree  rise  of  temperature. 

Let/  =  the  original  tension; 

t  =  the  corresponding  temperature; 

/j  =  final  tension; 

/j  =  final  temperature. 

That  is,  i/  a  certain  quantity  of  gas  be  heated  {or  cooled) 
from  t°  to  /j°,  the  volume  remaining  constant,  the  resulting 
tension  p^  will  be  equal  to  the  original  tension,  multiplied 
by  Jf60,  plus  the  final  temperature,  divided  by  Jf.60,  plus  the 
original  temperattire. 

Example. — If  a  certain  quantity  of  air  is  heated  under  constant  vol- 
ume from  45"  to  177°,  what  is  the  resulting  tension,  the  original  tension 
being  14.7  pounds  per  square  inch  ? 

Solution. — Applying  formula  59, 

1056.  According  to  the  modern  and  now  generally 
accepted  theory  of  heat,  the  atoms  and  molecules  of  all 
bodies  are  in  an  incessant  state  of  vibration.  The  vibratory 
movement  in  the  liquids  is  faster  than  in  the  solids,  and  in 
the  gases,  faster  than  in  either  of  the  other  two.  Any 
increase  of  heat  increases  the  vibrations,  and  a  decrease  of 
heat  decreases  them.  From  experiments  and  calculations 
based  upon  higher  mathematics,  it  has  been  concluded  that 
at  4G0°  below  zero,  on  the  Fahrenheit  scale,  all  these  vibra- 
tions cease.  This  point  is  called  the  absolute  zero,  and 
all  temperatures  reckoned  from  this  point  are  called  the 
absolute  temperatures.  The  point  of  absolute  zero  has 
never  been  reached,  the  lowest  recorded  temperature  being 
about  393°  F.  below  zero,  but,  nevertheless,  it  has  a  mean- 
ing, and  is  used  in  many  formulas,  being  nearly  always 
denoted  by  T.  The  ordinary  temperatures  are  denoted  by 
/.  When  the  word  temperature  alone  is  used,  the  meaning 
is  the  same  as  ordinarily  used,  but  when  absolute  tempera- 
ture is  specified,  4G0°  F.  must  be  added  to  the  temperature. 
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The  absolute  temperature  corresponding  to  212°  F,  is 
460  _|-  212  =  072°  F.  If  the  absolute  temperature  is  given, 
the  ordinary  temperature  may  be  found  by  subtracting  400 
from  the  absolute  temperature.  Thus,  the  absolute  tem- 
perature being  520°  F.,  what  is  the  temperature  ? 

520°  -  400°  =  00°. 
Let  /  =  pressure  in  pounds  per  square  inch ; 
Vz=i  volume  of  air  in  cubic  feet; 
T=  absolute  temperature; 
IV^=  weight  in  pounds. 
Then,  /F=  .37052  Z.         (60.) 

That  is,  t/ic  pressure  in  pounds  per  square  inch,  multiplied 
by  the  I'oluvie  of  the  air  in  eubic  feet,  equals  .37052  times  the 
absolute  temperature  corresponding  to  the  pressure  p  and 
volume  V. 

In  this  formula,  the  weight  of  the  air  is  1  pound. 

Example. — The  pressure  upon  9  cubic  feet  of  air  weighing  1  pound 

is  20  pounds  per  square  inch ;  what  is  the  temperature  ? 

Solution.  —Applying  formula   60,  pV=  .37052  T,  or   20  X  9  = 

ISO 
.37052  T;  hence,  r=  ~~  =  485.8°,  nearly.     485.8°  -  460  =  25.8°,  the 

temperature.     Ans. 

•  Example. — What  is  the  volume  of  1  pound  of  air  whose  temperature 

is  60°  F.  under  a  pressure  of  one  atmosphere  ? 

Solution. — Applying  formula  60,  p  V=  .37052  71     Substituting, 

37052  V  520 
14.7  X  F=.37052X(460  +  60)  =  .37052X520,    or    F==  147         = 

13.107  cubic  feet.     Ans. 

1057".     If  the  weight  of  the  air  be  greater  or  less  than  1 
pound,  the  following  formula  must  be  used: 
/F=. 37052  WT.         (61.) 

That  is,  tJie  pressure  in  pounds  per  square  inch,  multiplied 
by  the  volume  in  cubic  feet,  equals  .37052  times  the  weight  in 
pounds  multiplied  by  the  absolute  temperature. 

Example. —  3  cubic  feet  of  air  weighing  .35  pound,  are  under  a  pres- 
sure of  48  pounds  per  square  inch ;  what  is  the  temperature  of  the  air  ? 
Solution. — Applying  formula  6 1 ,  /  F  =  .  37052  WT.    Substituting, 

48  X  3  =  .37052  X  .35  X  T,     or      T=    ^^q^^^ ^^^  =  1,110.4°.      Then, 

1,110.4°  -  460°  =  650.4°.     Ans. 
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Example. — What  is  the  weight  of  1  cubic  foot  of  air  at  a  tempera- 
ture of  32",  and  under  a  pressure  of  one  atmosphere  ? 

Solution. — Applying  formula  61,  /  V  =  .37053  IVT.  Substituting, 
14.7  X  1  =  .37053  X  (460  +  33)  X  IV,  or 

W=   .,r,.}t^  ....  =-0806383  lb.     Ans. 
.370o3  X493 

If  the  pressure  be  taken  as  14.69856  pounds  per  square  inch,  and  the 

absolute  zero  as  459.4°,  instead  of  460'  below  zero,  and  if  .370514  be 

used,  instead  of  .37053,  more  exact  values,  the  weight  of  1  cubic  foot 

t   1    1  14.69856  /^^/^,~.->    ,,  , 

would  be  „^,,^  . , ,^.   ,    =■  .08073  lb.,  nearly. 

.370ol4  X  491.4  ^ 

Example. — What  is  the  exact  volume  of  1  pound  of  air  at  a  temper- 
ature of  33",  and  at  a  pressure  of  one  atmosphere  ?  Take  absolute  zero 
at  459.4,  and  the  pressure  as  14.69856  pounds  per  square  inch. 

Solution.—    /  F=  .370514  IVT,    or    1469856  X  F=  .370514  X  1  X 

,1^,^  A       ooN       Tr       .370514x491.4       . -.  ^n- 

(459.4  +  33).      V= ,,  ^C:^^ =  13.387  cu.  ft.     Ans. 

14.D9b5o 

1 058.  If  in  the  formula pV=  . 37052  W T,  both  sides  of 
the  equation  be  divaded  by    T  (which,  of  course,  does  not 

alter  the  equality),  there  results  the  expression  -^  =  .37052 

W.     Let  /j,  Fj  and  T^  represent  the  pressure,  volume  and 
temperature  of  the   same  weight   of   air  in  another   state; 

then,/^F,  =  .  37052  TFT^.     Dividing  both  sides  by   T^,  ^-^ 

1 

=  .  37052  PF.     Therefore,  since  -^  and  ^-4^  are  equal  to  the 

same  thing  (i.  e.,. 37052 TF),  they  are  equal  to  each  other, 
and 

~Y~^T^  (62.) 

This  very  important  formula  is  the  complete  expression 
of  Gay-Lussac's  law,  and  is  true  for  any  of  the  so-called  per- 
manent gases.  It  was  from  this  formula  that  formulas  58 
and  59  were  derived.     Thus,  let  the  pressure  be  constant; 

then,,.,.,anaf=i^,o.r..ni.r(l|^.). 

pv 

Similarly,  letting  the  volume  be  constant,  F=  F,,  and  '^ 
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py  _^^  ,   _  IT\  -_p{^^^y      So,  also,  by  letting  the 


temperature  be  constant,  T—T^   and  ^  =  A^,  or /F  = 
p^  J\,  which  is  the  same  as  formula  53. 

1 059.  In  formulas  53,  62,  63,  and  64,  it  matters  not 
with  what  units  the  pressures  and  volumes  are  measured, 
except  that  they  must  be  the  same  throughout  the  same 
example,  and  the  pressures  must  always  be  absolute  pressures. 


EXAMPLES    FOR    PRACTICE. 

1.  A  vessel  contains  25  cubic  feet  of  gas  at  a  pressure  of  18  pounds 
per  square  inch ;  if  125  cubic  feet  of  gas  having  the  same  pressure  are 
forced  into  the  vessel,  what  will  be  the  resulting  pressure? 

Ans.  108  lb.  per  sq.  in. 

2.  A  pound  of  air  has  a  temperature  of  126°,  and  a  pressure  of  1 
atmosphere;  what  volume  does  it  occupy?  Ans.   14.77  cu.  ft. 

3.  The  volume  of  steam  in  the  cylinder  of  a  steam  engine  at  cut-off 
is  1.35  cubic  foot,  and  the  pressure  is  85  pounds  per  square  inch;  if  the 
pressure  at  the  end  of  the  stroke  is  25  pounds  per  square  inch,  what  is 
the  new  volume?  Ans.  4.59  cu.  ft. 

4.  A  certain  quantity  of  air  has  a  volume  of  26.7  cubic  feet,  a  pres- 
sure of  19.3  pounds  per  square  inch,  and  a  temijerature  of  42°;  what  is 
the  weight?  Ans.  2.77  1b. 

5.  A  receiver  contains  180  cubic  feet  of  gas  at  a  pressure  of  20 
pounds  per  square  inch ;  if  a  vessel  holding  12  cubic  feet,  to  be  filled 
from  the  receiver  until  its  pressure  is  20  pounds  per  square  inch,  what 
will  be  the  pressure  in  the  receiver?  Ans.   18|  lb.  per  sq.  in. 

6.  10  cubic  feet  of  air  having  a  pressure  of  22  pounds  per  square 
inch,  and  a  temperature  of  75°,  are  heated  until  the  temperature  is  300° ; 
the  volume  remaining  the  same,  what  is  the  new  pressure? 

Ans.   31.25  lb.  per  sq.  in. 

7.  If  a  spherical  shell  whose  outside  diameter  is  18  inches,  has  a  part 
of  the  air  vathin  it  removed  until  the  pressure  is  5  pounds  per  square 
inch,  what  is  the  total  pressure  due  to  the  atmosphere  tending  to  crush 
the  shell?  Ans.  9,873.421b. 

THE    MIXING    OF    GASES. 
1060.     If  two  liquids  which  do  not  act  chemically  upon 
each  other  are  mixed  together  and  allowed  to  stand,   it  will 
be  found  that  after  a  time  the  two  liquids  have  separated, 
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and  that  the  heavier  has  fallen  to  the  bottom.  If  two  equal 
vessels,  containing  gases  of  different  densities,  be  put  in  com- 
munication with  each  other,  they  v/ill  be  found  to  have 
mixed  in  equal  proportions  after  a  short  time.  If  one  vessel 
be  higher  than  the  other,  and  the  heavier  gas  be  in  the 
lower  vessel,  the  same  result  will  occur.  The  greater  the 
difference  of  the  densities  of  the  two  gases,  the  quicker  they 
will  mix.  It  is  assumed  that  no  chemical  action  takes  place 
between  the  two  gases.  When  the  two  gases  have  the  same 
temperature  and  pressure,  the  pressure  of  the  mixture  will 
be  the  same;  this  is  evident,  since  the  total  volume  has  not 
been  changed,  and  unless  the  volume  or  temperature 
changes,  the  pressure  cannot  change.  This  property  of  the 
mixing  of  gases  is  a  very  valuable  one,  since,  if  they  acted 
like  liquids,  carbonic  acid  gas  (the  result  of  combustion), 
which  is  2^  times  as  heavy  as  air,  would  remain  next  to  the 
earth,  instead  of  dispersing  into  the  atmosphere,  the  result 
being  that  no  animal  life  could  exist. 

1061.  Mixtures  of  Equal  Volumes  of  Gases 
Having  Unequal  Pressures. — If  two  gases  having  equal 
volumes  and  temperatures,  but  different  pressures,  be  mixed 
in  a  vessel  zvhose  volume  equals  one  of  the  equal  volumes  of 
t lie  gas,  the  pressure  of  the  mixture  will  be  equal  to  tJie  sum 
of  the  tivo  pressures,  provided  that  the  temperature  remains 
the  same  as  before. 

Example. — Two  vessels  containing  3  cubic  feet  of  gas,  each  at  a 
temperature  of  60^,  and  subjected  to  pressures  of  40  pounds  and  25 
pounds  per  square  inch,  respectively,  are  placed  in  communication 
with  each  other,  and  all  the  gas  is  compressed  into  one  vessel.  If  the 
temperature  of  the  mixture  is  also  60^  what  is  the  pressure  ? 

Solution. — According  to  the  rule  just  given,  the  pressure  will  be 
40  +  25  =  65  pounds  per  square  inch.  This  may  be  proven  by  applica- 
tions of  Mariotte's  law ;  thus,  compress  the  gas  whose  pressure  is  25 
pounds  per  square  inch  until  its  pressure  is  40  pounds ;  its  volume  may 
be  found  thus:  pv  =pi'Ui,  or  25x3  =  40X'Z';  whence,  7/ =  1.875 
cubic  feet.  Let  communication  be  established  between  the  two 
vessels,  the  pressure  will  evidently  be  40  pounds  and  the  total  volume 
3  -1-  1.875  =  4.875  cubic  feet.  If  this  be  compressed  until  the  volume  is 
3  cubic  feet,  the  temperature  remaining  at  60^  throughout  the  whole 
operation,  the  final  pressure  may  be  found  by  formula  53,^  v  —pi  Vi. 
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Thus,  40  X  4.875  ^pxY.  3,  and/,  = "    '     =  65  pounds  per  square 

o 

inch,  as  before. 

1062.  Mixture  of  Taivo  Gases  Having  Unequal 
Volumes  and  Pressures. 

Let  V  and  /  be  the  volume  and  pressure,  respectively,  of 
one  of  the  gases. 

Let  v^  and/j  be  the  volume  and  pressure,  respectively,  of 
the  other  gas. 

Let  V  andP  be  the  volume  and  pressure,  respectively,  of 
the  mixture.      Then,  if  the  temperature  remains  the  same, 

VP^vp^vJ^.  (63.) 

That  is,  if  the  temperature  is  constant,  the  volume  after 
mixture,  multiplied  by  the  resulting  pressure,  equals  the  vol- 
ume of  one  gas  before  mixture  multiplied  by  its  pressure,  plus 
the  volume  of  the  other  gas  multiplied  by  its  pressure. 

Example. — Two  gases  of  the  same  temperature,  having  volumes  of 
7  cubic  feet  and  A:\  cubic  feet,  and  whose  pressures  are  27  pounds  and 
18  pounds  per  square  inch,  respectively,  are  mixed  together  in  a  vessel 
whose  volume  is  10  cubic  feet.  The  temperature  of  the  two  gases  and 
of  the  mixture  being  60'  F.,  what  is  the  resulting  pressure  ? 

SoLUTiox.— Applying  formula  63,  P  V  =  pv  +  piVi,  or  P  X  10  = 

1 8Q  -1-  81 
27  X  7  +  4^  X  18.     Hence,  P  =        Z       =  27  lb.  per  sq.  in.     Ans. 

1063.  Mixture  of  Two  Volumes  of  Air  Having 
Unequal  Pressures,  Volumes,  and  Temperatures. 

If  a  body  of  air  having  a  temperature  /,,  a  pressure  p^, 
and  a  volume  v^  be  mixed  with  another  volume  of  air  having 
a  temperature  t^,  a  pressure  p^,  and  a  volume  v^,  to  form  a 
volume  V  having  a  pressure  P  and  a  temperature  /,  then, 
either  the  new  temperature  /,  the  new  volume  F,  or  the  new 
pressure  P  may  be  foimd,  if  the  other  two  quantities  are 
known,  by  the  following  formula,  in  which  T^,  T„,  and  7^  are 
the  absolute  temperatures  corresponding  to  /,,  t^,  and  t\ 

/^F=[^  +  A!l]r.  (64.) 
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Example. — Five  cubic  feet  of  air  having  a  tension  of  30  pounds  per 
square  inch,  and  a  temperature  of  80°  F.,  are  required  to  be  compressed 
together  with  11  cubic  feet  of  air  having  a  tension  of  21  pounds  per 
square  inch,  and  a  temperature  of  45°  F.,  in  a  vessel  whose  cubical 
contents  are  8  cubic  feet.  The  new  pressure  is  required  to  be  45 
pounds  per  square  inch.     What  is  the  temperature  of  the  mixture  ? 

Solution. — Substituting  in  formula  64, 


45  X  8 


^rjli^-f-     505      1  ^    '^'  ^^  ^^^  ^  •''^^^   ■^-     ^^^c^'  ^  = 


^'50    =  489.66°,  nearly,  and  /  =  29.66°.     Ans. 


.7352 


EXAMPLES   FOR   PRACTICE. 

1.  Two  vessels  contain  air  at  pressures  of  60  and  83  pounds  per 
square  inch.  Tlie  volume  of  each  vessel  is  8.47  cubic  feet.  If  all  of 
the  air  in  both  vessels  is  removed  to  another  vessel,  and  the  new 
pressure  is  100  pounds  per  square  inch,  what  is  the  volume  of  the 
vessel,  the  temperature  being  the  same  throughout  ? 

Ans.  12.11  cu.  ft. 

2.  A  vessel  contains  11.83  cubic  feet  of  air  at  a  pressure  of  33.3 
pounds  per  square  inch.  It  is  desired  to  increase  the  pressure  to 
40  pounds  per  square  inch  by  supplying  air  from  a  second  vessel  which 
contains  19.6  cubic  feet  of  air  at  a  pressure  of  60  pounds  per  square 
inch.  What  will  be  the  pressure  in  the  second  vessel  after  the  pressure 
in  the  first  has  been  raised  to  40  pounds  per  square  inch  ? 

Ans.  55.96  lb.  per  sq.  in. 

3.  If  4.8  cubic  feet  of  air  having  a  tension  of  52  pounds  per  square 
inch  and  a  temperature  of  170°  are  mixed  with  13  cubic  feet  having  a 
tension  of  78  pounds  per  square  inch  and  a  temperature  of  265°,  what 
must  be  the  volume  of  the  vessel  containing  the  mixture  in  order  that 
the  tension  of  the  mixture  may  be  30  pounds  per  square  inch  and  the 
temperature  80°  ?  Ans.  32.31  cu.  ft. 

PNEUMATIC  MACHINES. 


THE    AIR    PUMP. 

1064.  The  air  pump  is  an  instrument  for  removing 
air  from  an  enclosed  space.  A  section  of  the  principal  parts 
is  shown  in  Fig.  192,  and  the  complete  instrument  in  Fig. 
193.  The  closed  vessel  R  is  called  the  receiver,  and  the 
space  which  it  encloses  is  that  from  which  it  is  desired  to  re- 
move the  air.     The  receiver  is  visvially  made  of  glass,   and 
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the  edges  are  ground  so  as  to  be  perfectly  air-tight.     When 
made  in  the  form  shown,  it  is  called  a  bell  jar  receiver. 


Fig.  192. 
The  receiver  rests  upon  a  horizontal  plate  in  the  center  of 
which  is  an  opening  communicating  with  the  pump  cylinder 

C  by  means  of  a  bent 
tube  /.  The  pump  pis- 
ton fits  the  cylinder  ac- 
curately, and  has  a  valve 
V  opening  upwards. 
At  the  junction  of  the 
tube  with  the  cylinder 
is  another  valve  Falso 
opening  upwards.  When 
the  piston  is  raised  the 
valve  V  closes,  and, 
since  no  air  can  get  into 
the  cylinder  from  above, 
the  piston  leaves  a  vac- 
uum behind  it.  The 
pressure  on  top  of  V 
being  now  removed,  the 
tension  of  the  air  in  the 
Fig.  i'J3.  receiver  R  causes  V  to 

rise ;  the  air  in  the  receiver  then  expands  and  occupies  the 
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space  displaced  by  the  piston,  the  space  in  the  tube  /  and  in 
the  receiver  7?.  The  piston  is  now  pushed  down,  the  valve  V 
closes,  the  valve  l^'  opens,  and  the  air  in  C  escapes.  The 
lower  valve  Vis  sometimes  supported,  as  shown  in  Fig.  192, 
by  a  metal  rod  passing  through  the  piston  and  fitting  it  some- 
what tightly.  When  the  piston  is  raised  or  lowered,  this  rod 
moves  with  it.  A  button  near  the  upper  end  of  the  rod  con- 
fines its  motion  to  within  very  narrow  limits,  the  piston 
sliding  upon  the  rod  during  the  greater  part  of  the  journey. 

1065.  Degrees  and  Limits  of  Exhaustion. — Sup- 
pose that  the  volume  of  R  and  /  together  is  four  times  that 
of  C,  and  that  there  are,  say,  200  grains  of  air  in  R  and  /,  and 
50  grains  in  C,  when  the  piston  is  at  the  top  of  the  cylinder. 
At  the  end  of  the  first  stroke,  when  the  piston  is  again  at 
the  top,  50  grains  of  air  in  the  cylinder  C  will  have  been  re- 
moved, and  the  200  grains  in  R  and  /  will  occupy  the  spaces 
R,  /,  and  C.  The  ratio  between  the  sum  of  the  spaces  R  and 
t  and  the  total  space  R-{-t-\-C  i'^  ^',  hence,  200  X -f  =  160 
grains  =  the  weight  of  air  in  R  and  /  after  the  first  stroke. 
After  the  second  stroke,  the  weight  of  the  air  in  R  and  / 
would  be  (200  X  |-  X  -f  =200  X  {ff  =  200  X  if  =  128  grains. 
At  the  end  of  the  third  stroke,  the  weight  would  be  [200  X 
HY]  X  i  =  200  X  ay  =  200  X  t¥t  =  102.4  grains.  At  the 
end  of  u  strokes,  the  weight  would  be  200  X  (|)".  It  is 
evident  that  //  is  impossible  to  remove  all  of  the  air  that  is 
contained  iji  R  and  t  by  this  method.  It  requires  an  exceed- 
ingly good  air  p;;mp  to  reduce  the  tension  of  the  air  in  R  to 
-^  of  an  inch  of  mercury.  When  the  air  has  become  so 
rarefied  as  this,  the  valve  V  will  not  lift,  and,  consequently, 
no  more  air  can  be  exhausted. 

1066.  Sprengel's  Air  Pump. — In  Fig.  194,  c  d  is  a. 
glass  tube  longer  than  30  inches,  open  at  both  ends,  and 
connected  by  means  of  India  rubber  tubing  with  a  funnel 
A  filled  with  mercury  and  supported  by  a  stand.  Mercury 
is  allowed  to  fall  into  this  tube  at  a  rate  regulated  by  a  clamp 
at  c.     The  lower  end  of  the  tube  e  d  fits  in  the  flask  B,  which 
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has  a  spout  at  the  side  a  little  higher  than  the  lower  end  of 
c  d\  the  upper  part  has  a  branch  at  x  to  which  a  receiver 
R  can  be  tightly   fixed.     When    the    clamp  at  c  is  opened 

the    first    portions    of    the 


mercury  which  run  out 
close  the  tube  and  prevent 
air  from  entering  from 
below.  These  drops  of 
mercury  act  like  little  pis- 
tons, carrying  the  air  in 
front  of  them  and  forcing 
it  out  through  the  bot- 
tom of  the  tube.  The  air 
in  R  expands  to  fill  the 
tube  every  time  that  a 
drop  of  mercury  falls,  thus 
creating  a  partial  vacuum 
in  R,  which  becomes  more 
nearly  complete  as  the 
process  goes  on.  The  es- 
caping mercury  falls  into 
the  dish  H,  from  Avhich  it 
can  be  poured  back  into  the 
funnel  from  time  to  time. 
As  the  exhaustion  from  R 
goes  on,  the  mercury  rises 
in  the  tube  c  d  until,  when 
the  exhaustion  is  complete, 
it  forms  a  continuous  col- 
umn 30  inches  high;  in 
other  words,  it  is  a  barom- 
eter, whose  Torricellian 
^'^-  ^^-  vacuum  is  the  receiver  R. 

This  instrument  necessarily  requires  a  great  deal  of  time  for 
its  operation,  but  the  results  are  very  complete,  a  vacuum  of 
xswo  of  ^1^  i^ch  of  mercury  being  sometimes  obtained.  By 
use  of  chemicals  in  addition  to  the  above,  a  vacuum  of 
6T0W0  of  an  inch  of  mercury  has  been  obtained. 
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1067.  Note. — A  theoretically  perfect    vacuum    is    sometimes 
called  a  Torricellian  vacuum. 

1068.  Magdeburg  Hemisplieres. — By  means  of 
the  two  hemispheres  shown  in  Fig.  195,  it  can  be  proven 
that  the  atmosphere  presses  upon  a  body  equally  in  all  direc- 
tions. They  were  invented  by  Otto  Von  Guericke,  of 
Magdeburg,  and  are  called  the  Magde- 
burg hemispheres.  One  of  the  hem- 
ispheres is  provided  with  a  stop-cock,  by 
which  it  can  be  screwed  on  to  an  air 
pump.  The  edges  fit  accurately  and  are 
well  greased,  so  as  to  be  air-tight.  As 
long  as  the  hemispheres  contain  air,  they 
can  be  separated  with  ease ;  but  when  the 
air  in^  the  interior  is  pumped  out  by 
means  of  an  air  pump,  they  can  be  sepa- 
rated only  with  great  difficulty.  The 
force  required  to  separate  them  will  be 
equal  to  the  area  of  the  largest  circle  of 
the  hemisphere  (projected  area)  in  square 
inches,  multiplied  by  14. 7  pounds. 

This  force  will  be  the  same  in  whatever 
position    the    hemisphere    may   be    held, 
thus  proving  that  the  pressure  of  air  upon  it  is  the  same  in 
all  directions. 


Fig.  195. 


1069.  The  W^eight  Lifter.— The  pressure  of  the 
atmosphere  is  very  clearly  shown  by  means  of  an  apparatus 
like  that  illustrated  in  Fig.  196.  Here,  a  cylinder  fitted 
with  a  piston  is  held  in  suspension  by  a  chain.  At  the  top  of 
the  cylinder  is  a  plug  A,  which  can  be  taken  out.  This 
plug  is  removed,  the  piston  pushed  up  (the  force  necessary 
being  equal  to  the  weight  of  the  piston  and  rod  B)  until 
it  touches  the  cylinder  head.  The  plug  is  then  screwed  in, 
and  the  piston  will  remain  at  the  top  until  a  weight  has  been 
hung  on  the  rod  equal  to  the  area  of  the  piston,  multiplied 
by  14.7  pounds,  less  the  weight  of  the  piston  and  rod.  If 
a  force  was  applied  to  the  rod  sufficiently  great  to  force  the 
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piston  downwards,  it  would  raise  any  weight  less  than  the 
above  to  the  top  of  the  cylinder.  Suppose  the  weight  to 
be  removed,  and  the  piston  to  be  supported,  say  midway 
of  the  length  of  the  cylinder.  Let  the  plug  be  removed  and 
air  admitted  above  the  piston,  then  screw  the  plug  back 
into  its  place ;  if  the  piston  be  shoved  upwards,  the  farther 
up  it  goes,  the  greater  will  be  the  force 
necessary  to  push  it,  on  account  of  the  com- 
pression of  the  air.  If  the  piston  is  of 
large  diameter,  it  will  also  require  a  great 
force  to  pull  it  out  of  the  cylinder,  as  a  little 
consideration  will  show.  For  example,  let 
the  diameter  of  the  piston  be  20  inches,  the 
length  of  the  cylinder  36  inches,  plus  the 
thickness  of  the  piston,  and  the  weight  of 
the  piston  and  rod  100  pounds.  If  the  pis- 
ton is  in  the  middle  of  the  cylinder,  there 
will  be  18  inches  of  space  above  it,  and  18 
inches  of  space  below  it.  The  area  of  the 
piston  is  20*  X  .7854  =  314.16  square  inches, 
and  the  atmospheric  pressure  upon  it  is 
.314.16  X  14.7  =  4,618  pounds,  nearly.  In 
order  to  shove  the  piston  upwards  9  inches, 
the  pressure  upon  it  must  be  twice  as  great, 
or  9,236  pounds,  and  to  this  must  be  added 
the  weight  of  the  piston  and  rod,  or 
9,236  +  100  =  9,336  pounds.  The  force 
necessary  to  cause  the  piston  to  move  up- 
wards 9  inches  would  then  be  9,336  —  4,61^ 
=  4,718  pounds.  Now,  suppose  the  piston 
to  be  moved  downwards  until  it  is  just  on  the 
pulled  out  of    the   cylinder.     The   volume 


Fig.  19(J. 
point  of   being 

above  it  will  then  be  twice  as  great  as  before,  and  the  pres- 
sure one-half  as  great,  or  4,618  -^  2  =  2,309  pounds.  The 
total  upward  pressure  will  be  the  pressure  of  the  atmosphere 
less  the  weight  of  the  piston  and  rod,  or  4,618  —  100  =  4,518 
pounds,  and  the  force  necessary  to  pull  it  downwards  to  this 
point  will  be  4,518  —  2,309  =  2,209  pounds. 
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1070.  The  Baroscope. — The  buoyant  effect  of  air  is 
very  clearly  shown  by  means  of  an  instrument  called  the 
baroscope,  shown  in  Fig.  197. 
It  consists  of  a  scale  beam,  from 
one  extremity  of  which  is  sus- 
pended a  small  weight,  and  from 
the  other  a  hollow  copper  sphere. 
In  air  they  exactly  balance  each 
other ;  but  Avhen  placed  under  the 
receiver  of  an  air  pump  and  the 
air  exhausted,  the  sphere  sinks, 
showing  that  it  is  really  heavier 
than  the  small  weight.  Before 
the  air  is  exhausted,  each  body 
is  buoyed  up  by  the  weight  of 
the  air  it  displaces,  and  since  the  fig.  197. 

sphere  displaces  the  most  air,  it  loses  more  weight  by  reason 
of  this  displacement  than  the  small  weight.  Suppose  that 
the  volume  of  the  sphere  exceeds  that  of  the  weight  by  10 
cubic  inches;  the  weight  of  this  volume  of  air  is  3.1  grains. 
If  this  weight  be  added  to  the  small  weight,  it  will  overbal- 
ance the  sphere  in  air,  but  will  exactly  balance  it  in  a 
vacuum. 


AIR    COMPRESSORS. 

1071.  For  many  purposes  compressed  air  is  preferable 
to  steam  or  other  gas  for  use  as  a  motive  power.  In  such 
cases  air  compressors  are  used  to  compress  the  air.  These 
are  made  in  many  forms,  but  the  most  common  one  is  to 
place  a  cylinder,  called  the  air  cylinder^  in  front  of  the  cross- 
head  of  a  steam  engine,  so  that  the  piston  of  the  air  cylinder 
can  be  driven  by  attaching  its  piston  rod  to  the  cross-head, 
in  a  inanner  similar  to  a  steam  pump.  A  cross-section  of 
the  air  cylinder  of  a  compressor  of  this  kind  is  shown  in  Fig. 
198,  in  which  A  is  the  piston  and  B  is  the  piston  rod,  driven 
by  the  cross-head  of  a  steam  engine  not  shown  in  the  figure. 
Both  ends  of  the  lower  half  of  the  cylinder  are  fitted  with 
inlet   valves   D  and  D\  which  allow   the   air   to  enter  the 
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cylinder,  and  both  ends  of  the  upper  half  are  fitted  with 
discharge  valves  F  and  F\  which  allow  the  air  to  escape 
from  the  cylinder  after  it  has  been  compressed  to  the 
required  pressure. 

Suppose  the  piston  A  to  be  moving  in  the  direction  of  the 
arrow;  then  the  inlet  valves  D  in  the  left-hand  end  of  the 
cylinder  from  which  the  piston  is  moving  will  be  forced 
inwards  by  the  pressure  of    the    atmosphere,  which    over- 


FlG.  198. 


comes  the  resistance  of  the  light  spring  C,  thus  allowing 
the  air  to  flow  in  and  fill  the  cylinder.  On  the  other  side  of 
the  piston,  the  air  is  being  compressed,  and,  consequently, 
it  acts  with  the  springs  S  to  force  the  inlet  valves  D'  in  the 
right-hand  end  of  the  cylinder  to  their  seats.  In  the  right- 
hand  end  of  the  cylinder,  the  discharge  valves  F'  are 
opened  when  the  pressure  of  the  air  in  the  cylinder  is  great 
enough  to  overcome  the  resistance  of  the  light  springs  E' 
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and  the  tension  of  the  air  in  the  passages  leading  to  the 
discharge  pipe  H,  and  the  discharge  valves  F  are  pressed 
against  their  seats  by  the  springs  E  and  the  tension  of  the 
air  in  the  passages.  Suppose  it  is  desired  to  compress  the 
air  to  59  pounds  per  square  inch,  and  we  wish  to  find  at  what 
point  of  the  stroke  the  discharge  valves  will  open.  Now, 
59  pounds  per  square  inch  equals  a  pressure  of  4  atmospheres, 
very  nearly ;  hence,  when  the  pressure  in  the  cylinder  be- 
comes great  enough  to  force  air  out  through  the  discharge 
valves,  the  volume  must  be  one-quarter  of  the  volume  at 
atmospheric  pressure,  or  the  valves  will  open  when  the  pis- 
ton has  traveled  three-quarters  of  its  stroke,  provided  the 
air  be  compressed  at  constant  temperature. 

The  air,  after  being  discharged  from  the  cylinder,  passes 
out  through  the  delivery  pipe  77,  and  from  thence  is  con- 
veyed to  its  destination.  It  was  shown  in  the  early  part  of 
this  paper  that  when  air  or  any  other  gas  was  compressed 
its  temperature  was  increased.  For  high  pressures  this  in- 
crease of  temperature  becomes*  a  serious  consideration,  for 
two  reasons:  1st.  When  the  air  is  discharged  at  a  high 
temperature,  the  pressure  falls  considerably  when  it  has 
cooled  down  to  its  normal  temperature,  and  this  represents 
a  serious  loss  in  the  economical  working  of  the  machine. 
2d.  The  alternate  heating  and  cooling  of  the  compressor 
cylinder  by  the  hot  and  cold  air  is  very  destructive  to  it, 
and  increases  the  wear  to  a  great  extent.  To  prevent  the 
air  from  heating,  cooling  devices  are  resorted  to,  the  most 
common  one  being  the  so-called  w^ater  jacket.  This  is 
effected  in  the  following  manner:  The  cylinder  walls  are 
hollow,  as  shown  in  the  cut;  the  cold  water  enters  this 
hollow  space  in  the  cylinder  wall  through  the  pipe  K  K,  and 
flows  around  the  cylinder,  finally  passing  out  through  the 
discharge  pipe  L.  The  water  tends  to  keep  the  cylinder 
walls  cold,  and  these  cool  the  air  as  it  is  compressed. 

1072.     The     Cartesian     Diver.  —  The     instrument 

shown  in  Fig.  199,  called  the  cartesian  diver,  illustrates 
the  elasticity  of  air  and  the  transference  of  pressure  in  all 
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directions  in  water.      It  consists  of  a  glass  jar  filled  with 
water,  having  a  rubber  bulb  at  the  top  filled  with  air.     The 

image    in  the  jar  is  made  of  glass   and 
is  hollow,  the  weight  being  less  than  an 
equal  volume  of  water,  so  that  it  will 
float  at  the  top  of  the  jar.     The  tail  of 
the  image  has  a   hole  in  it,   the  water 
being    prevented    from    getting    inside 
of  the  image  by  the  tension  of   the  air 
within  it.      If  the  bulb  be  squeezed,  the 
air  in  it  will  be  forced  out,   creating  a 
pressure   upon  the  water  which,    being 
transferred  in  all  directions,  causes  the 
water  to  flow  into 
the  tail  of  the  im- 
age, compressing 
the  air  inside,  and 
thus  causing  it  to 
fall  to  the  bottom 
of  the  jar.   When 
the    bulb    is    re- 
leased,    the     air  ^ 
Fig.  199.  flows  back  into  it; 

the  pressure  upon  the  water  is  re- 
moved, the  air  within  the  image  ex- 
pands ;  the  image,  again  becoming 
lighter  than  water,  rises  to  the  top 
of  the  jar. 

1073.    Hero's  Fountain.— He- 
ro's fountain  derives  its  name  from 
its     inventor,    Hero,    who     lived    at 
Alexandria  120  B.  C.    It  is  shown  in 
Fig.  200.      It  depends  for  its  opera- 
tion upon  the  elastic  properties 
of  air.    It  consists  of  a  brass  dish 
A,  and  two  glass  globes  B  and 
C  The  dish  communicates  with  fig.  aoo. 
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the  lower  part  of  the  globe  C  hy  a  long  tube  D,  and  another 
tube  E  connects  the  two  globes.  A  third  tube  passes 
through  the  dish  A  to  the  lower  part  of  the  globe  B.  This 
last  tube  being  taken  out,  the  globe  B  is  partially  filled 
with  water;  the  tube  is  then  replaced  and  water  is  poured 
into  the  dish.  The  water  flows  through  the  tube  D  into  the 
lower  globe,  and  expels  the  air,  which  is  forced  into  the  up- 
per globe.  The  air  thus  compressed  acts  upon  the  water 
and  makes  it  jet  out  through  the  shortest  tube,  as  repre- 
sented in  the  figure.  Were  it  not  for  the  resistance  of  the 
atmosphere  and  friction,  the  water  would  rise  to  a  height 
above  the  water  in  the  dish  equal  to  the  difference  of  the 
level  of  the  water  in  the  two  globes. 


THE  SIPHON. 
1074,  The  action  of  the  siphon  illustrates  the  effect 
of  atmospheric  pressure.  It  is  simply  a  bent  tube  of 
unequal  branches,  open  at  both  ends,  and  is  used  to  convey 
a  liquid  from  a  higher  point  to 
a  lower,  over  an  intermediate 
point  higher  than  either.  In 
Fig.  201,  A  and  B  are  two  ves- 
sels, B  being  lower  than  A,  and 
A  C  B  is  the  bent  tube  or  si- 
phon. Suppose  this  tube  to  be 
filled  with  water  and  placed  in 
the  vessels,  as  shown,  with  the 
short  branch  A  C  in  the  vessel 
A.  The  water  will  flow  from 
the  vessel  A  into  B,  so  long  as 
the  level  of  the  water  in  B  is 
below  the  level  of  the  water  in 
A,  and  the  level  of  the  water  in 
A  is  above  the  lower  end  of  the 
tube  A    C.       The  atmospheric  Fig.  201. 

pressure  upon  the  surfaces  of  A  and  B  tends  to  force  the 
water  up  the  tubes  A  C  and  B  C.  When  the  siphon  is  filled 
with  water,  each  of  these  pressures  is  counteracted  in  part  by 
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the  pressure  of  the  water  in  that  branch  of  the  siphon  which 
is  immersed  in  the  water  upon  which  the  pressure  is  exerted. 
The  atmospheric  pressure  opposed  to  the  weight  of  the 
longer  column  of  water  will,  therefore,  be  more  resisted 
than  that  opposed  to  the  weight  of  the  shorter  column ;  con- 
sequently, the  pressure  exerted  upon  the  shorter  column 
will  be  greater  than  that  upon  the  longer  column,  and  this 
excess  pressure  will  produce  motion. 

Let  A  =  the  area  of  the  tube  in  square  inches. 

h  ^^  D  C  ■=  the  vertical  distance  in  inches  between  the 
surface  of  the  water  in  B  and  the  highest 
point  of  the  center  line  of  the  tube. 
h^^^  E  C  ^^  the  distance  in  inches  between  the  surface 
of  the  water  in  A  and  the  highest  point  of 
the  center  line  of  the  tube. 

The  weight  of  the  water  in  the  short  column  is  .03G17  A  h^, 
and  the  resultant  atmospheric  pressure,  tending  to  force  the 
water  up  the  short  column,  is  14. 7  X  ^  —  .03617  A  //,. 
The  weight  of  the  water  in  the  long  column  is  .03617  A  h, 
and  the  resultant  atmospheric  pressure,  tending  to  force 
the  water  up  the  long  column,  is  14.7  A  —  .03617  A  h. 
The  difference  between  thesd  two  is  (14.7  A  —  .03617^  //,) 
-  (14.7^  -  .03617  A  h)  =  .03617  A{/i  -  //,).  But  k  -  h^ 
z=  E  D  =^  the  difference  between  the  levels  of  the  water  in 
the  two  vessels.  To  find  the  discharge  from  a  siphon,  use 
the  difference  h  —  7/^,  reduced  to  feet,  as  the  head,  and  the  total 
length  of  the  siphon  between  the  two  water  levels,  as  the 
length  of  the  pipe ;  the  discharge  may  then  be  calculated  by 
formula  50,  Art.  1032. 

It  will  be  noticed  that  the  short  column  must  not  be 
higher  than  34  feet  for  water,  or  the  siphon  will  not  work, 
since  the  pressure  of  the  atmosphere  will  not  support  a 
column  of  water  that  is  higher  than  34  feet;  28  feet  is  con- 
sidered to  be  the  greatest  height  for  which  a  siphon  will 
work  well. 

1075.  Intermittent  Springs. — Sometimes  a  spring 
is  observed  to  flow  for  a  time  and  then  cease;  then,  after  an 
interval,  to  flow  again  for  a  time.     The  generally  accepted 
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explanation  of  this  is  that  there  is  an  underground  reservoir 
fed  with  water  through  fissures  in  the  earth,  as  shown  in 
Fig.  302.  The  outlet  for  the  water  is  shaped  like  a  siphon, 
as  shown.  When  the  water  in  the  reservoir  reaches  the  same 
height  as  the  highest  point  of  outlet,  it  flows  out  until  the 


Fig.  202. 
level  of  the  water  in  the  reservoir  falls  below  the  mouth  of 
the  siphon,  the  water  flowing  out  of  the  reservoir  faster  than 
it  is  supplied  to  it.  This  flow  then  ceases  until  the  water  in 
the  reservoir  has  again  reached  the  level  of  the  highest  point 
of  the  siphon. 


THE  INJECTOR. 

1076.  A  section  of  an  injector  is  shown  in  Fig.  203. 
There  are  many  different  kinds  of  these  instruments,  but  the 
principle  is  the  same  in  all.  When  they  are  used  for  lifting 
water  from  a  point  below  the  discharge  orifice  and  forcing  it 
into  the  boiler  of  a  steam  engine  or  locomotive,  they  depend 
for  their  lifting  action  upon  the  creation  of  a  partial  vacuum 
by  the  action  of  steam.  In  the  injector  shown  in  Fig.  203, 
F  is  the  connection  for  the  steam  pipe  from  the  boiler,  P  is 
the  connection  for  the  pipe  from  the  water  supply,  N  is  the 
connection  to  which  the  discharge  pipe  leading  to  the  boiler 
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is  attached,  and  the  waste  water  and   steam  are  discharged 
through  the  overflew  nozzle  O. 

The  method  of  operation  is  as  follows:  The  valve  B  is 
first  opened  by  turning  the  wheel  W;  the  primer  valve  R  is 
then  opened  by  the  handle  y,  thus  permitting  steam  to  flow 
through  the  passage  E  and  a  connection,  not  shown  in  the 
figure,  to  the  nozzle  ?{.  From  u  the  jet  of  steam  rushes  out 
through  O.  A  passage  connects  the  chamber  surrounding 
7(  with  the  space  above  the  valve  L.  The  jet  of  steam  from 
«  out  through  O  carries  with   it   the  air  in  the  chamber  to 
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Fig.  203. 


which  O  is  connected,  thus  forming  a  partial  vacuum  in 
the  space  above  L ;  the  air  in  the  passages  D,  C,  G,  //,  K, 
T,  and  in  the  water  pipe  connected  at  P  is  thus  drawn  out 
through  the  valve  L,  and  a  partial  vacuum  is  formed,  which 
permits  the  pressure  of  the  atmosphere  to  force  water 
through  P  until  it  finally  fills  the  passages  and  flows  out 
through  L  and  the  overflow  nozzle  O.  As  soon  as  water 
appears  at  O,  the  valve  P  is  closed  and  the  main  steam 
valve  A  is  opened  by  the  wheel  5,  thus  admitting  steam 
to  the  passages  C,  H,  K.  This  steam  draws  water  from  G 
through  the  opening  surrounding  H  and  discharges  it 
through  K  with  such   a  high   velocity  that   it  rushes  past 
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the    opening    T   into    the    nozzle  M   and    thence    into  the 
boiler. 

THE    LOCOMOTIVE    BLAST. 

1077.  Fig.  204  shows  the  front  end  of  a  locomotive. 
E  is  the  exhaust  pipe,  the  center  of  which  is  directly  in  line 
with  the  center  of  the  smokestack  5.  7",  T  are  the  tubes 
through  Avhich  the  hot  furnace  gases  are  discharged.     The 


Fig.  204. 
exhaust  steam  has  a  pressure  of  about  two  pounds  above  the 
atmosphere,  and  rushes  through  the  exhaust  pipe  E  and  up 
the  smokestack  5  with  a  very  high  velocity,  taking  the  air 
out  with  it,  and  producing  a  partial  vacuum  in  the  space  in 
front  of  the  tubes.  No  air  can  get  in  this  space  except 
through  the  grates  of  the  fire-box ;  consequently,  this  partial 
vacuum  created  in  front  of  the  tubes  as  described  causes  an 
influx  of  air  through  the  grate,  and  produces  the  forced 
draft,  or  blast.  The  faster  the  engine  runs,  the  greater 
the  quantity  of  air  drawn  through  the  grate. 
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PUMPS. 

1078.  The  Suction  Pump. — A  section  of  an  ordi- 
nary suction  pump  is  shown  in  Fig.  205.  Suppose  the  piston 
to  be  at  the  bottom  of  the  cylinder  and  to  be  just  on  the 
point  of  moving  upwards  in  the  direction  of  the  arrow.  As 
the  piston  rises  it  leaves  a  vacuum  behind  it,  and  the  atmos- 
pheric pressure  upon  the  surface  of  the  water  in  the  well 
causes  it  to  rise  in  the  pipe  P,  for  the  same  reason  that  the 
mercury  rises  in  the  barometer  tube.     The  water  rushes  up 


Fig.  205. 

the  pipe  and  lifts  the  valve  V,  filling  the  empty  space  in  the 
cylinder  B  displaced  by  the  piston.  When  the  piston  has 
reached  the  end  of  its  stroke,  the  water  entirely  fills  the 
space  between  the  bottom  of  the  piston  and  the  bottom  of 
the  cylinder  and  also  the  pipe  P.  The  instant  that  the  piston 
begins  its  down  stroke,  the  water  in  the  chamber  B  tends  to 
fall  back  into  the  well,  and  its  weight  forces  the  valve  F^to  its 
seat,  thus  preventing  any  downward  flow  of  the  water.  The 
piston  now  tends  to  compress  the  water  in  the  chamber  B, 
but  this  is  prevented  through  the  opening  of  the  valves  ?/,  n 
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in  the  piston.  When  the  piston  has  reached  the  end  of  its 
downward  stroke,  the  weight  of  the  water  above  closes  the 
valves  n,  ti.  All  the  water  resting  on  the  top  of  the  piston  is 
then  lifted  with  the  piston  on  its  upward  stroke,  and  dis- 
charged through  the  spout  A,  the  valve  V  again  opening, 
and  the  water  filling  the  space  below  the  piston  as  before. 

It  is  evident  that  the  distance  between  the  valve  Fand 
the  surface  of  the  water  in  the  well  must  not  exceed  34  feet, 
the  highest  column  of  water  which  the  pressure  of  the  atmos- 
phere will  sustain,  since  otherwise  the  water  in  the  pipe 
would  not  reach  to  the  height  of  the  valve  V.  In  practice 
this  distance  should  not  exceed  28  feet.  This  is  due  to  the 
fact  that  there  is  a  little  air  left  between  the  bottom  of  the 
piston  and  the  bottom  of  the  cylinder,  a  little  air  leaks 
through  the  valves  which  are  not  perfectly  air-tight,  and  a 
pressure  is  needed  to  raise  the  valve  against  its  weight, 
which,  of  course,  acts  downwards.  There  are  many  vari- 
eties of  the  suction  pump,  differing  principally  in  the  valves 
and  piston,  but  the  principle  is  the  same  in  all. 


1079.  The  Lifting  Pump.— A 
section  of  a  lifting  pump  is  shown 
in  Fig.  206.  These  pumps  are  used 
when  water  is  to  be  raised  to  greater 
heights  than  can  be  done  with  the  or- 
dinary suction  pump.  As  will  be  per- 
ceived, it  is  essentially  the  same  as  the 
pump  previously  described,  except 
that  the  spout  is  fitted  with  a  cock 
and  has  a  pipe  attached  to  it,  leading 
to  the  point  of  discharge.  If  it  is  de- 
sired to  discharge  the  water  at  the 
spout,  the  cock  maybe  opened;  other- 
wise, the  cock  is  closed,  and  the  water 
is  lifted  by  the  piston  up  through  the 
pipe  P'  to  the  point  of  discharge,  the 
valve  c  preventing  it  from  falling  back 
into    the    pump,    and   the    valve     V 
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preventing  the  water  in  the  pump  from  falling  back  into 
the  well.  It  is  not  necessary  that  there 
should  be  a  second  pipe  P\  as  shown  in  the 
figure,  for  the  pipe  P  may  be  continued 
straight  upwards,  as  shown  in  Fig.  207. 


1 080.  In  the  figure  is  shown  a  section  of 
a  lifting  pump  for  raising  water  from  great 
depths,  as  from  the  bottom  of  mines  to  the 
surface.  This  pump  consists  of  a  series  of 
pipes  connected  together,  of  which  the  lower 
end  only  is  shown  in  the  cut.  That  part  of 
the  pipe  included  between  the  letters  y^  and 
B  forms  the  pump  cylinder  in  which  the 
piston  P  works.  That  part  of  the  pipe 
above  the  highest  point  of  the  piston  travel, 
through  which  the  water  is  discharged,  is 
called  the  delivery  pipe,  and  the  part 
below  the  lowest  point  of  the  piston  travel 
is  called  the  suction  pipe.  The  lower  end 
of  the  suction  pipe  is  expanded,  and  has  a 
number  of  small  holes  in  it,  to  keep  out  the 
solid  matter.  (T  is  a  plate  covering  an  open- 
ing, and  which  may  be  removed  to  allow  the 
suction  valve  to  be  repaired.  Z)  is  a  plate 
covering  a  similar  opening  through  which 
the  piston  and  piston  valves  may  be  re- 
paired. The  piston  rod,  or  rather  the  piston 
stem,  is  made  of  wrought  iron,  inserted 
with  wood,  and  connected  Avith  the  piston. 
The  only  limit  to  the  height  to  which  a 
pump  of  this  kind  can  raise  water  is  the 
S  strength  of  the  piston  rod.  Lifting  pumps 
^^  of  this  kind  are  used  to  raise  water  from 


Fig.  307. 


g  great  depths  to  the  earth's  surface;  hence, 

g  a  very  long  piston  rod  is  necessary.     In  the 

S  lifting  pump  shown  in  Fig.  206  the  water  is 

raised  from   a  point  a  few  feet  below  the 
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earth's  surface  to  a  point  considerably  higher.  This  re- 
quires the  piston  rod  to  move  through  a  stufifing-box,  as 
shown  at  S,  and  also  necessitates  the  rod  being  round,  in 
order  that  the  water  may  not  leak  out. 

1081.  Force  Pumps. — The  force  pump  differs  from 
the  lifting  pump  in  several  important  particulars,  but 
chiefly  in  the  fact  that  the  piston  is  solid;  that  is,  it  has  no 
valves.  A  section  of  a  suction  and  force  pump  is  shown  in 
Fig.  208.  The  water  is  drawn  up  the  suction  pipe  as  before, 
when  the  piston  rises;  but  when  the  piston  reverses,  the 
pressure  on  the  water  caused  by  the  descent  of  the  piston 


Pig.  208. 
opens  the  valve  V  and  forces  the  water  up  the  delivery  pipe 
P' .  When  the  piston  again  begins  its  upward  movement, 
the  valve  V  is  closed  by  the  pressure  of  the  water  above  it, 
and  the  valve  Fis  opened  by  the  pressure  of  the  atmosphere 
on  the  water  below  it,  as  in  the  previous  cases.  For  an 
arrangement  of  this  kind,  it  is  not  necessary  to  have  a  stuff- 
ing-box. The  water  may  be  forced  to  almost  any  desired 
height.  The  force  pump  differs  again  from  the  lifting  pump 
in  respect  to  its  piston  rod,  which  should  not  be  longer  than 
is  absolutely  necessary  in  order  to  prevent  it  from  buckling^ 
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Avhile  in  the  lifting  pump  the  length  of  the  piston  rod  is  a 
matter  of  indifference. 

1082.  Plunger  Pumps. — When  force  pumps  are  used 
to  convey  water  to  great  heights,  the  pressure  of  the  water 
in  the  cylinder  becomes  so  great  that  it  becomes  extremely 
difficult  to  keep  the  water  from  leaking  past  the  piston,  and 
the  constant  repairing  of  the  piston  packing  becomes  a 
nuisance.     To  obviate  this  difffculty  the  piston  is  made  very 

long,  as  shown  in  Fig.  209,  and  is 
then  called  a  plunger.  The  suc- 
tion valve  in  this  case  consists  of 
two  clack  valves  inclined  to  each 
other  and  resting  upon  a  square 
pin  A  ;  they  are  prevented  from 
flying  back  too  far  during  the  up 
stroke  of  the  plunger  by  the  two 
uprights  /,  /.  During  the  down 
stroke  of  the  plunger  the  valves  at 
A  are  closed  and  the  delivery 
valve  at  B  is  open.  A  little  air  is 
always  carried  into  the  cylinder  of 
a  pump  with  the  entering  of  the 
water.  In  force  pumps  this  fact 
becomes  a  serious  consideration, 
since,  after  repeated  strokes,  the 
air  accumulates,  and  during  the 
down  stroke  of  the  plunger  it  is 
compressed.  After  a  time  it 
Fig.  209.  would  become  sufficiently  com- 
pressed to  entirely  prevent  the  water  from  entering  through 
the  suction  valve,  the  pressure  on  the  top  of  the  valve  being 
greater  than  that  of  the  atmosphere  below.  In  the  pump 
shown  in  the  figure,  the  plunger  is  a  trifle  smaller  than  the 
cylinder,  and  the  air  collects  around  the  plunger  below  the 
stuffing-box.  To  remove  this  air  a  narrow  passage  C,  shown 
by  the  dotted  lines,  that  can  be  closed  at  its  upper  end  by 
the  cock  Z>,  connects  the  interior  of  the  pump  with  the 
atmosphere  when  the  cock  is  open.      It  is  evident  that  this 
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cock  must  not  be  opened,  except  during  the  down  stroke  of 
the  plunger;  for,  if  it  were  open  during  the  up  stroke,  the 
pressure  below  the  plunger  being  less  than  the  pressure  of 
the  atmosphere  above,  the  air  would  rush  in  instead  of  being 
expelled. 

1083.  Double- Acting  Pumps. — In  the  pumps  pre- 
viously described,  the  discharge  was  intermittent;  that  is, 
the  pump  could  only  discharge  when  the  piston  was  moving 
in  one  direction.  In  some  cases  it  is  necessary  that  there 
should  be  a  continuous  discharge ;  in  all  cases  it  takes  more 


Fig.  210. 
power  to  run  the  pump  with  an  intermittent  discharge,  as  a 
little  consideration  will  show.  If  the  height  that  the  water 
is  to  be  raised  is  considerable,  its  weight  will  be  very  great, 
and  the  entire  mass  must  be  put  in  motion  during  one  stroke 
of  the  piston. 

In  order  to  obtain  the  advantage  of  a  more  continuous  dis- 
charge,   double-acting  pumps  are  used.      Fig.  210  shows  a 
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part  sectional  view  of  such  a  pump.     Two  pistons  a  and  b 
are  used,  which  are  operated  by  one  handle  c  in  the  manner 
shown.     The  pump  has  one  suction  pipe  s  and  one  discharge 
pipe  d.     The  cyHnders  c  and  /  are  separated  by  a  diaphragm 
o-^  so  that  they  cannot  communicate  with  each  other  above 
the  pistons.     In  the  figure,   the  handle  c  is  moving  to  the 
right,  the  piston  a  upwards,  and  the   piston  b  downwards. 
As  the   piston  a  moves  upwards,  it  lifts  the  water  above  it 
and  causes  it  to  flow  through  the  delivery  valve  //  into  the 
discharge   pipe  d.     This  upward  movement  of  the  piston 
creates  a  partial   vacuum   below   it  in  the   cylinder  e,  and 
causes  the  water  to  rush  up  the  suction  pipe  s  into  the  cyl- 
inder, as  shown  by  the  arrows.      In  the  cylinder/,  the  down- 
ward movement  of  the  piston  b  raises  the  piston  valve  v^  and 
the  weight  of  the  water  on  the  suction  valve  i  keeps  it  closed. 
When  the  handle  c  has  completed  its  movement  to  the  right 
and  begins  its  return,  all  of  the  valves  on  the  right-hand  side 
open  except  v,  and  those  on  the  left-hand  side  close  except 
«;  water  is  then  discharged  into  the  delivery  pipe  by  the 
cylinder/,  and  only  at  the  instant  of  reversal  is  the  flow  into 
the  delivery  pipe  d  stopped. 

1084.  Air  Chambers. — In  order  to  obtain  a  continu- 
ous flow  of  water  in  the  delivery  pipe,  with  as  nearly  a  uniform 
velocity  as  possible,  an  air  chamber  is  usually  placed  on 
the  delivery  pipe  of  force  pumps  as  near  to  the  pump  cyl- 
inder as  the  construction  of  the  machine  will  allow.  The 
air  chambers  are  usually  pear-shaped,  with  the  small  end 
connected  to  the  pipe.  They  are  filled  with  air  which  the 
water  compresses  during  the  discharge.  During  the  suction, 
the  air  thus  compressed  expands  and  acts  as  an  accelerating 
force  upon  the  moving  column  of  water,  a  force  which 
diminishes  with  the  expansion  of  the  air,  and  helps  to  keep 
the  velocity  of  the  moving  column  more  nearly  uniform. 
An  air  chamber  is  sometimes  placed  upon  the  suction  pipe. 
These  air  chambers  not  only  tend  to  promote  a  uniform  dis- 
charge, but  they  also  equalize  the  stresses  upon  the  pump, 
and  prevent  shocks  due  to  the  incompressibility  of  water. 
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They  serve  the  same  purpose  in  pumps  that  a  fly-wheel  does 
to  the  steam  engine.  Unless  the  pump  moves  very  slowly, 
it  is  absolutely  necessary  to  have  an  air  chamber  on  the 
delivery  pipe. 

1085.  Steam  Pumps. — Steam  pumps  are  force 
pumps  operated  by  steam  acting  upon  the  piston  of  a  steam 
engine,  directly  connected  to  the  pump,  and  in  many  cases 
cast  with  the  pump.  A  section  of  a  double-acting  steam 
pump  showing  the  steam  and  water  cylinders,  with  other 
details,  is  illustrated  in  Fig.  311.     Here  6^  is  a  steam  piston, 
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and  R  the  piston  rod,  which  is  secured  at  its  other  end  to 
the  plunger  P.  7^  is  a  partition  cast  with  the  cylinder, 
which  prevents  the  water  in  the  left-hand  half  from  com- 
municating with  that  in  the  right-hand  half  of  the  cylinder. 
Suppose  the  piston  to  be  moving  in  the  direction  of  the 
arrow.  The  volume  of  the  left-hand  half  of  the  pump  cylin- 
der will  be  increased  by  an  amount  equal  to  the  area  of  the 
circumference  of  the  plunger,  multiplied  by  the  length  of 
the  stroke,  and  the  volume  of  the  right-hand  half  of  the  cylin- 
der will  be  diminished  by  a  like  amount.     In  consequence 
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of  this,  a  volume  of  water  in  the  right-hand  half  of  the 
cylinder  equal  to  the  volume  displaced  by  the  plunger  in  its 
forward  movement  will  be  forced  through  the  valves  V,  V 
into  the  air  chamber  A,  through  the  orifice  D,  and  then  dis- 
charged through  the  delivery  pipe  N.  By  reason  of  the 
partial  vacuum  in  the  left-hand  half  of  the  pump  cylinder, 
owing  to  this  movement  of  the  plunger,  the  water  will  be 
drawn  from  the  reservoir  through  the  suction  pipe  C  into 
the  chamber  K,  K,  lifting  the  valves  S',  S\  and  filling  the 
space  displaced  by  the  plunger.  During  the  return  stroke 
the  water  will  be  draAvn  through  the  valves  S,  S  into  the 
right-hand  half  of  the  pump  cylinder,  and  discharged 
through  the  valves  V,  V  in  the  left-hand  half.  Each  one  of 
the  four  suction  and  four  discharge  valves  is  kept  to  its  seat, 
when  not  working,  by  light  springs,  as  shown. 

There  are  many  varieties  and  makes  of  steam  pumps,  the 
majority  of  which  are  double-acting.  In  many  cases  two 
steam  pumps  are  placed  side  by  side,  having  a  common 
delivery  pipe.  This  arrangement  is  called  a  duplex  pump. 
It  is  usual  to  so  set  the  steam  pistons  of  duplex  pumps  that 
when  one  is  completing  the  stroke  the  other  is  in  the  middle 
of  its  stroke.  A  double-acting  duplex  pump  made  to  run  in 
this  manner,  and  having  an  air  chamber  of  sufficient  size, 
will  deliver  water  with  nearly  a  uniform  velocity. 

In  mine  pumps  for  forcing  water  to  great  heights,  the 
plungers  are  made  solid,  and  in  most  cases  extended  through 
the  pump  cylinder.  In  many  steam  pumps  pistons  are  used 
instead  of  plungers,  but  when  very  heavy  duty  is  required 
plungers  are  preferred. 

1086.  Centrifugal  Pumps. — Next  to  the  direct-act- 
ing steam  pump,  the  centrifugal  pump  is  the  most  valu- 
able instrument  for  raising  water  to  great  heights  that  has 
yet  been  described.  As  the  name  denotes,  the  effects  pro- 
duced by  centrifugal  force  are  made  use  of.  Fig.  212  repre- 
sents one  with  half  of  the  casing  removed.  The  hub  5  is 
hollow,  and  is  connected  directly  to  the  suction  pipe. 
The  curved  arms  a,  called  vanes  or  wings,  are  revolved 
with  a  high  velocity  in  the  direction  of  the  arrow,  and  the 
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air  enclosed  between  them  is  driven  out  through  the  dis- 
charge passage  and  delivery  pipe  D  D.  This  creates  a  par- 
tial vacuum  in  the  casing  and  suction  pipe,  and  causes  the 
water  to  flow  in  through  S.  This  water  is  also  made  to 
revolve  with  the  vanes,  and,  of  course,  with  the  same  velocity. 
The  centrifugal  force  of  the  revolving  water  causes  it  to  fly 
outwards  towards  the  end  of  the  vanes,  and  becomes 
greater  the  farther  away  it  gets  from  the  center.  This 
causes  it  to  leave  the  vanes,  and  finally  to  leave  the  pump 
by  means  of  the  discharge  passage  and  delivery  pipe  D  D. 
The  height  to  which  the  water  can  be  forced  depends  upon 
the  velocity  of  the  revolving  vanes.  In  the  construction 
of  the  centrifugal  pump,  particular  care  is  required  in 
giving  the  correct  form 
to  the  vanes;  the  effi- 
ciency of  the  machine 
depends  greatly  upon 
this  point  being  at- 
tended to.  What  is 
required  is  to  raise  the 
water,  and  the  energy 
used  to  drive  the  pump 
should  be  devoted  as 
far  as  possible  to  this 
one  purpose.  The 
water  when  it  is  raised 
should     be     delivered  Fig.  212. 

with  as  little  velocity  as  possible,  for  any  velocity  which 
the  water  then  possesses,  has  been  produced  at  the  expense 
of  the  energy  used  to  drive  the  pump.  The  form  of  the 
vanes  is  such  that  the  water  is  delivered  at  the  desired 
height  with  the  least  expenditure  of  energy. 

The  number  of  vanes  depends  upon  the  size  and  capacity 
of  the  pump.  It  will  be  noticed  that,  in  the  pump  shown  in 
the  figure,  the  vanes  have  sharp  edges  near  the  hub.  The 
object  of  this  is  to  provide  for  a  free  ingress  of  the  water, 
and  also  to  cut  any  foreign  substance  that  may  enter  the 
pump  and  prevent  it  from  working  properly. 
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Almost  any  liquid  can  be  raised  with  these  pumps,  but 
when  used  for  pumping  chemicals,  the  casing  and  vanes  are 
made  of  materials  that  the  chemicals  Avill  not  affect. 

10H7.  The  Hydraulic  Ram. — The  construction  of  a 
hydraulic  ram  is  shown  in  Fig.  213.  This  machine  is  used 
for  raising  water  from  a  point  below  the  level  of  the  water 
in  a  spring  or  reservoir  to  a  point  considerably  higher,  with 
no  power  other  than  that  afforded  by  the  inertia  of  a  moving 
column  of  water.  In  the  figure,  a  is  a  pipe  called  the  drive pipe^ 
connecting  the  ram  with  the  reservoir;  the  valve  b  slides 
freely  in  a  guide,  and  is  provided  with  lock-nuts  to  regulate 
the  distance  that  the  valve  can  fall  below  its  seat.     When 


Fig.  213. 
the  water  is  first  turned  on  by  opening  the  valve  n,  the  valve 
h  is  already  opened,  and  the  water  flows  out  through  c,  as 
shown.  As  the  discharge  continues,  the  velocity  of  the 
water  in  the  drive  pipe  will  increase  until  the  upward  pres- 
sure against  the  valve  b  is  sufficient  to  force  the  valve  to  its 
seat.  The  actual  closing  of  the  valve  takes  place  very  sud- 
denly, and  the  momentum  of  the  column  of  water,  whicn 
was  moving  with  an  increasing  velocity  through  the  drive 
pipe  a,  will  very  rapidly  force  some  water  through  the  valve 
d  into  the  air-chamber/  Immediately  after  this,  a  rebound 
takes  place,  and  for  a  short  interval  of  time  the  water  flows 
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back  up  the  drive  pipe  a  and  tends  to  form  a  vacuum  under 
the  air  chamber  valve  d\  this  opens  the  snifter  valve  g  and 
admits  a  little  air,  which  accumulates  under  the  valve  d  and 
is  forced  into  the  air  chamber  with  the  next  shock.  This  air 
keeps  the  air  chamber  constantly  charged ;  otherwise,  the 
water,  being  under  a  greater  pressure  in  the  air  chamber  than 
it  is  in  the  reservoir,  would  soon  absorb  the  air  in  the  cham- 
ber and  the  ram  would  cease  to  work  until  the  chamber  was  • 
recharged  with  air.  The  rebound  also  takes  the  pressure 
off  the  under  side  of  valve  b  and  causes  it  to  drop,  and  the 
above-described  operations  are  repeated.  The  delivery  pipe 
is  shown  at  c  ;  a  steady  flow  of  water  is  maintained  through  it 
by  the  pressure  of  the  air  in  the  chamber /";  this  air  also  acts 
as  a  cushion  when  valve  b  suddenly  closes,  and  prevents  un- 
due shock  to  the  parts  of  the  ram. 

The  height  to  which  water  can  be  raised  by  the  hydraulic 
ram  depends  upon  the  weight  of  the  valve  b  and  the  velocity 
of  the  water  in  a. 

1088.  Power  Necessary  to  Work  a  Pump  : 
Rule  I. — In  all  pumps ,  zuhct  her  lifting,  force,  steam,  single- 
or  double-acting,  or  centrifugal,  the  number  of  foot-pounds  of 
power  needed  to  work  the  pump  is  equal  to  the  weight  of  the 
ivater  in  pounds,  multiplied  by  the  vertical  distance  in  feet  be- 
tween the  level  of  the  water  in  the  zvell,  or  source,  and  the 
point  of  discharge,  plus  the  zuork  necessary  to  overcome  the 
friction  and  other  resistances. 

Rule  II. —  The  zvork  done  in  one  stroke  of  a  pump  is  equal 
to  the  zveight  of  a  volume  of  water  equal  to  the  volume  dis- 
placed by  the  piston  during  the  stroke,  multiplied  by  the  total 
vertical  distance  in  feet  through  zvhicJi  the  water  is  to  be 
raised,  phis  the  work  necessary  to  overcome  the  resista7ices. 

A  little  consideration  will  make  Rule  II  evident.  Suppose 
that  the  height  of  the  suction  is  25  feet ;  that  the  vertical 
distance  between  the  suction  valve  and  the  point  of  dis- 
charge is  100  feet ;  that  the  stroke  of  the  piston  is  15  inches, 
and  that  its  diameter  is  10  inches.  Let  the  diameters  of  the 
suction    pipe    and    delivery  pipe    be  4    inches    each.     The 
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volume  displaced  by  the  pump  piston  or  plunger  in  one  stroke 
equals '        =  .G8177  cubic  foot.    The  weight  of 

1,7/io 

an  equal  volume  of  water  =  .G8177  X  62.5  =  42. 61063  pounds. 
Now,  in  order  to  discharge  this  water,  all  of  the  water  in 
the  suction  and  delivery  pipes  had  to  be  moved  through  a 
certain  distance  in  feet  equal  to  .68177  divided  by  the  area 
of  the  pipes  in  square  feet. 

Four  inches  =  ^  of  a  foot,     (i)'  X  .7854  =  '-^^^  =  .0872| 

square  foot.     .68177  ~  .0872f  =  7.8125  feet. 

The  weight  of  the  water  in  the  delivery  pipe  is  (-J-)"  X 
.7854  X  100  X  62.5  =  545.42  pounds. 

The  weight  of  the  water  in  the  suction  pipe  is  {^y  X  .7854 
X  25  X  62.5  =  136.35  pounds. 

545.42-1-136.35  =  681.77  pounds  =  the  total  weight  of 
water  moved  in  one  stroke.  The  distance  that  it  is  moved  in 
one  stroke  is  7.8125  feet.  Hence,  the  number  of  foot- 
pounds necessary  for  one  stroke  is  681. 77  X  7.8125  =  5,326.33 
foot-pounds.  Had  this  result  been  obtained  by  Rule  II,  the 
process  would  have  been  as  follows :  The  weight  of  the  water 
displaced  by  the  piston  in  one  stroke  was  found  to  be  42.61063 
pounds.  42.61X125  =  5,326.33  pounds,  which  is  exactly 
the  same  as  the  result  obtained  by  the  previous  method,  and 
is  a  great  deal  shorter. 

Example. — What  must  be  the  necessary  horsepower  of  a  double-act- 
ing steam  pump  if  the  vertical  distance  between  the  point  of  discharge 
and  the  point  of  suction  is  96  feet  ?  The  diameter  of  the  pump  cylin- 
der is  8  inches,  the  stroke  is  10  inches,  and  the  number  of  strokes  per 
minute  is  120.     Allow  25%  for  friction,  etc. 

Solution. — Since  the  pump  is  double-acting,  it  raises  a  quantity  of 
water  equal  to  the  volume  displaced  by  the  plunger  at  every  stroke. 
The  weight  of  the  volume  of  water  displaced  in  one  stroke  =  {^Y  X 
.7854  X  It  X  63.5  =  18.18  pounds,  nearly. 

18.18  X  96  X  120  =  209,433.6  foot-pounds  per  minute. 

Since  25;iS  is  to  be  allowed  for  friction,  the  actual  number  of  foot- 
pounds   per    minute  =  209,433.6  -^  .75  =  279,244.8     foot-pounds    per 

minute. 

279  244  8 
One  horsepower  =  33,000  foot-pounds  per  minute;  hence,     oo'aaa  ' 

=  8.463  H.  P.,  nearly.     Ans. 
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MATERIALS   USED   FOR  CON- 
STRUCTION. 

1089.  The  principal  materials  used  in  engineering  con- 
struction are  timber^  brick,  stone,  cast  iron,  zvrought  iron,  and 
steel.     Table  19  gives  their  average  weights  per  cubic  foot. 

TABLE   19. 


Average  Weight. 

Approximate 
Weight  of  Piece 
1"  Square  and  1' 

Long  in  Lb. 

Material. 

Pounds  per  Cubic 
Foot. 

Timber 

40 
125 
160 
450 
480 
490 

.278 

Brick   

Stone  

Cast  Iron 

3. 125 

Wrought  Iron 

3.333^ 
3.403 

Steel  

CAST    IRON. 

1090.  Cast  iron  is  a  combination  of  pure  iron  with 
from  2^  to  6^  of  carbon. 

Pig  iron  is  the  result  of  the  first  smelting,  and  is  obtained 
directly  from  the  ore.  Pig  iron  is  rarely,  if  ever,  used  for 
anything  except  to  be  remelted  and  made  into  cast  iron  or 
wrought  iron. 

1091.  Cast  iron  is  of  two  kinds,  white  cast  iron  and 
gray  cast  iron.  The  first  is  a  chemical  compound  of  iron 
with  from  2^  to  6^  of  carbon,  nearly  all  the  carbon  being 
chemically  combined  with  the  iron.  The  second,  or  gray 
cast  iron,  contains  a  part  of  the  carbon  in  chemical  combi- 
nation, and  the  rest  in  the  state  of  graphite  mechanically 
mixed  with   the  iron.     When  a  piece  of  gray  cast  iron   is 
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broken,  a  large  number  of  black  specks  are  seen  on  the 
broken  ends ;  these  specks  are  pure  carbon  in  the  form  of 
graphite. 

1092.  White  cast  iron  contains  hardly  any  free  car- 
bon. It  is  of  two  kinds,  granular  and  crystalline.  Both 
are  very  hard  and  brittle,  and  are  only  used  for  conversion 
into  wrought  iron  or  steel. 

1093.  Gray  cast  iron  is  divided  into  three  classes, 
known  as  Nos.  1,  2,  and  3. 

No.  1  contains  the  largest  amount  of  carbon  in  mechani- 
cal mixture,  which  makes  it  soft  and  fusible,  though  not  as 
strong  as  Nos.  2  and  3.  It  is  very  suitable  for  making  cast- 
ings where  precision  in  form  is  required,  as,  owing  to  its 
fluidity,  it  fills  the  mold  well;  but  it  is  not  suitable  for 
castings  requiring  strength. 

No.  2  is  most  suitable  for  use  in  constructions,  as  it  is 
stronger  than  No.  1,  and  not  so  soft. 

No.  3  contains  the  smallest  amount  of  carbon  in  the 
graphitic  (uncombined)  form,  and  is,  in  consequence,  harder 
and  more  brittle.  It  is  fit  only  for  the  massive  and  heavy 
parts  of  machinery. 

1094.  Cast  iron  has  certain  advantages  and  disadvan- 
tages as  a  material  for  engineering  construction.  It  is  easy 
to  give  it  any  desired  form.  A  pattern  of  the  piece  desired 
is  made ;  a  mold  is  made  in  the  sand,  the  pattern  is  removed, 
and  the  melted  iron  poured  in.  Cast  iron  resists  oxidation 
(rust)  better  than  either  wrought  iron  or  steel.  Its  com- 
pressive (crushing)  strength  is  very  high,  but  its  tensile 
(stretching)  strength  is  comparatively  low.  It  cannot  be 
riveted,  or  welded  by  forging.  It  is  brittle,  breaking  off 
without  giving  much  warning,  and  stretching  but  little  be- 
fore giving  away.  It  is  liable  to  have  hidden  and  small 
surface  defects  and  air  bubbles,  and  this  makes  its  strength 
uncertain. 

Another  serious  drawback  in  the  use  of  cast  iron  is  its 
liability  to  initial  stresses  from  inequality  in  cooling  after 
having  been  poured  into  the  molds.     Thus,  if  one  part  of 
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the  casting  is  very  thin  and  another  very  thick,  the  thin 
part  cools  first,  and,  in  cooling,  contracts;  the  thick  part, 
cooling  afterwards,  causes  stresses  in  the  thin  part,  which 
may  be  sufficient  to  break  it,  or,  if  not,  there  may  be  so 
great  a  stress  in  the  thin  part  that  a  small  additional  force 
will  break  it. 

Cast  iron  is  not  well  adapted  to  a  tensile  stress,  nor  to  re- 
sist shocks.  It  is  used  for  columns  and  posts  in  buildings, 
on  account  of  its  high  compressive  strength.  In  machinery, 
it  is  used  in  all  those  parts  where  weight,  mass,  or  form  is  of 
more  importance  than  strength,  as  in  frames  and  bed  plates 
of  machines,  and  for  hangers,  pulleys,  gear  wheels,  etc.  It 
is  also  used  for  water  mains  where  the  pressure  to  be 
resisted  is  not  too  great. 

1095.  Malleable  cast  iron  is  made  by  heating  the 
casting  in  an  annealing  oven,  in  powdered  hematite  ore.  It 
can  be  hammered  into  any  desired  shape  when  cold,  but  is 
very  brittle  when  hot.         

WROUGHT     IRON. 

1096.  Wrought  iron  is  the  product  resulting  from 
the  reduction  of  the  carbon  in  cast  iron.  It  is  obtained  by 
melting  white  cast  iron,  and  passing  an  oxidizing  flame  over 
it.  When  the  carbon  is  burned  out,  the  mass  of  iron  is  left 
in  a  pasty  condition,  full  of  holes.  It  is  then  taken  out,  and 
hammered  or  rolled  in  order  to  unite  it  into  one  mass.  The 
result  of  this  first  process  is  not  suitable  for  use  in  any  con- 
struction of  importance,  and  has  to  be  reheated  and  rerolled 
a  number  of  times,  in  order  to  make  it  homogeneous,  and  to 
remove  flaws  from  within  the  iron. 

At  best,  therefore,  wrought  iron  is  a  series  of  welds;  if  a 
piece  is  broken,  the  separate  layers  of  which  it  is  composed 
can  be  seen  plainly.  It  cannot  be  melted  and  run  into 
molds,  as  can  be  done  with  cast  iron;  but  it  can  be  easily 
welded  by  forging;  that  is,  two  pieces  of  wrought  iron  can 
be  united  by  raising  them  to  the  proper  temperature  and 
hammering  them  together.  Wrought  iron  is  much  more 
capable  of  bearing  a  tensile  or  transverse  stress  than  cast 
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iron ;  it  is  tougher,  stretches  more,  and  gives  more  warning 
before  fracture. 

It  withstands  shocks  far  better  than  cast  iron.  Two 
pieces  may  be  punched  or  drilled  and  riveted  together.  The 
entire  process  weakens  the  iron,  and  cast  iron  would  not 
withstand  it.  It  has  also  to  withstand  flanging  and  the 
stresses  due  to  changes  of  temperature. 

Wrought  iron  cannot  be  hardened  like  steel  by  heating 
and  then  dipping  in  water,  but  may  be  case-hardened  by 
rubbing  the  surface  with  potassium  cyanide  or  potassium 
ferrocyanide  while  at  a  cherry-red  heat  and  then  dipping  in 
water.  The  cyanide  causes  the  iron  to  be  carbonized  to  a 
slight  depth ;  that  is,  through  a  depth  of  about  -jV  of  an  inch 
the  iron  is  converted  into  steel  which  can  be  hardened. 
Cast  iron  may  be  hardened  in  the  same  way. 

The  quality  of  wrought  iron  varies  considerably,  and  the 
terms  by  which  it  is  known  in  the  market  refer  to  the 
amount  of  working  which  the  iron  has  received.  We  thus 
have  common  bar  iron,  best  iron,  double  best,  and  triple  best. 
These  terms  are  only  rough  indications  of  quality.  When 
Avrought  iron  is  rolled  cold  under  great  pressure,  it  has  a 
smooth  polished  surface,  and  its  strength  is  greatly  increased. 

When  the  word  iron  is  used  alone,  wrought  iron  is  meant. 


STEEL. 

1 097.  Steel  is  a  chemical  compound  of  iron  and  carbon ; 
that  is,  it  contains  no  carbon  in  a  free  state,  as  cast  iron  does. 
Its  tensile  strength  is  greater  than  that  of  wrought  iron, 
and  its  compressive  strength  greater  than  that  of  cast 
iron.  It  is  by  far  the  strongest  material  used  in  the  me- 
chanic arts.  Its  strength  varies  greatly  with  its  purity  and 
the  amount  of  carbon  it  contains.  According  to  the  amount 
of  carbon  in  it,  steel  is  divided  into  high  grade,  medium 
grade,  and  low  grade,  the  high  grades  having  the  most  carbon. 
Steel,  unlike  wrought  iron,  is  fusible;  unlike  cast  iron,  it 
can  be  forged ;  and,  with  the  exception  of  the  higher  grades, 
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it  can  be  welded  by  heating  and  hammering,  although  care 
must  be  exercised  in  so  doing. 

1098.  The  special  characteristic  of  steel  (the  very  low- 
est grades  excepted)  is  that,  when  it  is  raised  to  a  cherry 
red  heat  and  suddenly  cooled,  it  becomes  brittle  and  exceed- 
ingly hard,  and  that  by  subsequent  heating  and  slow  cooling, 
the  hardness  may  be  reduced  to  any  desired  degree  down  to 
the  point  of  least  hardness  that  steel  possessing  that  amount 
of  carbon  can  have.  The  first  process  is  called  hardening, 
and  the  second  tempering. 

If  the  surface  of  a  piece  of  steel  that  has  been  hardened  is 
polished  slightly  so  as  to  remove  the  dark  scale  or  soot  which 
covers  it,  and  is  then  reheated,  it  will  be  found  that,  as  the 
temperature  increases,  a  series  of  colors  appear.  These 
colors  are  always  the  same  for  the  same  temperature,  and, 
if  the  steel  is  suddenly  cooled  when  one  of  the  colors  ap- 
pears, it  acquires  a  degree  of  hardness  which  is  always  the 
same  for  the  same  color  and  for  the  same  quality  of  steel. 

In  Table  20  are  given  the  colors  with  the  corresponding 
temperatures  that  occur  in  tempering  different  kinds  of  tools. 

TABLE  20. 


Tools. 

Color. 

Temperature, 
Fahr. 

Lancets 

Pale  yellow 
Pale  straw 

Yellow 

Brown 

Red 

Purple 

Blue,  bright 

Blue,  full 

Blue,  dark 

430° 

Razors  and  scalpels 

Penknives,     chisels     for    cast 

iron,  and  screw  taps 

Scissors     and    chisels    for 

wrought   iron 

450° 
470° 
490° 

For   carpenters'   tools  in  gen- 
eral   

Fine  watch  springs  and  table 
knives 

510° 
530° 

Swords  and  lock  springs 

Daggers,  fine  saws  and  needles 
Common  saws  and  springs . .  . 

550° 
500° 
600° 
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Steel  that  has  been  hardened  may  be  softened  by  heating 
it  to  a  hardening  temperature  and  then  cooling  it  very 
slowly;  this  process  is  called  annealing. 

1099.     Steel  is  made  in  one  of  the  three  following  ways: 

1.  By  adding  carbon  to  wrought  iron. 

2.  By  removing  carbon  from  cast  iron. 

3.  By  melting  together  cast  and  wrought  iron  in  suitable 
proportions. 

Several  processes,  varying  with  the  quality  of  the  product 
desired  and  the  use  for  which  it  is  intended,  are  used  in 
making  steel.  The  processes  in  general  use  are  the 
following: 

(a)  Cementation,  in  which  bars  of  very  pure  wrought 
iron  are  heated  to  a  high  temperature  in  contact  with  car- 
bon. The  product,  known  as  blister  steel,  is  used  for 
cutlery,  tools,  etc. 

(d)  Crucible  steel,  also  called  cast  steel,  is  made  by 
melting  pure  wrought  iron  in  a  crucible  with  enough  char- 
coal and  cast  iron  to  introduce  the  required  amount  of 
carbon.      It  is  used  for  making  springs,  cutlery,  tools,  etc. 

(c)  Bessemer  steel  is  made  by  decarbonizing  cast  iron 
by  forcing  a  powerful  blast  of  air  through  a  melted  mass  of 
the  iron.  This  removes  the  greater  part  of  its  carbon.  A 
small  quantity  of  very  pure  cast  iron,  rich  in  carbon,  is 
then  added,  bringing  up  the  percentage  of  carbon  to  the 
required  amount. 

(d)  Open-hearth  steel  is  made  by  fusing  a  charge 
consisting  of  the  suitable  proportions  of  cast  iron  with 
wrought  iron  scrap,  or  with  Bessemer  steel  scrap. 

IIOO.  Bessemer  and  open-hearth  steel  contain  more 
impurities  than  blister  and  crucible  steel  do;  but  they  are 
much  cheaper,  and  are  just  as  suitable  for  many  purposes. 
It  is  only  in  consequence  of  the  introduction  of  these  two 
cheap  varieties  that  steel  can  be  extensively  used,  as  blister 
and  crucible  steels  would,  in  the  majority  of  cases,  be  too 
expensive. 
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Bessemer  and  open-hearth  steels  contain  from  .05^  to  l^fo 
of  carbon.  The  proportion  of  carbon  in  the  best  kinds  of 
tool  and  cutlery  steels  is  as  follows: 

Razor  steel,  l^fc.  Very  difficult  to  forge,  and  easily  burnt. 
Saw  file,  If^.  Bears  heat  not  above  cherry  redness. 
Tool  steel,     l^fo.     Ordinary   cutting    tools.     Welds   with 

difficulty. 
"       "  1^^.      For  mandrils  and  heavy  cutting  tools. 

**       *'  1^.      For  chisels,  gravers,  etc. 

At  the  Imperial  Works  at  Neuberg,  Austria,  the  follow- 
ing percentages  of  carbon  are  present  in  the  different 
grades  of  Bessemer  steel : 

1.58^  to  1.38^.      Cannot  be  welded,  and  is  rarely  used. 
1.38^   "  1.12fo.     Great  care  must  be  used  in  working. 
1.12^   "     .88^.     Welds  easily;  used  for  bits,  chisels,  etc. 
.88^   "     .02^.      Used  for  cutting  tools,  files,  etc. 
.62^    "     .38^.      Mild  steel ;  for  tires,  etc. 
.38^    "     .15^.     Tempers  slightly;   for  boiler  plates  and 

axles. 
.15^    "     .05^.     Does    not    temper;    steel    for   pieces   of 

machinery. 

IIOI.  It  will  be  noticed  from  what  precedes  that  the 
hardness  of  steel  depends  upon  the  amount  of  carbon  it 
contains. 

Some  kinds  of  crucible  cast  steel  can  be  hardened  by  heat- 
ing to  a  low  red  heat  and  then  allowing  them  to  cool  slowly 
in  the  air  without  dipping  in  water.  They  are  called  self- 
hardening  steels,  the  best  known  being  Mushet's  special  tool 
steel.  This  contains  about  2^  carbon  with  7^  to  12'^  tung- 
sten in  alloy  with  the  iron.  The  same  property  is  character- 
istic of  Hadfield's  manganese  steel,  which  contains  between 
.8^  and  1.2^  of  carbon  and  7^  to  20^  of  manganese. 

As  a  rule,  when  a  piece  of  steel  is  broken  across  the  grain, 
the  finer  the  grain  and  the  whiter  and  cleaner  the  fracture 
the  more  carbon  it  contains. 
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STRESSES  AND   STRAINS. 

1 102.  The  molecules  of  a  solid  or  rigid  body  being  held 
together  by  the  force  of  cohesion,  this  force  must  be  over 
come  to  a  greater  or  less  degree  in  order  to  change  the  form 
and  size  of  the  body,  or  to  break  it  into  parts.  The  internal 
resistance  which  a  body  offers  to  any  force  tending  to  over- 
come the  force  of  cohesion  is  called  a  stress.  If  a  weight 
of  1,000  pounds  is  held  in  suspension  by  a  rod,  there  will  be 
a  stress  of  1,000  pounds  in  the  rod.  In  this  country  and 
England,  stresses  are  measured  in  pounds  or  tons ;  in  nearly 
all  other  civilized  countries,  in  kilograms.  Whenever  a  body 
is  subjected  to  a  stress,  the  total  stress  induced  by  the  act- 
ing force  at  any  section  of  the  body  is  the  same  as  the  total 
stress  at  any  other  section. 

1103.  The  unit  stress  (called  also  the  intensity  of 

stress)  is  the  stress  per  unit  of  area;  or,  it  is  the  total  stress 
divided  by  the  area  of  the  cross-section.  In  the  above  illus- 
tration, if  the  area  had  been  4  sq.  in.  the  unit  stress  would 

have  been  — ^- —  =  250  lb.  per  sq.  in.      Had  the    area  been 

—  sq.  in.,  the  unit  stress  would  have  been  '  ^'  "  =  2,000  lb. 
2    ^  ■  .0  ' 

per  sq.  in. 

Let  P=-  the  total  stress  in  pounds; 

A  =  area  of  cross-section  in  square  inches ; 
5  =  unit  stress  in  pounds  per  square  inch. 

Then,  S=^,  or  P=  AS.  (65.) 

That  is,  ///r  /of a/  stress  equals  the  area  of  the  seetion,  multi- 
plied by  the  unit  st?'ess. 

When  a  body  is  stretched,  shortened,  or  in  any  way 
deformed  through  the  action  of  a  force,  the  amount  of  defor- 
mation is  called  a  strain.  Thus,  if  the  rod  before  mentioned 
had  been  elongated  yV"  by  the  load  of  1,000  pounds,  the 
strain  would  have  been  -^^".  Within  certain  limits,  to  be 
given  hereafter,  strains  are  proportional  to  the  stresses  pro- 
ducing them, 
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1 104.  The  unit  strain  is  the  strain  per  unit  of  length 
or  of  area,  but  is  usually  taken  per  unit  of  length  and  called 
the  elongation  per  unit  of  length.  In  this  paper,  the  unit 
of  length  will  be  considered  as  one  inch.  The  unit  strain, 
then,  equals  the  total  strain  divided  by  the  length  of  the 
body  in  inches. 

Let/=  length  of  body  in  inches; 
c  =  elongation  in  inches; 
s  =  unit  strain. 

Then,  s=:-    or  e=  Is.  (66.) 

1105.  Whenever  a  force,  no  matter  how  small,  acts 
upon  a  body,  it  produces  a  stress  and  a  corresponding  strain. 

According  to  the  manner  in  which  forces  act  upon  a 
body,  the  stresses  are  divided  into  the  following  classes: 

1.  Tension,  which  produces  a  tensile  or  pulling  stress. 

2.  Compression,  which  produces  a  compressive  or  crush- 
ing stress. 

3.  Shear,  which  produces  a  shearing  or  cutting  stress. 

4.  Torsion,  which  produces  a  torsional  or  twisting  stress. 

5.  Flexure,  which  produces  a  transverse  or  bending  stress. 


TENSION. 

1106.  When  two  forces  act  upon  a  body  in  opposite 
directions  (away  from  each  other)  the  body  is  said  to  be  in 
tension.  The  two  forces  tend  to  elongate  the  body  and  thus 
produce  a  tensile  stress  and  strain.  A  weight  supported  by 
a  rope  affords  a  good  example.  The  Aveight  acts  downwards, 
and  the  reaction  of  the  support  to  which  the  upper  end  of 
the  rope  is  fastened  acts  upwards;  the  result  being  that  the 
rope  is  stretched  more  or  less,  and  a  tensile  stress  is  produced 
in  it.  Another  familiar  example  is  the  connecting  rod  of  a 
steam  engine  on  the  return  stroke.  The  cross-head  then 
exerts  a  pull  on  one  end  of  the  rod,  which  is  resisted  by  the 
crank-pin  on  the  other, 
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Example. — An  iron  rod,   2  inches  in  diameter,   sustains  a  load  of 
90,000  pounds;  what  is  the  unit  stress  ? 

Solution. — Using  formula  65, 

P  =  AS,  or  S=~  =  J^'^^r-L,  =  28,647.83  lb.  per  sq.  in.     Ans. 
A        *    X  •  <oo4 


EXPERIMENTAL    LAW  S. 

1107.  The  following  laws  have  been  established  by 
experiment : 

1.  ]\  hen  a  body  is  subjected  to  a  small  stress,  a  small  strain 
is  produced,  and  wlien  the  stress  is  removed  the  body  springs 
back  to  its  original  shape.  This  leads  to  the  conclusion  that, 
for  small  stresses,  bodies  are  perfectly  elastic. 

2.  ]Vithin  certain  limits,  the  change  of  shape  {strain)  is 
directly  proportional  to  the  applied  force. 

3.  When  the  stress  is  sufficiently  great,  a  strain  is  pro- 
duced ivJiicJi  is  partly  permanent ;  that  is,  the  body  does  not 
spring  back  entirely  to  its  original  form  when  the  stress  is 
removed.  This  lasting  part  of  the  strain  is  called  a  set,  and 
m  such  cases  the  strain  is  not  proportional  to  the  stress. 

4.  Under  a  still  greater  stress,  the  strain  rapidly  increases, 
and  the  body  is  finally  ruptured  or  broken. 

5.  A  force  acting  suddenly,  as  a  shock,  causes  greater 
injury  than  a  force  gradually  applied. 

According  to  the  first  law,  the  body  will  resume  its 
original  form  when  the  force  is  removed,  provided  the  stress 
is  not  too  great.  This  property  is  called  elasticity.  Accord- 
ing to  the  second  law,  the  strain  is  proportional  to  the  stress 
within  certain  limits.  Thus,  if  a  pull  of  1,000  pounds 
elongates  a  body  .1",  a  pull  of  2,000  pounds  would  elongate 
it  .2".  This  is  true  up  to  a  certain  limit,  beyond  which  the 
body  will  not  resume  its  original  form  upon  the  removal  of 
the  stress,  but  will  be  permanently  strained  more  or  less, 
according  to  the  amount  of  stress.  The  stress  at  the  point 
where  the  set  begins  is  called  the  elastic  limit.  All 
strains  produced  by  stresses  within  (less  than)  the  elastic 
limit  are  directly  proportional  to  the  stresses. 
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1108.  Stresses  are  equal  but  opposed  to  the  external 
forces  producing  them,  and  are,  therefore,  measured  and 
represented  by  these  forces.     Thus,  as  we  have  explained 

•  before,  a  force  of  1,000  pounds  produces  a  stress  of  1,000 
pounds.  The  external  force  is  the  force  applied  to  a  fixed 
body;  the  stress  is  the  resistance  offered  by  the  body  to  a 
change  of  form;  and  when  the  body  .ceases  to  change  (as 
when  a  rod  ceases  to  elongate),  the  stress  just  balances  the 
external  force.  

COEFFICIENT    OF    ELASTICITY. 

1109.  Amongst  engineers,  the  term  elasticity  means 
the  resistance  which  a  body  offers  to  a  permanent  change  of 
form ;  and  by  strength,  the  resistance  which  a  body  offers  to 
division  or  separation  into  parts. 

It  follows  from  this  that  those  bodies  which  have  the 
highest  elastic  limit  are  the  most  elastic. 

1110.  The  coefficient  of  elasticity  is  the  ratio  of 
the  unit  stress  to  the  unit  strain,  provided  the  elastic  limit 
is  not  exceeded.  Let  .V  be  the  unit  stress,  s  the  unit  strain, 
and  E   the    coefficient    of    elasticity;    then,    bv    definition, 

■  5  . 

E  :=  ~.      Substituting  the  values  of  5  and  s  obtained  from 
s 

formulas  65  and  66, 

£=-:^  =  ^.^  =  5/.  (67.) 

J-       .-i        /       Ae 

1111.  If  in  this  formula  we  assume  e  =■  I,  and  A  =  1 
(1  square  inch),  then  E  =  P.  That  is,  the  coefficient  of 
elasticity  is  that  force  which,  //  stress  and  strain  eontinned 
proportional  to  each  other,  would  produce  in  a  bar  of  unit 
area  a  strain  equal  to  the  original  length  of  the  bar  (/=  e). 
This,  however,  is  never  the  case,  as  the  elastic  limit  and  the 
ultimate  strength  are  reached  before  the  applied  force 
reaches  the  value  E. 

Example. — A  wrought  iron  bar  2  inches  square  and  10  feet  long  is 
stretched. 0528  inch  by  a  stress  of  44,000  pounds;  what  is  the  coeffi- 
cient of  elasticity  ? 

Solution. — Using  formula  67, 

„       PI       44,000X10X12       ornnnnnniv,'  •  a 

E=--r-  ^  — .-,.,  ^  ..-OQ =  25,000,000  lb.  per  sq.  m.     Ang, 
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1112.  The  ultimate  strength  of  any  material  is  that 
unit  stress  which  is  just  sufficient  to  break  it. 

1113.  The  ultimate  elouKation  is  the  total  elonga- 
tion produced  in  a  unit  of  length  of  the  material  having  a 
unit  of  area,  by  a  stress  equal  to  the  ultimate  strength  of 
the  material. 

1114.  For  the  same  size,  quality,  and  kind  of  material, 
the  ultimate  strength,  ultimate  elongation,  coefficient  of 
elasticity,  and  elastic  limit  are  the  same  for  different  pieces. 
Table  21  gives  the  average  values  of  the  coefficient  of 
elasticity  {E^,  elastic  limit  (Z,),  ultimate  strength  (5^),  and 

.TABLE    21. 


Coefficient 

Elastic 

Ultimate 
Tensile 

Ultimate 

Material. 

of  Elasticity. 

Limit. 

Strength. 

Elongation. 

E,. 

z,. 

s,. 

.^1. 

Lb.  per  Sq.  In. 

Lb.  per  Sq.  In. 

Lb.  per  Sq.  In. 

In.  per  Linear 

Inch. 

Timber  .  , 

1,500,000 

3,000 

10,000 

0.015 

Cast  Iron  .  .  .  . 

15,000,000 

C,000 

20,000 

0.005 

Wrought  Iron 

25,000,000 

25,000 

55,000 

0.20 

Steel  

30,000,000 

50,000 

100,000 

0.10 

ultimate  elongation  (i-J,  of  different  materials,  the  quantities 
given  being  for  tension  only.  As  brick  and  stone  are  never 
used  in  tension,  their  values  are  not  given. 

The  values  in  this  table  are  subject  to  great  variation,  and 
cannot  be  depended  upon  in  designing  machine  parts.  Thus, 
the  ultimate  tensile  strength  of  steel  varies  from  less  than 
60,000  to  more  than  180,000  pounds  per  square  inch,  accord- 
ing to  its  purity  and  the  amount  of  carbon  it  contains;  that 
of  cast  iron  from  12,000,  or  13,000,  to  over  40,000;  wrought 
iron  varies  from  40,000  to  72,000,  according  to  quality,  the 
latter  value  being  for  'iron  wire.  Timber  varies  fully  as 
much  as,  if  not  more  than,  any  of  the  three  preceding 
materials,  its  properties  depending  upon  the  kind  of  wood, 
its  degree  of  dryness,  the  manner  of  drying,  etc. 
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All  the  problems  in  this  section  will  be  solved  by  using  the 
average  values  given  in  the  preceding  and  following  tables; 
the  designer,  however,  should  not  use  them,  but  either  test 
the  materials  himself  or  state  in  the  specifications  what 
strength  the  material  must  have.  For  example,  mild  steel, 
for  boiler  shells,  should  have  a  tensile  strength  of  not  less 
than  CO, 000  or  65,000  pounds  per  square  inch;  Bessemer 
steel,  for  steel  rails,  not  less  than  110,000;  open-hearth  steel, 
for  locomotive  tires,  not  less  than  125,000,  and  crucible  cast 
steel,  for  tools,  cutlery,  etc.,  not  less  than  150,000.  It  is 
also  customary  to  specify  the  amount  of  elongation.  This  is 
necessary  because,  as  a  rule,  the  elongation  decreases  as  the 
tensile  strength  increases.  Having  tested  the  material 
about  to  be  used,  or  having  specified  the  lowest  limits,  the 
designer  can  ascertain  the  strength  and  stiffness  of  construc- 
tion by  means  of  the  formulas  and  rules  which  are  to  follow. 

Example.— How  much  will  a  piece  of  steel  1  inch  in  diameter  and 
1  foot  long  elongate  ixnder  a  steady  load  of  15,000  pounds  ? 

Solution. — Ex  —  — ; — ,  ov  e  =. 


A  e  '  A  El 

From  Table  21,  E^  =  30,000,000  for  steel;  hence, 

15,000  X  13 


e  = 


1-  X  .T854  X  80,000,000 


=  .00764".     Ans. 


Note. — All  lengths  given  in  this  treatise  on  Strength  of  Materials 
must  be  reduced  to  inches  before  substituting  in  the  formulas. 

Example. — A  piece   of  timber  has  a  cross-section   2"  X  4"  and  is 
6  feet  long.      A  certain  stress  produces  an  elongation  of  .144  inch; 
what  is  the  value  of  the  stress  in  pounds  ? 
Solution. — 

„       PI          ^      EiAe      1,500,000  X  2  X4X  .144      o.  ^^^  ,,        .„^ 
^'=:r.'°'^  =  -7-= 6^02 =  24,000  lb.     Ans. 


COMPRESSION. 

1115.  If  the  length  of  the  piece  is  not  more  than  five 
times  its  least  transverse  dimension  (its  diameter,  when 
round;  its  shorter  side,  when  rectangular,  etc.),  the  laws  of 
compression  are  similar  to  those  of  tension.  The  strain  is 
proportional  to  the  stress  until  the  elastic  limit  has  been 
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reached;  after  that,  it  increases  more  rapidly  than  the  stress, 
as  in  the  case  of  tension.  The  area  of  the  cross-section  is 
sHghtly  enlarged  under  compression.  In  Table  22  are  given 
the  average  compression  values  of  E,  L,  and  5  for  wood, 
brick,  stone,  cast  iron,  wrought  iron,  and  steel.  (See  also 
Table  21.)  E  is  not  given  for  brick,  nor  L  for  cast  iron, 
brick,  or  stone,  because  these  values  are  not  known.  To 
distinguish  between  tension  and  compression  when  apply- 
ing a  formula,  E^,  Z,,  and  S^  will  be  used  instead  of  E^,  L^, 
and  5,. 

TABLE  22. 


Material. 

Coefficient  of 
Elasticity. 

Elastic 
Limit. 

Ultimate 

Compressive 

Strength. 

Timber 

Lb.  per  Sq.  In. 

1,500,000 

Lb.  per  Sq.  In. 

3,000 

■    ••••• 

25,000 
50,000 

Lb.  per  Sq.  In. 

8,000 

2,500 

6,000 

90,000 

55,000 

150,000 

Brick   

Stone 

6,000,000 
15,000,000 
25,000,000 
30,000,000 

Cast  Iron '.  .  . 

Wrought  Iron 

Steel 

1116.  When  the  length  of  a  piece  subjected  to  com- 
pression is  greater  than  ten  times  its  least  transverse  dimen- 
sion, it  is  called  a  column,  and  the  material  fails  by  a  side- 
wise  bending  or  flexure.  The  preceding  table  is  to  be  used 
only  for  pieces  whose  length  does  not  exceed  five  times  the 
least  dimension  of  the  cross-section.      (See  Art.  1179«.) 

Example. — How  much  -will  a  wrought  iron  bar  4  inches  square  and 
15  inches  long  shorten  under  a  load  of  100,000  pounds  ? 


Solution. — E-^ 


Hence,  e  — 


PI 


PI 


-r— ,    or  ^  =  —^-FT. 

A  e  A  El 


100.000  X  15 
16  X  25,000,000 


=  .00375".     Ans. 
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SHEAR. 
1117.  When  two  surfaces  move  in  opposite  directions 
very  near  together  in  such  a  manner  as  to  cut  a  piece  of 
material,  or  to  pull  part  of  a  piece  through  the  remainder, 
the  piece  is  said  to  be  sheared.  A  good  example  of  a  shear- 
ing stress  is  a  punch ;  the  two  surfaces  in  this  case  are  the 
bottom  of  the  punch  and  the  top  of  the  die.  Another  ex- 
ample is  a  bolt  with  a  thin  head;  if  the  pull  on  the  bolt  is 
great  enough,  it  will  be  pulled  through  the  head  and  leave  a 
hole  in  it,  instead  of  the  bolt  breaking  by  pulling  apart,  as 
would  be  the  case  with  a  thick  head.  In  this  case,  the  two 
surfaces  are  the  under  side  of  the  head  and  the  surface 
pressed  against.  Other  examples  are  a  knife  cutting  a  piece 
of  wood,  and  the  ordinary  shears  from  which  this  kind  of 
stress  takes  its  name. 

•     TABLE  23. 


Material. 


Timber  (across  the  grain) 
Timber  (with  the  grain)  . 

Cast  Iron 

Wrought  Iron 

Steel  


Coefficient  of 
Elasticity. 

^3. 


400,000 

6,000,000 

15,000,000 


Ultimate 
Shearing 
Strength. 

53. 


3,000 

GOO 

20,000 

50,000 

70,000 


1118.  Formula  65  applies  in  cases  of  shearing  stress, 
but  formulas  66  and  67  are  never  used  for  shearing.  In 
the  preceding  table,  E^  and  S^  are  used  to  represent,  respect- 
ively, the  coefficient  of  shearing  elasticity  and  ultimate 
shearing  strength. 

Example. — What  force  is  necessary  to  punch  a  one-inch  hole  in  a 
wrought-iron  plate  f  of  an  inch  thick  ? 

Solution.— 1"  X  3.1416  x  I"  =  1.1781  sq.  in.  =  area  of  punched  sur- 
face =  area  of  a  cylinder  1"  in  diameter  and  f "  high.  Using 
formula  65, 

P  =  A  S3  =  1.1781  X  50,000  =  58,905  lb.     Ans. 
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Example. — A  wooden  rod  4  inches  in  diameter  and  2  feet  long  is 
turned  down  to  2  inches  diameter  in  the  middle  so  as  to  leave  the 
enlarged  ends  each  6  inches  long.  Will  a  steady  stress  pull  the  rod 
apart  in  the  middle,  or  shear  the  ends  ? 

Solution.— P  =^  A  S,  =  2  x  3.1416  x  6  X  600  =  22,620  lb.  to  shear  off 
the  ends. 

The  force  required  to  rupture  by  tension  is 

F=  A  S,  =  2^  X  •"»''54  X  10,000  =  31,416  lb. 

Since  the  former  is  only  about  f  of  the  latter,  the  piece  will  fail 
through  the  shearing  off  of  the  end.     Ans. 

Had  a  transverse  stress  been  used,  the  force  necessary  to 
shear  off  a  section  of  the  end  would  have  been 
4^  X  .7854  X  3,000  =  37,700  lb. 


FACTORS  OF  SAFETY. 

1119.  It  was  previously  stated  that  no  stress  should 
ever  be  applied  to  a  machine  part  that  wotild  strain  it 
beyond  the  elastic  limit.  The  usual  practice  is  to  divide 
the  ultimate  strength  of  the  material  by  some  number 
depending  upon  the  kind  and  quality  of  the  material,  and 
upon  the  nature  of  the  stress ;  this  number  is  called  a  factor 
of  safety. 

T/ic-  factor  of  safety  for  any  material  is  the  ratio  of  its 
ultimate  strengtJi  to  the  actual  stress  to  ivhich  it  is  subjected, 
or  for  whicJi  it  is  intended. 

In   Table  23,  70,000  pounds  per  square  inch  is  given  as 

the  ultimate  shearing  strength  for  steel.     Now,  suppose  that 

the  actual  stress  on  a  piece  of  steel  is  10,000  pounds  per 

square  inch ;  then,  the  factor  of  safety  for  this  piece  would 

,     70,000 

be  — =  7. 

10,000 

1 1 20.  To  find  the  proper  allowable  working  strength 
of  a  material,  divide  the  ultimate  strength  for  tension,  com- 
pression, or  shearing,  as  the  case  may  be,  by  the  proper 
factor  of  safety. 

Table  24  gives  the  factors  of  safety  generally  used  in 
American  practice.  Factors  of  safety  will  always  be 
denoted  by  the  letter /in  the  formulas  to  follow. 
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TABLE  24. 


Material. 

For  Steady 

Stress. 
(Buildings.) 

For  Varying 

Stress. 
(Bridges. ) 

For  Shocks. 
(Machines.) 

Timber 

8 
15 
6 
4 
5 

10 
25 

10- 
G 

IV 

< 

15 

Brick  and  Stone.  .  . 
Cast  Iron 

30 
15 

Wrought  Iron 

Steel  

10 
10 

1121.  Twice  as  mucJi  strain  is  caused  by  a  suddenly 
applied  stress  as  by  one  that  is  gradually  applied.  For  this 
reason  a  larger  safety  factor  is  used  for  shocks  than  for 
steady  stresses.  In  general,  the  factor  of  safety  for  a  given 
material  must  be  chosen  according  to  the  nature  of  the 
stress. 

The  designer  usually  chooses  his  own  factors  of  safety. 
If  the  material  has  been  tested,  or  the  specifications  call  for 
a  certain  strength,  then  the  factor  of  safety  can  be  chosen 
accordingly. 

Example. — Assuming  the  mortar  and  brick  to  be  of  the  same 
strength,  how  many  tons  could  be  safely  laid  upon  a  brick  column 
2  feet  square  and  8  feet  high  ? 

Solution.—/'  =  A  5.,  =  3  X  3  X  144  x  3,500  =  1,440,000  lb.  =  720 
tons.  The  factor  of  safety  for  this  case  is  15  (see  Art.  1 1 20  and 
Table  24);  hence,  730 -- 15  =  48  tons.  Ans. 

Example. — What  must  be  the  diameter  of  the  journals  of  a  wrought 
iron  locomotive  axle  to  resist  shearing  safely,  the  weight  on  the  axle 
being  40,000  pounds  ? 

Solution. — Let /be  the  factor  of  safety;  then,  P  =■ — j^,  or  A  = 

~^.     Since  the  axle  has  two  journals,  the  stress  on  each  journal  is 

20,000  lb.     Owing  to  inequalities  in  the  track,  the  load  is  not  a  steady 
one,  but  varies ;  for  this  reason,  the  factor  of  safety  will  be  taken  as  6. 

20,000  X  6       „  ,  .  rr^.        r  J      ,  /  3.4         i,» 

=  2.4    sq.    in.      Therefore,   ^/ =  i/ __- =  If . 

^  r    .7854 


Then,    A 
Ans. 


50,000 
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Example. — Considering  the  piston  rod  of  a  steam  engine  as  if  its 
length  were  less  than  ten  times  its  diameter,  what  must  be  the 
diameter  of  a  steel  rod,  if  the  piston  is  18  inches  in  diameter  and  the 
steam  pressure  is  110  pounds  per  square  inch  ? 

Solution.— Area  of  piston  is  18^  X  .7854  =  354. 47  sq.  in.  254.47  x  110  = 
27,991.7  lb.,  or,  say,  28,000  lb.  =  stress  in  the  rod.    ^  =  5^  =  ^\^!!^,^:^J^ 

=  1.87".  nearly.     Hence,  diameter  =|/1^  =  1.543",  say  ly'V".     Ans. 

1 1 22.  When  designing  a  machine,  care  should  be  taken 
(1)  to  make  every  part  strong  enougJi  to  resist  any  stress  likely 
to  be  applied  to  it;  anei{^)  to  make  all  parts  of  equal  strength. 

The  reason  for  the  first  statement  is  obvious,  and  the 
second  should  be  equally  clear,  since  no  machine  can  be 
stronger  than  its  weakest  part  (proportioned,  of  course,  for 
the  stress  it  is  to  bear),  and  those  parts  of  the  machine 
which  are  stronger  than  others  contain  an  excess  of  material 
which  is  wasted.  In  actual  practice,  however,  this  second 
rule  is  frequently  modified.  Some  machines  are  intended 
to  be  massive  and  rigid,  and  need  an  excess  of  material  to 
make  them  so ;  in  others,  there  are  difficulties  in  casting  that 
modify  the  rule,  etc.,  etc.  In  most  cases,  the  designer  must 
rely  on  his  own  judgment. 


EXAMPLES  FOR  PRACTICE. 

1.  A  cast  iron  bar  is  subjected  to  a  steady  tensile  stress  of  120,000 
pounds.  The  cross-section  is  an  ellipse  whose  axes  are  6  and  4  inches. 
{a)  What  is  the  stress  per  square  inch  ?  {b)  What  load  will  the  bar 
carry  with  safety  ?  .         (  {a)  6,366  lb.  per  sq.  in. 

■       "^"  '(  {b)  62,832  lb. 

2.  How  much  will  a  piece  of  steel  2  inches  square  and  10  inches 
long  shorten  under  a  load  of  300,000  pounds  ?  Ans.    .025". 

3.  A  cylindrical  wooden  pin  If  inches  in  diameter  is  subjected  to  a 
double  shearing  stress.  If  the  stress  is  suddenly  applied,  what  total 
force  is  necessary  to  shear  the  pin  ?  Ans.  14,431  lb. 

4.  A  wrought  iron  tie  rod  is  f  inch  diameter;  how  long  must  it 
be  to  lengthen  f  inch  under  a  steady  pull  of  5,000  pounds  ?    Ans.  69  ft. 

5.  A  steel  bar  having  a  cross-section  of  5"  x  4"  and  14  feet  long  is 
lengthened  .036  inch  by  a  steady  pull  of  120,000  pounds;  what  is  its 
coefficient  of  elasticity  ?  Ans.   28,000,000  lb.  per  sq.  in. 
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6.  Which  is  the  stronger,  weight  for  weight,  a  bar  of  chestnut  wood 
whose  tensile  strength  is  13,000  pounds  per  square  inch  and  specific 
gravity  .61,  or  a  bar  of  steel  whose  tensile  strength  is  125,000  pounds 
per  square  inch? 

7.  What  should  be  the  diameter  of  a  cast-iron  pin  subjected  to  a 
suddenly  applied  double  shearing  stress  of  40,000  pounds  to  with- 
stand the  shocks  with  safety  ?  Ans.  4|",  nearly. 

8.  What  safe  steady  load  may  be  placed  upon  a  brick  column  2  feet 
square  and  9  feet  high  ?  Ans.  96,000  lb. 

PIPES     AND    CYLINDERS. 

1123.  A  pipe  or  cylinder  subjected  to  a  pressure  of 
steam  or  water  is  strained  equally  in  all  its  parts,  and,  when 
rupture  occurs,  it  is  in  the  direction  of  its  length. 

Let  c/=  inside  diameter  of  pipe  in  inches; 
/=  length  of  pipe  in  inches; 
/  =  pressure  in  pounds  per  square  inch; 
P=  total  pressure. 

Then,  P^p  Id. 

This  formula  is  derived  from  a  principle  of  hydrostatics 
that  the  pressure  of  water  in  any  direction  is  equal  to  the 
pressure  on  a  plane  perpen- 
dicular to  that  direction.  In 
Fig.  214,  suppose  the  direction 
of  pressure  to  be  as  shown  by 
the  arrows;  A  B  would  then 
be  the  plane  perpendicular  to 
this  direction,  the  width  of  the 
plane  being  equal  to  the  diam- 
eter, and  the  length  equal  to 
the  length  of  the  pipe.  The 
area  of  the  plane  would  then 
be  I  X  d,  and  the  total  pres- 
sure P=^p  X  I  X  d,  2iS  above. 

Suppose  the  pipe  to  have  a 
thickness  /,  and  let  5  be  the  fig.  214. 

working  strength  of  the  material;  then,  the  resistance  of 
the  pipe  on  each  side  is  t  I  S.  Resistance  must  equal 
pressure ;  therefore,        p  I  d—-l  t  I  S,  or 

P  d=2t  S.  (68.) 
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Also,  /  — -J-,  Avhich  is  the  maximum  pressure  a  pipe  of  a 
a 

given  material  and  of  given  dimensions  can  stand. 

The  pressure  of  water  per  square  inch  may  be  found  by 

the  formula,  />  =  .434  //,  where  /i  is  the  head  in  feet.      In 

pipes  where  shocks  are  likely  to  occur,  the  factor  of  safety 

should  be  high.      The  thickness  of  a  pipe  to  resist  a  given 

pressure    varies    directly    as    its    diameter,     the    pressure 

remaining  constant. 

Example. — Find  the  factor  of  safety  for  a  cast-iron,  water  pipe 
13  inches  in  diameter  and  f  inch  thick,  under  a  head  of  350  feet. 

Solution. — Here  p,  pressure  per  square  inch,  equals  .434//  = 
.434  X  350  =  151.9  lb.  Substituting,  in  formula  6»,  the  values  given, 
151.9  X  12  =  2  X  I  X  5,  or  5=  1,215.2  lb.  per  sq.  in. 

In  Table  21,  Art.  111-4,  the  ultimate  tensile  strength  of  cast  iron 
is  given  as  20,000  pounds  per  square  inch  ;  then,  the  factor  of  safety  is 

OQ   OQA 

/■=  ^^ =  le  r-      Ans.       The    pipe    would,    therefore,    be    secure 

121 5  2 

against  shocks. 

Example. — Find  the  proper  thickness  for  a  wrought-iron  steam  pipe 

18  inches  in  diameter  to  resist  a  pressure  of  140  pounds  per  square  inch. 

Solution. — Using  a  factor  of  safety  of  10,  the  working  strength  5  = 

55,000        ^^^^„  -17  f  1      CO     /      ^'^      U0X18 

— ^  =  5,500  lb.  per  sq.  m.      From   formula   68,  ^  =  ^  =  g  x  5,500 

=  0.23  in.     In   practice,   however,   the  thickness  is  made  somewhat 
greater  than  the  formula  requires. 


CYLINDERS. 

1 124.  The  tendency  of  a  cylinder  subjected  to  internal 
pressure  is  to  fail  or  rupture  in  the  direction  of  its  length, 
the  same  as  a  pipe. 

Let  -  (pronounced  //)  be  the  ratio  of  the  circumference 
of  a  circle  to  its  diameter  =  3. 1416 ;  then,  ^  -  =  .  7854  =  ratio 
of  area  to  the  square  of  the  diameter. 

The  total  pressure  on  the  cylinder  head  =  ^  r:  ^/'^ /.      Let 

S  =  working  unit  stress  =  — ^,  then  -  d  t  S  —  the   resistance 
to  rupture  caused  by  the  pressure  acting  on  the  opposite 
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cylinder  heads  and  tending  to  elongate  the  cylinder.  Since 
the  resistance  must  equal  the  force,  or  pressure,  \r.d'^p=. 
Tt  d  t  S,  or 

pd=^tS.  (69.) 

Also, /  =  -^. 

Since,  for  longitudinal  rupture,  /  =  — -j—,  it  is  seen  that 

a  cylinder  is  twice  as  strong  against  transverse  rupture  as 
against  longitudinal  rupture.  Hence,  other  things  being 
equal,  the  cylinder  will  always  fail  by  longitudinal  rupture. 

1 1 25.  The  foregoing  formulas  are  for  comparatively 
thin  pipes  and  cylinders,  in  which  the  thickness  is  less  than 
about  yL-  inside  radius.  For  pipes  and  cylinders  whose 
thickness  is  greater  than  y^y-  radius,  use  the  following 
formula,  in  which  r  =  the  inner  radius,  and  the  other 
letters  have  the  same  meaning  as  before : 

/  =  7^,  (70.) 

Substituting  the  values  given  in  the  example  in  Art.  1 1 23, 
in  formula  70,  instead  of  formula  68, 


P 


St            ^      /(''  +  0        151-9  X  (0  +  f) 
— : — .  or  S  —  —^ — — -  — ^-^^ — -^^^  = 


r+f  t 


151.9  X  6f  X  i=  1,367.1  lb. 

When  formula  68  was  used,  5  =  1,215.2  lb. ;  hence, 
formula  70  gives,  for  this  case,  a  value  12-^^,  or  \  greater. 

The  formula  for  spheres  is  the  same  as  that  for  transverse 
rupture  of  cylinders,  or  p  d  =  \  t  S. 

1126.  A  cylinder  under  external  pressure  is  theoreti- 
cally in  a  similar  condition  to  one  under  internal  pressure, 
so  long  as  its  cross-section  remains  a  true  circle.  A  uniform 
internal  pressure  tends  to  preserve  the  true  circular  form,  but 
an  external  pressure  tends  to  increase  the  slightest  variation 
from  the  circle,  and  to  render  the  cross-section  elliptical. 
The   distortion^   when  once    begun,    increases  rapidly,   and 
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failure  occurs  by  the  collapsing  of  the  tube  rather  than  by 
the  crushing  of  the  material.  The  flues  of  a  steam  boiler 
are  the  most  common  instances  of  cylinders  subjected  to 
external  pressure. 

The  letters  having  the  same  meaning  as  before,  the  follow- 
ing formula  gives  the  collapsing  pressure  in  pounds  per 
square  inch  for  wrought-iron  pipe: 

/  =  0,000, 000  y^.  (71.) 

Example. — What  must  be  the  thickness  of  a  boiler  tube  2  inches  in 
diameter  and  11  feet  long,  if  the  steam  pressure  is  to  be  not  over  160 
pounds  per  square  inch  ? 

Solution. — Using  formula  71,  with  a  factor  of  safety  of  10,  and 
solving  for  /, 

/=  '•]/  10/ /^r  _''yiO  X  160  X  11  X  12  X  2_°'/Tr 
y   9,600,000  "  y  9,600,000  ~   r    250' 

Hence,  log  /  =  ^"^ -^^"^"^  ^^'^  =1.37773,  or  /  =  .2386",  say  i". 


EXAMPLES   FOR   PRACTICE. 

1.  What  must  be  the  thickness  of  a  16-inch  cast-iron  stand  pipe 
which  is  subjected  to  a  head  of  water  of  250  feet  ?  Assume  that  the 
stress  is  steady.  Ans.  .26". 

2.  What  should  be  the  thickness  of  a  wrought-iron  boiler  flue  15 
feet  long,  4  inches  in  diameter,  and  subjected  to  an  external  pressure 
of  200  pounds  per  square  inch  ?  Ans.  .42". 

3.  What  pressure  per  square  inch  can  be  safely  sustained  by  a  cast- 
iron  cylinder  12  inches  in  diameter  and  3  inches  thick  ? 

Ans.  1,111^  lb.  per  sq.  in. 

4.  What  external  pressure  per  square  inch  can  a  wrought  iron  pipe 
20  feet  long,  3  inches  in  diameter,  and  -§■  inch  thick,  safely  sustain  and 
be  secure  against  shocks  ?  Ans.  157.2  lb.  per  sq.  in. 

5.  A  cast-iron  cylinder  14  inches  in  diameter  sustains  a  total  pres- 
sure of  125  tons;  what  is  the  necessary  thickness,  assuming  that  the 
pressure  is  gradually  applied,  and  that  the  cylinder  is  not  subjected  to 
shocks?  Ans.  6.65". 

6.  A  cylindrical  boiler  shell  3  feet  in  diameter  is  subjected  to  a 
steady  hydrostatic  pressure  of  180  pounds  per  square  inch.  What 
should  its  thickness  be  if  made  of  steel  having  a  tensile  strength  of 
60,000  pounds  per  square  inch  ?  Ans.  .27". 
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ELEMENTARY  GRAPHICAL  STATICS. 

Before  taking  up  the  subject  of  flexure,  some  fundamen- 
tal principles  of  Graphical  Statics  not  heretofore  considered 
will  be  explained  and  applied  to  the  case  of  beams. 


FORCE  DIAGRAM  AND  EQUILIBRIUM   POLYGON. 

1127.  In  Arts.  878  and  879,  the  polygon  of  forces 
was  used  to  find  the  resultant  of  several  forces  having  a 
common  point  of  application,  or  whose  lines  of  action 
passed  through  a  common  point.  A  method  of  finding  the 
resultant  will  now  be  given  when  the  forces  lie,  or  may  be 
considered  as  lying,  in  the  same  plane,  but  their  lines  of 
action  do  not  pass  through  a  common  point. 

In  Fig.  215,  let  F^,  7%,  and  F^  be  three  forces  whose  mag- 
nitudes are  represented  by  the  lengths  of  their  respective 
lines,  and  their  directions  by  the  positions  of  the  lines  and  by 
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Fig.  215. 

the  arrow-heads.  Construct  the  polygon  of  forces  0  12  3  0 
as  shown  at  (<•/),  in  the  same  manner  as  described  in 
Art.  878,  O  3  representing  the  direction  and  magnitude  of 
the  resultant.     Everything  is  now  known  except  the  line  on 
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which  the  point  of  application  of  the  resultant  must  lie.  To 
find  this,  proceed  as  follows: 

Choose  any  point  P,  and  draw  P  O,  P  1,  P  ,?,  and  /'  3. 
Choose  any  point  /?,  on  the  line  of  direction  of  one  of  the 
forces  as  P^,  and  draw  lines  through  /;  parallel  to  P  O  and 
P  1,  the  latter  intersecting  F^,  or  P^  prolonged,  in  c.  Draw 
<:^  parallel  to  P2,  and  intersecting /'"g,  or  F^  prolonged,  in  d. 
Draw  d  e  parallel  to  P  3,  intersecting  the  line  a  b  l\  parallel 
to  P  (9,  in  c.  The  point  ^  is  a  point  on  the  line  of  direction 
of  the  resultant  of  the  three  forces.  Hence,  through  e^ 
draw  R  parallel  and  equal  \.o  O  3  and  acting  in  the  same 
direction ;  it  will  be  the  resultant. 

The  method  just  described  is  applicable  to  any  number  of 
forces  considered  as  acting  in  the  same  plane.  The  result- 
ant can  also  be  found  Avhen  the  forces  act  in  different 
planes,  but  the  method  of  finding  it  will  not  be  described 
here. 

The  point  P  is  called  the  pole ;  the  lines  P  O,  P  1,  P  2, 
P  3  joining  the  pole  with  the  vertexes  of  the  force  polygon 
are  called  the  strings  or  rays ;  the  force  diagram  is 
the  figure  composed  of  the  force  polygon,  0  12  3  O,  the 
pole,  and  the  strings.  The  TpoXygon  b  c  d  c  b  is  called  the 
equilibrium  polygon. 

Since  the  pole  P  may  be  taken  anywhere,  any  number  of 
force  diagrams  and  equilibrium  polygons  may  be  drawn,  all 
of  which  will  give  the  same  value  for  the  resultant,  and 
whose  lines  d  c  and  a  c  will  intersect  on  the  resultant  R. 
To  test  the  accuracy  of  the  work,  take  a  new  pole  and  pro- 
ceed as  before.  If  the  work  has  been  done  correctly,  d  e 
and  a  c  will  intersect  on  R. 

The  equilibrium  polygon  gives  an  easy  method  of  resolving 
a  force  into  two  components. 

Example. — In  Fig.  216,  let  7^=  16  pounds  be  the  force,  and  let  it  be 
required  to  resolve  it  into  two  parallel  components,  A  and  /?,  at  dis- 
tances respectively  of  5  feet  and  15  feet  from  F.  What  will  be  the 
magnitudes  of  A  and  B  ? 

Solution. — Draw  O  l\.o  represent  F—  16  lb.  Choose  any  conven- 
ient pole  P,  and  draw  the  rays  P  0  and  P 1.     Take  any  point  a  on  Fi 
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and  draw  ab  parallel  to  PO,  intersecting  A  in  l>,  and  ac  parallel  to 
P 1,  intersecting  B  in  c.  Join  b  and  c  by  the  line  b  c.  Through  the 
pole  P,  draw  /" (^/ parallel  to  be,  intersecting  01  in  d.  Then  O  d  is  the 
magnitude  of  A,  measured  to  the  scale  to  which  01  was  drawn,  and 
d  1  is  the  magnitude  of  B  to  the  same  scale. 

0 


S>r 


Fig.  216. 

1128.  If  the  components  are  not  parallel  to  the  given 
force,  they  must  intersect  its  line  of  direction  in  a  common 
point. 

In  Fig.   217,  let  F—1(S  pounds  be  the  force;  it  is  required 
to  resolve    it    into  two  compo- 
nents^ and  i>,  intersecting  at «, 
as  shown.      Draw   6^  i  to  some 
convenient    scale    equal    to    16 
pounds;  then  draw  (^Pand  1  P 
parallel  to  A   and  B^  and  O  P 
and  P 1  are  the  values  of  the 
components  A   and  i?,   respec- 
tively, both  in  magnitude  and  direction 


Fig.  217. 


Example. — Let  Fi,  L\,  F3,  lu,  and  /;,  Fig.  318,  be  five  forces  whose 
magnitudes  are  7,  10,  5,  13,  and  15  pounds,  respectively.  It  is  required 
to  find  their  resultant  and  to  resolve  this  resultant  into  two  com- 
ponents parallel  to  it  and  passing  through  th3  points  a  and  b. 

Solution. — Choose  any  point  O,  Fig.  218,  and  draw  01  parallel  and 
equal  to  Fi ;  1-J  parallel  and  equal  to  F^,  etc.  ;  05  will  be  the  value  of 
the  resultant,  and  its  direction  will  be  from  O  to  5,  opposed  to  the 
other  forces  acting  around  the  polygon.  Choose  a  pole  P,  and  com- 
plete the  force  diagram.  Choose  a  point  c  on  Fi,  and  draw  the  equilib- 
rium polygon  cdcf  ghc\  the  intersection  of  <r/;,  parallel  to  PO,  and 
g  h,  parallel  to  P5,  gives  a  point  //,  on  the  resultant  R.  Through  h, 
draw  R  parallel  to  O  5,  and  it  will  be  the  position  of  the  line  of  action 
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of  the  resultant  of  the  five  forces.  The  components  must  pass  through 
the  points  a  and  i>,  according  to  the  conditions;  hence,  through  a  and 
b,  draw  Fi  and  V^  parallel  to  R.  Since  05  represents  the  magnitude 
of  R,  draw  hk  and  /^Z  parallel  to  P  O  and  FS,  respectively,  as  in  Fig. 


Fig.  218. 

216  (they,  of  course,  coincide  with  c  h  and  g  //,  since  the  same  pole  P  is 
used),  intersecting  F,  and  V-i  in  k  and  /.  Join  k  and  /,  and  draw  P  Q 
parallel  to  k  l.     Then,  O  Q=  F,,  and  (9  5  =  V^. 


COMPOSITION    OF    MOMENTS. 

1 1  29.  In  Art.  906  it  was  stated  that  the  moment  of  a 
force  about  a  point  is  the  product  of  the  magnitude  of  the  force 
by  the  perpendicular  distance  from  the  point  to  the  line  of 
action  of  the  force.  A  force  can  act  in  two  ways  upon  a 
body :  it  can  either  produce  a  motion  of  translation — that  is, 
cause  all  the  points  of  the  body  to  move  in  straight  parallel 
lines — or  it  can  produce  a  motion  of  rotation — that  is,  make 
the  body  turn.  A  vwiiiciit  measures  the  capacity  of  a  force 
to  produce   rotation   about  a  given  point.      For  example, 
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suppose,   in  Fig.    219,   that  A   C  is  a.  lever  30  inches  long, 

having  a  fulcrum  at  B  10  inches  from  A.     If  a  weight  is 

suspended  from  C,  it  will  cause  the  bar  to  rotate  about  B  in 

the  direction  of  the  arrow.     A  weight  suspended  from  A  will 

cause  it  to  revolve  in  the  opposite  direction,  as  indicated  by 

the  arrow.    Suppose,  for  simplicity,  that  the  bar  itself  weighs 

nothing.       If   two    weights    of    12   pounds   each    are    hung 

at  A  and  C,  it  is  evident  that  the  bar  will   revolve  in  the 

direction  of  the  arrow  at  C,  on  account  of  the  arm  B  C  being 

longer  than  the  arm  A  B.     Let  the  weight  at  A  be  increased 

until  it  equals  24  pounds.   The  bar  will  then  balance  exactly, 

and  any  additional        |, ^o^_4, 20^- 

weight  at  A  will  cause     __ 

the  bar  to  rotate  in  the  *  jw  » 

opposite    direction,   as 

shown  by  the  arrow  at 

. ,     ,       ■    ,      -TTT,        , ,     24  Iha.  12  lbs. 

that  pomt.     When  the  fig.  219. 

lever  is  balanced,  it  will  be  found  that  24  X  10  =  12  X  20, 
or,  considering  B  as  the  center  of  moments,  24  X  per- 
pendicular distance  A  B  =  12  X  perpendicular  distance 
B  C.  In  other  words,  the  moment  of  W  about  B  must 
equal  the  moment  of  P  about  B — that  is,  the  two  moments 
must  be  equal.  Further,  P  tends  to  cause  rotation  in  the 
direction  in  which  the  hands  of  a  watch  move,  and  will,  for 
convenience,  be  considered  positive,  or  +  ;  ff^ tends  to  cause 
rotation  in  a  direction  opposite  to  the  hands  of  a  watch,  and 
will  be  considered  negative,  or  —  .  Adding  the  two  algebrai- 
cally,/'x  ^  C+ (  -  WxA  B)=^PxB  C-  JVxA  B^O, 
since  the  two  moments  are  equal.    Hence  the  following  general 

Rule. — 07ie  of  the  necessary  cojiditions  of  cqiiilibrinin  is 
that  the  algebraic  sum  of  the  moments  of  all  the  forces  about 
a  given  point  sJiould  equal  zero. 

Applications  of  this  rule  will  occur  farther  on. 


GRAPHICAL   EXPRESSIONS   FOR    MOMENTS. 

1130.  The  moment  of  a  single  force  may  be  expressed 
graphically  in  the  following  manner  :  Let  /^=  10  pounds 
be  the  given  force  (see  Fig.  220),  and  c,  at  a  distance  from 
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F  —  f  c  =■  7^  feet,  be  the  center  of  rotation  (center  of  mo- 
ments). Draw  O  1  parallel  to  F  and  equal  to  10  pounds. 
Choose  any  point  P  as  a  pole,  and  draw  the  rays  P  O  and 
P 1  ;  also  draw  P2  perpendicular  to  O  1.  Through  any  point 
b  on  F,  draw  the  sides  a  b  and  g  b  of  the  equilibrium  poly- 
gon ;  they  correspond  \.o  b  e  and  d  i\  Fig.  215,  through  the 
intersection  of  which  the  resultant  must  pass,  the  resultant 
F  being  given  in  the  present  case.      Prolong  a  b,  and  draw 

Q 


>P 


Fig.  220. 

e  d  through  c  parallel  to  F,  intersecting  b  g  and  a  b  in  d  and 
c.  It  can  now  be  shown  that  the  moment  of  F  about  c  = 
P2  X  d  r,  when  P  2  \s  measured  to  the  same  scale  as  O  1, 
and  e  d  is  measured  to  the  same  scale  as  c  /. 

The  line  P  3  is  called  the  pole  distance  and  will  here- 
after be  always  denoted  by  the  letter  //.  The  line  d  e  is 
called  the  intercept.  Hence,  the  pole  distance  multiplied 
by  the  intercept  equals  the  moment,  or,  denoting  the  inter- 
cept by  f,  moment  =  // y. 

The  statement  made  in  the  last  sentence  is  one  of  the 
most  important  facts  in  Graphical  Statics,  and  should  be 
thoroughly  understood.  In  the  triangle  P  O^,  the  lines 
P  O  and  /'  represent  the  components  of  the  force  F  in  the 
directions  a  b  and  g  b,  respectively,  while  the  lines  of  action 
of  those  components  are  a  b  and  g  b,  meeting  at  b.  As  d  e 
is  limited  by  g  b  and  a  b  (produced),  we  may  give  the  fol- 
lowing definition :  The  intercept  of  a  force  whose  moment 
about  a  point  is  to  be  found  is  the  segment  (or  portion) 
which  the  two  components  (produced,  if  necessary)  cut  off 


STRENGTH  OF  MATERIALS.  477 

from  a  line  drawn  through  the  center  of  moments  parallel  to 
the  direction  of  the  force. 

1131.  The  pole  distance  and  intercept  for  the  moment 
of  several  forces  about  a  given  point  may  be  determined  in 
a  similar  manner,  by  first  finding  the  magnitude  and  position 
of  the  resultant  of  all  the  forces ;  the  moment  of  this  result- 
ant about  the  given  point  will  equal  the  value  of  the 
resultant  moment  of  all  the  forces  which  tend  to  produce 
rotation  about  that  point. 

Example. — Let  Fi  =  20  pounds,  F^  =  25  pounds,  and  F3  —  18  pounds 


rl^£p 


Fig.  221. 

be  three  forces  acting  as  shown  in  Fig.  221;  find  their  resultant  moment 
about  the  point  C. 

Solution. — Draw  the  force  diagram,  equilibrium  polygon,  and  re- 
sultant R  as  previously  described.  Draw  dCe  parallel  to  R.  The 
intercept  d  e,  multiplied  by  the  pole  distance  P  Q  =  the  resultant 
moment.  • 

1 1 32.  If  all  the  forces  are  parallel,  the  force  polygon 
is  a  straight  line.  This  is  evident,  since  if  a  line  of  the 
force  polygon  be  drawn  parallel  to  one  of  the  forces,  and 
from  one  end  of  this  line  a  second  line  be  drawn  parallel 
to  another  force,  the  second  line  will  coincide  with  the 
first. 

Example. — Let  Fi  =  30,  F^  —  20,  and  F3  =  20,  all  in  pounds,  be  three 
parallel  forces  acting  downwards,  as  shown  in  Fig.  222.  It  is  required 
to  find  their  resultant  moment  (algebraic  sum  of  the  moments)  and  the 
moment  of  their  resultant,  all  moments  to  be  taken  about  the  point  C. 
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Solution.— Lay  off  O  i  =  30  lb.  =  F,,  1-2  =  20  lb.  =  F,  and  2-3  =  20 
lb.  =  F3,  and  03  is  the  value  of  the  resultant.  Choose  some  point  P  as 
a  pole  and  draw  the  rays.  Take  any  point,  as  d,  on  any  force,  as  Fi, 
and  complete  the  equilibrium  polygon  be  deb;  then,  the  line  of  action 
of  the  resultant  must  pass  through  e.  Through  C  draw  C  i  parallel  to 
R  and  prolong  d  e.  The  moment  of  R  about  C  equals  the  pole  distance 
//,  multiplied  by  the  intercept  //  /',  since  //  /  is  that  part  of  the  line  drawn 
through  C  parallel  to  R,  and  included  between  the  lines  be  and  d e  of 
the  equilibrium  polygon  which  meet  upon  R.  Measuring  hi\.o  the 
scale  of  distances  (1  in.  =40  ft.),  it  equals  23  ft.  Measuring  H  \.o  the 
scale  of  forces,  it  equals  40  lb.     Consequently,  the  moment  of  R  about 
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Scale  of  forces  1=40  lb. 
Scale  of  distance  1=40'. 

Fig.  222. 
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C=  40  X  23  =  920  ft. -lb.  Considering  the  force  F3,  the  intercept  is  ^/, 
since  F3  is  parallel  to  R,  and,  consequently,  to  Cz;  also,  g  t'ls  that  part 
of  the  line  C/ included  between  the  sides  e  d  and  de,  which  meet  on  F3. 
Measuring  ^ /,  it  is  found  to  equal  28  ft.  Hence,  the  moment  of  F3 
about  C=  40  X  28  =  1,120  ft. -lb.  The  moment  of  F^  about  C=I/x/g 
=  40  X  13  =  520  ft. -lb.  The  moment  of  F,  =  Hx/ /i  =  4:0  XlS  =  720 
ft. -lb.  Now  F3  and  F^  have  positive  moments,  since  they  tend  to  cause 
rotation  in  the  direction  of  the  hands  of  a  watch,  while  Fi  has  a  nega- 
tive moment,  since  it  tends  to  cause  rotation  in  the  opposite  direction. 
Consequently,  adding  -the  moments  algebraically,  the  resultant  moment 
=  1,120  +  520  -  720  -  920  ft.-lb.,  the  same  as  the  moment  of  the 
resultant. 
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Having  described  the  fundamental  principles  of  Graphical 
Statics,  the  subject  of  Strength  of  Materials  will  now  be 
continued,  and  the  stresses  due  to  flexure  and  torsion 
discussed. 

BEAMS. 

1133.  Any  bar  resting  upon  supports  in  a  horizontal 
position  is  called  a  beam. 

1134.  A  simple  beam  is  a  beam  resting  upon  two 
supports  very  near  its  ends. 

1135.  A  cantilever  is  a  beam  resting  upon  one  sup- 
port in  its  middle,  or  which  has  one  end  fixed  (as  in  a  wall) 
and  the  other  end  free. 

1136.  A  restrained  beam  is  one  which  has  both 
ends  fixed  (as  a  plate  riveted  to  its  supports  at  both  ends). 

1137.  A  continuous  beam  is  one  which  rests  upon 
more  than  two  supports. 

In  this  Course,  the  continuous  beam  will  not  be  discussed, 
as  the  subject  requires  a  knowledge  of  higher  mathematics. 


REACTIONS  OF  SUPPORTS. 
1138.  All  forces  which  act  upon  beams  will  be  con- 
sidered as  vertical,  unless  distinctly  stated  otherwise.  Ac- 
cording to  the  third  law  of  motion,  every  action  has  an 
equal  and  opposite  reaction.  Hence,  when  a  beam  is  acted 
upon  by  downward  forces,  the  supports  react  vipwards.  It 
is  required  to  find  the  value  of  the  reaction  at  each  support. 
If  a  simple  beam  is  uniformly  loaded  or  has  a  load  in  the 
middle,  it  is  evident  that  the  reaction  of  each  support  is 
one-half  the  load  plus  one-half  the  weight  of  the  beam.  If 
the  load  is  not  uniformly  distributed  over  the  beam,  or  if 
the  load  or  loads  are  not  in  the  middle,  the  reactions  of  the 
two  supports  will  be  different.  The  upward  reactions  are 
considered  positive,  and  the  downward  forces  negative.      In 
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order  that  a  beam  may  be  in  equilibrium,  three  conditions 
must  be  fulfilled: 

I.  The  algebraic  sum  of  all  vertical  forces  =  0. 

II.  The  algebraic  sum  of  all  horizontal  forces  =  0. 

III.  The  algebraic  sum  of  the  moments  of  all  forces 
about  any  point  =  0. 

Since  the  loads  act  downwards  and  the  reactions  upwards, 
the  first  condition  states  that  the  sum  of  all  the  loads  must 
equal  the  sum  of  the  reactions  of  the  supports. 

Example. — Let  Tv,  be  the  reaction  of  the  left  support,  R^  the  reac- 
tion of  the  right  support,  and  the  distance  between  the  two  supports 
14  feet.     Suppose  that  loads  of  50,  80,  100,  70,  and  30  jwunds  are  placed 
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Fig.  223, 

on  the  beam  at  distances  from  the  left  support  equal  to  2,  5,  8,  10,  and 
12^  feet,  respectively.  Required  the  reactions  of  the  supports,  neg- 
lecting the  weight  of  the  beam.     See  Fig.  223. 
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Solution. — The  reactions  may  be  found  graphically  by  resolving 
the  resultant  of  the  weights  (which,  in  this  case,  acts  vertically  down- 
wards) into  two  parallel  components,  passing  through  the  points 
of  support.  The  sum  of  the  reactions  is  equal  to  the  sum  of  the  com- 
ponents, but  the  two  sums  have  different  signs.  Draw  the  beam  to 
some  convenient  scale,  and  locate  the  loads  as  shown  in  the  figure. 
Draw  the  force  diagram,  making  O  1  =  50  \h  ,  1-2  =  80  lb.,  etc.,  O  5 
representing  the  force  polygon. 

Choose  a  point  /'  on  the  line  of  action  of  the  force  F^,  and  draw  the 
equilibrium  polygon  a  b  c  d  e  f  g  a;  a  b  and/^'-  intersect  at  h,  the 
point  through  which  the  resultant  R  must  pass.  Draw  P  x  parallel  to 
a  g,  and  O  x  will  be  the  reaction  (=  component)  A',,  and  .r  5  the  reac- 
tion Ri.  Measuring  O  x  and  .r  5  to  the  same  scale  used  to  draw  O  5, 
we  find  R,  =  161  lb.,  and  R^  =  169  lb.  By  calculation,  R,  =  161.4  lb., 
and  Tvo  =  168.6  lb.  This  shows  that  the  graphical  method  is  accurate 
enough  for  all  practical  purposes.  The  larger  the  scale  used,  the  more 
accurate  will  be  the  results. 

The  reactions  and  forces  acting  upwards  will  always  be 
considered  as  positive,  or  +,  and  the  downward  weights  as 
negative,  or  — .  It  is  plain  that  the  first  condition  of 
equilibrium  is  satisfied  when  the  sum  of  the  positive  forces 
and  reactions  is  equal  to  the  sum  of  the  negative  forces. 


THE    VERTICAL    SHEAR. 

1139.  In  Fig.  223,  imagine  that  part  of  the  beam  at  a 
minute  distance  to  the  left  of  a  vertical  line  passing  through 
the  point  of  support  A,  to  be  acted  upon  by  the  reaction  -/^,= 
IGO  pounds,  and  that  part  to  the  right  of  the  line  to  be  acted 
upon  by  the  equal  downward  force  due  to  the  load.  The  two 
forces  acting  in  opposite  directions  tend  to  shear  the  beam. 

Suppose  the  line  had  been  situated  at  the  point  marked  3 
instead  of  at  A  ;  the  reaction  upwards  would  then  be  partly 
counterbalanced  by  the  50-pound  weight,  and  the  total 
reaction  at  this  point  would  be  IGO  —  50  =  110  pounds. 
Since  the  upward  reaction  must  equal  the  downward  load  at 
the  same  point,  the  downward  force  at  o  also  equals  110 
pounds,  and  the  shear  at  this  point  is  110  pounds.  At  the 
point  6,  or  any  point  between  o  and  S,  the  downward  force 
due  to  the  weight  at  the  left  is  50 -f-  80=  i;50  pounds,  and 
the  upward  reaction  is  IGO  pounds.     The  resultant  shear  is 
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therefore,  IGO  —  130  =  :]0  pounds.  At  any  point  between 
8  and  10,  the  shear  is  KiO  —  (50  +  80  +  100)  =  —  70  pounds. 
The  negative  sign  means  nothing  more  than  that  the  weights 
exceed  the  reaction  of  the  left-hand  support. 

T/w  vertical  shear  equals  the  rcaetion  of  the  left-hand 
support,  minus  all  the  loads  on  the  beam  to  the  left  of  the  point 
eonsidered. 

For  a  simple  beam,  the  greatest  positive  shear  is  at  the 
left-hand  support,  and  the  greatest  negative  shear  is  at  the 
right-hand  support,  and  both  shears  are  equal  to  the  reactions 
at  those  points. 

1 1 40.     The    vertical  shear  may  be  represented  graphi- 

TP  7?^  Ti^  T?  'Ei^ 

Jfi  -r*  -Ts  -f*  tg 

X  V  I    t         t  i 

-I"  80  lb. 


iil4 


Fig.  234. 


cally,    as  shown   in   Fig.    224,   which  is  Fig.   223  repeated. 
Draw  the  force  diagram,  continue  the  lines  of  action  of  R^  and 
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R^  downwards  and  make  O'  o  =0  5.  Through  x  draw  the 
horizontal  line  x  x' ,  called  the  shear  axis.  The  vertical 
shear  is  the  same  for  any  point  between  A  and  2  and  =  O  x 
=  O'  x"  =  IGO;  hence,  draw  O'  h  parallel  to  x  x',  and  any 
ordinate  measured  from  x  x'  to  O'  /i,  between  O'  and  /i  = 
IGO  pounds  =  the  vertical  shear  at  any  point  between  O'  and 
/i  when  O'  /i  =  A  2,  Through  1,  draw  1  k  and  project  the 
points  2  and  5  upon  it,  in  /  and  /'.  Then,  the  length  of  the 
ordinate  between  x  x'  and  i  k  =  the  vertical  shear  between 
2  and  5.     In  the  same  way,  find  the  remaining  points  /,  ;//,  etc. 

The  broken  line  O'  Ji  i /  is  called  the  shear  line; 

and  the  figure  O'  h  i r  s  t  x'  x"  is  called  the  shear 

diagram.  To  find  the  shear  at  any  point,  as  ii,  project 
the  point  upon  the  shear  axis  and  measure  the  ordinate  to 
the  shear  line,  drawn  through  the  projected  point.  If  the 
ordinate  is  measured  from  the  shear  axis  upwards,  the  ver- 
tical shear  is  positive;  if  downwards,  it  is  negative.  For  the 
point  ii,  the  vertical  shear  =  —  1-40  lb.  The  maximum 
negative  vertical  shear  is  —  170  lb.  =  x'  t  =  x  5.  The 
greatest  shear,  whether  positive  or  negative,  is  the  one 
which  the  beam  must  be  designed  to  withstand. 

1141.  A  beam  seldom  fails  through  shearing,  but 
generally  breaks  by  reason  of  the  load  bending  and  breaking 
it;  that  is,  through  flexure.  In  order  to  design  a  beam  to 
resist  flexure,  the  greatest  (maximum)  bending  moment 
must  be  known. 

The  bending  moment  at  any  point  of  a  beam  is  the  alge- 
braic sum  of  the  moments  of  all  of  the  forces  {the  reaction 
inc hided)  acting  upon  the  beam,  on  either  side  of  that  point, 
the  poifit  being  considered  as  the  center  of  moments. 

The  expression  "algebraic  sum"  refers  to  the  fact  that, 
when  considering  the  forces  acting  at  the  left  of  the  point 
taken,  the  moments  of  all  the  forces  acting  upwards  are 
considered  positive,  and  the  moments  of  all  the  forces  acting 
downwards  are  considered  negative.  Hence,  the  algebraic 
sum  is  the  moment  of  the  left  reaction  about  the  given  point, 
minus  the  sum  of  the  moments  about  the  same  point  of  all 
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the  downward  forces  between  the  reaction  and  the  given 
point.  Should  there  be  any  force  or  forces  acting  upwards, 
their  moments  must  be  added,  since  they  are  positive.  If 
the  forces  on  the  right  of  the  point  are  considered,  all  lever 
arms  are  negative,  distances  to  the  left  of  the  point  being  +, 
to  the  right,  —(see  Art.  1129).  Hence,  the  downward 
forces  give  positive  moments,  and  the  right  reaction  gives  a 
negative  moment.  This  is  as  it  should  be,  for  the  downAvard 
forces  on  the  right  and  the  upward  forces  on  the  left  tend 
to  rotate  the  beam  in  the  direction  of  the  hands  of  a  watch, 
while  the  downward  forces  on  the  left  and  the  upward  forces 
on  the  right  tend  to  rotate  the  beam  in  the  opposite  direction. 

1  1-42.  To  find  the  bending  moment  for  any  point  of  a 
beam,  as  7  in  Fig.  224,  by  the  graphical  method,  draw  the 
vertical  line  7-7' through  the  point.  Let /  =  that  part  of 
the  line  included  between  a  g  z.n6.  a  c  f  g  oi  the  equilibrium 
polygon  (  =  vertical  intercept).  Then,  H  X  y  =  the  bending 
moment.  //,  of  course,  =  the  pole  distance  =  P  u.  For 
any  other  point  on  the  beam,  the  bending  moment  is  found 
in  the  same  manner — i.  e.,  by  drawing  a  vertical  line  through 
the  point  and  measuring  that  part  of  it  included  between 
the  upper  and  lower  lines  of  the  equilibrium  polygon.  The 
scale  to  which  the  intercept  y  is  measured  is  the  same  as  that 
used  in  drawing  the  length  A  B  oi  the  beam.  The  pole 
distance  H  is  measured  to  the  same  scale  as  O  5.  In  the 
present  case,  y  =  2.05  feet,  and  H  —  349  pounds;  hence,  the 
bending  moment  for  the  point  7  is  H y  =  349  X  2.05  =  715.45 
foot-pounds. 

Note. — The  expression  "foot-pounds,"  used  in  stating  the  value  of 
a  moment,  must  not  be  confounded  with  foot-pounds  of  work.  The 
former  means  sim_ply  that  a  force  has  been  multiplied  by  a  distance, 
while  the  latter  means  that  a  resistance  lias  been  overcome  through  a 
distance.  In  expressing  the  value  of  a  moment,  the  force  is  usually 
measured  in  pounds  or  tons,  and  the  distance  in  inches  or  feet;  hence, 
the  moment  may  be  inch-pounds  or  inch-tons  and  foot-pounds  or  foot- 
tons.  Unless  otherwise  stated,  the  bending  moment  will  always  be 
expressed  in  inch-pounds,  the  length  of  the  beam  being  always 
measured  in  inches,  and,  consequently,  also  the  length  of  the  inter- 
cept y. 

1143.  If  expressed  in  inch-pounds,  the  value  of  the 
moment  just    found  is  715.45  x  12  =  8,585.4  inch-pounds. 
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It  will  be  noticed  that  after  the  force  diagram  and  equilib- 
rium polygon  have  been  drawn  the  value  of  the  bending 
moment  depends  solely  upon  the  value  of  j',  since  the  length 
P  H  =  H  is  fixed.  At  the  points  a  and  g,  directly  under  the 
points  of  support  of  the  beam,  j/ =  0;  hence,  for  these  two 
points,  bending  moment  =  Hy  =  //  x  0  =  0;  that  is,  for  any 
simple  beam,  the  bending  moment  at  either  support  is  zero. 
The  greatest  value  for  the  bending  moment  will  evidently  be 
at  the  point  <?,  since  d  8'  is  the  longest  vertical  line  which 
can  be  included  between  a  g  and  a  c  f  g. 

The  figure  a  c  c  g  a  {%  called  the  diagram  of  bending 
moments. 

1 1 44.  Consider  now  the  case  of  a  simple  beam  uniformly 
loaded.  Let  the  distance  between  the  supports  in  Fig.  225 
be  12  feet,  and  let  the  total  load  uniformly  distributed  over 
the  beam  be  21G  pounds.  Divide  the  load  into  a  convenient 
number  of  equal  parts,  the  more  the  better,  say  12,  in  this 
case.  The  load  which  each  part  represents  is  216  -^  12  =  18 
pounds.  For  convenience,  lay  off  (9  C  on  the  vertical 
through  the  left-hand  support,  equal  to  216  pounds  to  the 
scale  chosen,  and  divide  it  into  12  equal  parts,  O  a,  a  b,  etc. ; 
each  part  will  represent  18  pounds  to  the  same  scale. 
Choose  a  pole  P,  and  draw  the  rays  P  O,  Pa,  P b,  etc. 
Through  the  points  d,  c,  etc.,  the  centers  of  gravity  of  the 
equal  subdivisions  of  the  load,  draw  the  verticals  d  1,  c  3, 
f  5,  etc.,  intersecting  the  horizontals  through  O,  a,  b,  etc., 
in  i,  3,  5,  etc.  Draw  O  1,  1-2,  2-3,  3-1^,  J^-5,  etc.,  and  the 
broken  line  thus  found  will  be  the  shear  line.  In  drawing 
the  shear  line  for  a  uniform  load  in  this  manner,  it  is  assumed 
that  each  part  of  the  total  load  is  concentrated  at  its  center 
of  gravity,  or,  in  other  words,  that  a  force  equal  to  each 
small  load  (18  lb.)  acts  upon  the  beam  at  each  of  the  points 
d,  c,  f,  etc. 

Construct  the  diagram  of  bending  moments  in  the  ordi- 
nary manner  by  drawing  g  i  parallel  to  /'  O,  i  k  parallel  to 
Pa,  etc.  Draw  P ]\I  parallel  to  g  Ji,  and  ]\I q  horizontal; 
M  q'\'S,  the  shear  axis.     When  the  load  is  uniform  and  the 
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work  has  been  done  correctly,  O  M  should  equal  M  C — that 
is,  the  reactions  of  the  two  supports  are  equal. 

1  145.  The  shear  line  is  not  a  broken  line  in  reality,  as 
shown,  since  the  load  is  distributed  evenly  over  the  entire 
beam,  and  not  divided  into  small  loads  concentrated  at  d^  c,  f, 
etc.,  as  was  assumed.     The  points  1,  '3,  etc.,  are  evidently 


''"   Scale  of  forces  1=120  Ih. 
Scale  of  distance  1=4^. 

Fig.  225. 


too  high,  and  the  points  i?,  4-,  etc.,  too  low.  To  find  the 
real  shear  line,  bisect  the  lines  1-2,  3-Jf.,  etc.,  locating  the 
points    6,    7,    8,    etc.       Trace    a    line    through     O,     6,     7, 

8 iV,  and  it  will  be  the  real  shear  line.      For  all  cases  of 

a  uniform  load,  tne  shear  line  will  be  straight  and  may  be 
drawn  from  O  to  N  directly. 

The  diagram  of  bending  moments  is  also  not  quite  exact, 
but  may  be  corrected  by  tracing  a  curve  through  the  points 
g  and  //,  which  shall  be  tangent  to^  /,  i  k,  k  /,  etc.,  at  their 
middle  points,  as  shown  in  the  figure. 
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1146.  To  find  the  maximum  bending  moment  for  any 
beam  having  two  supports,  draw  a  vertical  line  through  r, 
where  the  shear  line  cuts  the  shear  axis,  and  the  intercept, 
s  t  —  y,  on  the  diagram  of  bending  moments,  will  be  the 
greatest  value  of  j',  and,  consequently,  the  greatest  bending 
moment  =  //  x  }'■  In  the  present  example,  //  =  P  u^=  247. 5 
pounds  and  maximum  j/  =  j-/  =  15.72  inches;  hence,  the 
maximum  bending  moment  =  H y—  247.5  X  15.72  =  3,890.7 
inch-pounds.  The  above  is  true,  no  matter  how  the  beam 
may  be  loaded.  In  Fig.  224,  the  shear  line  cuts  the  shear 
axis  at  ^,  and  d  8\  on  the  vertical  through  ^,  was  shown 
previously  to  be  the  maximum  intercept. 

\\4l1.     If  there  is  a  uniform  load  on  the  beam  and  one 
or  more  concentrated  loads,  as  in  Fig.  226,  the  method  of 
finding  the  moment  diagram  and  shear  line  is  similar  to  that 
used  in  the  last  case.      In  Fig.  226,  let  the  length  A  B  oi  the 
beam  be  15  feet;  the  uniformly  distributed  load  180  pounds,  ' 
with  two  concentrated  loads,  one  of  24  pounds,  5  feet  from 
A^  and  the  other  of  30  pounds,  11  feet  from  A.      Draw  the 
beam  and  loads  as  shown,  the  length  of  the  beam  and  the 
distances  of  the  weights  from  A  being  drawn  to  scale.     Divide 
the  uniform  load  into  a  convenient  number  of  equal  parts, 
say  10  in   this  case ;  each   part  will   then  represent  ^^-^-  =  18 
pounds.      Draw  A  O  C,  as  usual,  and  lay  off  3  of  the  18-pound 
subdivisions  from  O  downwards;  then  lay  off  24  pounds,  to 
represent  the  first  weight.      Lay  off  four  more  of  the  equal 
subdivisions,  and  then  the  30-pound  weight.      Finally,  lay 
off  the  remaining  three  equal  subdivisions,  the  point  6^  being 
the  end  of  the  last  18-pound  subdivision.      O  (T  should  then 
equal  180  -}-  24  +  30  =  234  pounds  to  the  scale  to  which  the 
weights  were  laid  off.      It  will  be  noticed  in  the  above  that 
the  equal  subdivisions  of  the  load  were  laid  off  on  O  C  until 
that  one  was  reached  on  which  the  concentrated  loads  rested, 
and   that   the   concentrated  loads  were   laid  off  before  the 
equal  subdivision  on  which  the  concentrated  load  rested  was 
laid   off.      Had  one  of  the   concentrated  loads  been  to  the 
right  of  the  center  of  gravity  of  the  subdivision  on  which  it 
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rests^  the  weight  of  the  subdivision  would  have  been  laid  off 
first.  Locate  the  centers  of  gravity  of  the  equal  subdivisions 
and  draw  the  verticals  through  them  as  in  the  previous  case. 
Choose  a  pole  P,  draw  the  rays,  the  diagram  of  bending 
moments,   and  the  shear  zyivs,  M  q,  as  previously  described. 


^1.  ,-^  Fig.  'J26.  "'^iV 

To  find  the  maximum  bending  moment,  the  shear  line 
must  be  drawn  and  its  intersection  with  the  shear  axis 
determined. 

The  weight  of  the  uniform  load  per  foot  of  length  is 
JLSjO  =  12  lb.  The  weight  of  that  part  between  A  and  the 
center  of  the  24:-lb.  weight  is  12  X  5  =  GO  lb.  Lay  off 
(9  i  =  GO  lb.  and  draw  1-2  horizontal,  cutting  the  vertical 
through  the  center  of  the  24-lb.  wtight  in  2.  Draw  O  2  and 
it  will  be  a  part  of  the  shear  line.  Lay  off  2-S  vertically 
downwards,  equal  to  24  lb.,  locating  the  point  5.  Layoff 
O  Jf  equal  to  12  X  11  +  24  =  loG  lb.,  and  draw  the  horizontal 
.4-5,  cutting  the  vertical  through  the  center  of  the  30-lb. 
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weight  in  5.  Join  3  and  5  by  the  straight  line  3-5.  Lay  off 
5-6  vertically  downwards  equal  to  30  lb.  Draw  the  horizon- 
tal C  N,  intersecting  the  vertical  B  q  N  \n  N  and  join  6  and 
N  by  the  straight  line  6  N.  The  broken  line  O  2-3-5-6  N  is 
the  shear  line  and  cuts  the  shear  axis  in  the  point  r.  Draw- 
ing the  vertical  r  b  <t,  through  r,  it  intersects  the  moment 
diagram  in  a  and  b\  hence,  a  b  is  the  maximum  j'.  For  this 
case,  the  maximum  bending  moment  =//  x  J  —  oOO  X  18. 3G 
=  5,508  in. -lb. 

It  is  better,  in  ordinary  practice,  to  choose  the  pole  Pan  a 
line  perpendicular  to  O  C  and  at  some  distance  from  O  C 
easily  measured  with  the  scale  used  to  lay  off  O  C.  Thus, 
suppose  (9  C  to  be  laid  off  to  a  scale  of  1"  =  60  lb.  At  some 
convenient  point,  as  M,  on  O  C,  draw  a  perpendicular  line 
and  choose  a  point  on  this  line  whose  distance  from  O  C 
shall  be  easily  measurable,  say  34-".  Then,  H  is  known  to 
be  exactly  60  X  34-  =  310  lb.  and  will  not  have  to  be  meas- 
ured when  finding  the  bending  moment  H  j. 

1148.  If  the  student  has  familiarized  himself  with  the 
method  of  constructing  the  shear  and  moment  diagrams  for 
concentrated  loads,  he  will  find  no  difficulty  in  tmderstanding 
the  preceding  operations,  which  may  be  condensed  into  the 
following 

Rule. — Divide  the  beam  into  an  even  number  of  parts  (the 
greater  the  better),  and  t lie  uniform  load  into  half  as  many. 
Consider  the  divisions  of  the  load  as  eoneentrated  loads 
applied.,  alternately,  at  the  various  points  of  division  of  the 
beam  (the  ends  included);  that  is,  the  first  point  of  division 
{the  support)  earries  no  load,  the  next  one  does,  tJie  follozving 
one  does  not,  etc.  TJien  proceed  as  in  the  ordinary  case  of 
concentrated  loads. 

Example. — Find  the  reactions  of  the  supports,  the  maximum  bend- 
ing moments,  and  the  maximum  vertical  shear  of  the  beam  shown  in 
Fig.  237,  which  has  one  overhanging  end. 

Solution. — Draw  0  6"  and  the  force  diagram  in  the  usual  manner. 
Construct  the  bottom  curve  of  the  moment  diagram  in  the  same  man- 
ner as  in  the  preceding  cases.  The  side  d c  is  parallel  to  P  Jf\  c  h  is 
parallel  to  P  C,  and  cuts  the  vertical  through  the  right  reaction  in  h. 
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Join  //  and  g  by  the  straight  line  g  /i,  and  draw  F  M  parallel  to  g  h. 
Then,  O  M=  77  lb.  =  left  reaction  and  J/C=  173  lb.  =  right  reaction. 
The  shear  line  is  drawn  as  in  the  previous  cases  until  the  point  «,  on 
the  vertical  // ;/,  is  reached ;  k  n  here  denotes  the  vertical  shear  for 
any  point  between  the  50-lb.  weight  and  the  right  support,  and  this 
shear  is  negative.  The  point  k  denotes  the  intersection  of  the  shear 
axis  and  the  vertical  through  the  right  support.     For  any  point  to  the 


ScaU  of  forces  1=100  lb. 
Scale  of  distance  1=8. 


Fig.  227. 

right  of  /',  between  /c  and  /,  the  vertical  shear  is  positive,  and  is  equal 
to  70  lb.;  hence,  lay  off  /t  ^  upwards  equal  to  70  lb.,  and  draw  g  r 
horizontal.  The  line,  O  5-0-7 ;/ ^  ;- is  the  shear  line.  Measur- 
ing O  M,  k  >i,  and  /-  ^,  it  is  found  that  O  M  =  77  lb. ,  kn  —  —  10;^  lb. ,  and 
k q  —  1^  lb.  ;  therefore,  k  n  =  —  103  lb.  =  maximum  vertical  shear;  c  i 
is  evidently  the  maximum/;  hence,  the  maximum  bending  moment  = 
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Hy  =  PBy.ct  =  200x  26"  =  5,200  in.-lb.  Any  value  oi  y  measured  in 
the  -polygon  g- a  d  c  d s g  is  positive,  and  any  value  measured  in  the 
triangle  e  h  s  is  negative.  Consequently,  the  bending  moment  for  any 
point  between  s  and  the  vertical,  through  the  center  of  the  70-lb. 
weight,  is  negative,  since //X  (—^)=  —  Hy.  In  all  cases,  when  design- 
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Fig.  228. 


ing  beams  with  overhanging  studs,  the  maximum  bending  moment, 
whether  positive  or  negative,  should  be  used.  In  the  present  case,  the 
maximum  negative/,  or  /ij,  is  less  than  the  maximum  positive/,  or 
c  i ;  therefore,  the  maximum  negative  bending  moment  is  also  less 
than  the  maximum- positive  moment. 
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Example. — Fig.  228  shows  a  beam  overhanging  both  supports, 
which  carries  a  uniform  load  of  15  pounds  per  foot  of  length,  and  has 
five  concentrated  loads  at  distances  from  the  supports  as  marked  in 
the  figure.  Required  the  reactions  of  the  supports,  the  maximum 
positive  and  negative  bending  moments,  and  the  maximum  vertical 
shear. 

Solution. — Construct  the  force  diagram  and  equilibrium  polygon 
in  the  ordinary  manner,  continuing  the  latter  to  b  and  a,  points  on  the 
verticals  passing  through  the  ends  of  the  beam.  Draw  ^ // and  ag 
parallel  to  /"  C  and  P  O  respectively,  intersecting  the  verticals  through 
the  points  of  support  in  h  and  g.  Join  g  and  //,  and  draw  P  B  parallel 
\o  gh.  Then,  O B  =  m^  lb.  =  R,,  and  .^^=612  lb.  =  R^.  Through 
B,  draw  the  shear  axis  in  q.  To  draw  the  shear  line,  proceed  as  fol- 
lows: The  shear  for  any  point  to  the  left  of  the  left  support  is 
negative,  and  for  any  point  to  the  right  of  the  right  support  is 
positive ;  between  the  two  supports  it  is  positive  or  negative,  accord- 
ing to  the  manner  of  loading,  and  the  point  considered.  The  negative 
shear  at  the  left  support  =  15  X  6  -|-  100  =  190  lb.  ;  hence,  lay  ofi  B  d 
downwards  equal  to  190  lb.  For  a  point  to  a  minute  distance  to  the 
right  of  e,  the  shear  is  15  X  3  +  100  =  145  lb.  =  ef,  and  for  a  minute 
distance  to  the  left,  it  is  15x3  =  45  lb.  =  e  /  \  at  ;;z,  it  is  0.  Conse- 
quently, mifd'i?,  the  shear  line  between  the  end  of  the  beam  and  the 
left   support.     Lay  off    Ol  =  Bd=l%0   lb.  and    draw   the   shear   line 

1-2-3-4 - fi  in  the  usual   manner.     Draw  the   shear  line  5-G-7  q, 

laying  off  /&5  =  15  X  8  +  100  =  220  lb.  ;  /6  =  100  +  15  X  2^  =  137^  lb.,  and 
6-7  =  100  lb.      At  q,  the  vertical  shear  is  again  0.      The   broken  line 

m  if  d  1-2-3 ;/  5-G-7  q  is  the  shear  line.     The  maximum  positive 

bending  moment  is  //  X  J'  =  /"  ^^  X  ^  i^'  =  1,000  X  22.5  =  22,500  in. -lb. 
The  greatest  maximum  negative  moment  is  //X  {— }')  =  P  Jt  X  —  i  h  = 
1,000  X  -  11.6  =  —  11,600  in.-lb.  It  will  be  noticed  that  there  are  two 
negative  and  one  positive  maximum  bending  moments. 


1149.  The  student  should  now  be  able  to  find  the 
bending  moment  for  any  beam  having  but  two  supports, 
whatever  the  character  of  the  loading.  The  bending  mo- 
ment plays  a  very  important  part  in  the  flexure  of  beams, 
which  is  the  next  subject  to  be  considered.  In  all  cases  of 
loading  heretofore  considered,  no  other  forces  than  the 
loads  themselves  have  been  considered.  Should  forces  act 
upon  the  beam  which  are  not  vertical,  the  force  polygon 
will  be  no  longer  a  straight  line,  but  a  broken  line  somewhat, 
similar  in  character  to  O  l-2-3-Jt.-5  in  Fig.  218, 
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In  Fig.  229  is  shown  a  cantilever  beam  projecting  10  ft. 
from  the  wall.  It  carries  a  uniform  load  of  16  pounds  per 
foot  of  length,  and  a  concentrated  load  of  40  pounds  at  a 
distance  of  3:^  feet  from  the  wall.  The  maximum  bending 
moment  is  required.  The  method  is  similar  to  the  last, 
except  that,  as  there  is  but  one  support,  there  can  be  but 
one  reaction.       Since   the  beam   is   10  feet  long,  the   total 


Scale  of  forces  1=100  Z&» 
Scale  of  distance  J^3' 

Fig.  289. 

weight  of  the  uniform  load  is  16  X  10  =  160  pounds.   Hence, 
the  reaction  =  IGO  +  40  =  200  pounds. 

Draw  O  C  equal  to  200  lb.,  to  some  convenient  scale. 
Draw  P  C  perpendicular  to  O  C  Sit  C  and  choose  the  pole  P 
at  a  convenient  distance  from  O  C.  For  convenience, 
divide  the  uniform  load  into  10  equal  parts,  as  shown;  then, 
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each  part  will  represent  1(3  lb.  Lay  off  O  J,  1-2,  £-3,  each 
equal  to  Ki  lb.,  and  3-^  equal  to  40  lb.  Also,  J^-5,  5-6,  6-7, 
etc.,  equal  to  KI  lb.  each.  3  ft.  3  in.  =  3|ft.,  and  1GX3| 
=  52  11).  Lay  off  O  a  =  52  lb.,  and  draw  a  b,  meeting  the 
vertical  through  the  center  of  the  weight  in  h.  Draw  Ob; 
lay  off  /;  c  equal  to  40  lb.  and  draw  C  ii.  O  b  c  ii  is  the 
shear  line.  The  perpendicular  through  the  point  C  coincides 
^\t\xPC;  hence,  n  P  C  is  the  shear  axis.  Draw  the  line^ry 
of  the  moment  diagram  as  in  the  previous  cases.  In  Fig. 
226,  and  in  the  preceding  figures,  the  line  g  h  was  drawn 
connecting  the  extreme  ends  of  the  bottom  line ;  in  other 
words,  it  joined  the  points  where  the  equilibrium  polygon 
cut  the  lines  of  direction  of  the  reactions  of  the  supports. 
This  cannot  be  done  in  this  case,  because  there  is  no  right 
reaction ;  therefore,  g  h  must  be  drawn  by  means  of  some 
other  property  of  the  polygon.  In  the  previous  cases,  the 
shear  axis  was  drawn  perpendicular  to  (9  6"  at  the  point 
where  a  line  through  the  pole  /'*  parallel  to  g  h  cut  O  C,  or, 
in  other  words,  the  shear  axis  was  drawn  through  the  point 
which  marked  the  end  M  of  the  left  reaction  O  Jll.  In  the 
present  case.  Fig.  229,  the  point  C  is  the  end  of  the  left 
reaction;  hence,  f  h  is  parallel  to  P  C,  /i  g  is  the  maximum 
jy,  and  the  bending  moment  =//  f  =  P  C  X  h  g  —  250  X  45  = 
11,250  inch-pounds. 

It  will  also  be  noticed  that  the  distance  y  —  Ji  g  is  meas- 
ured from  the  line  ///"upwards,  while,  for  all  points  between 
the  supports  in  the  previous  examples,  this  distance  was 
measured  downwards.  The  same  observation  is  true  for  any 
point  between  Ji  and/;  hence,  for  a  cantilever,  all  bending 
moments  are  negative. 

1 1 50.  All  the  cases  of  beams  heretofore  given  might 
have  been  solved  by  analytical  methods — that  is,  by  alge- 
braic processes  and  formulas;  but  the  graphical  method  is 
to  be  preferred,  as  it  is  usually  shorter,  very  nearly  as 
accurate,  and  less  liable  to  error.  Moreover,  when  the  dia- 
gram has  once  been  drawn,  both  the  bending  moment  and 
the  shear  for  any  point  can  be  instantly  determined.     Ex- 
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cept  in  special  cases,  the  graphical  method  will  be  employed 
to  determine  the  maximvim  bending  moment,  but  in  some 
particular  cases  formulas  will  be  used,  by  which  the  result 
can  be  obtained  more  quickly  than  by  the  graphical  method. 


EXAMPLES   FOR   PRACTICE. 

1.  A  simple  beam  24  feet  long  carries  4  concentrated  loads  of  160, 
180,  240,  and  120  pounds  at  distances  frcjm  the  left  support  of  4,  10,  16, 
and  21  feet,  respectively,  (a)  What  are  the  values  of  the  reactions? 
(^)  What  is  the  maximum  bending  moment  in  inch-pounds  ? 

j^^^    (  (a)  R,  =  333^  lb. ;  R,  =  366J  lb. 
■  (  {i>)  28,480  in. -lb. 

2.  A  simple  beam  carries  a  uniform  load  of  40  pounds  per  foot,  and 
supports  two  concentrated  loads  of  500  and  400  pounds  at  distances 
from  the  left  support  of  5  and  12  feet,  respectively.  The  length  of  the 
beam  is  18  feet.  What  are  (a)  the  reactions  ?  (/^)  The  maximum  bend- 
ing moment  in  inch-pounds  ?  ^        j  (a)  7?i  =  8.j4i  lb.  ;  7? .2  =  765|  lb. 

■  (  (/O  48,846  in.-lb. 

3.  A  cantilever  projects  10  feet  from  a  wall  and  carries  a  uniform 

load  of  60  pounds  per  foot ;  it  also  supports  three  concentrated  loads 

of  100,  300,  and  500  pounds  at  distances  from  the  wall  of  2,  5,  and  9 

feet,  respectively.     Required,  (a)  the  maximum  vertical  shear,  and  (d) 

the  maximum  bending  moment  in  inch-pounds. 

j^^^  j  (a)  -  1,500  lb. 

(  (/;)  -  110,400  in.-lb. 

4.  A  beam  which  overhangs  one  support  sustains  six  concentrated 
loads  of  160  lb.  each  at  distances  from  the  left  support  of  4  ft.  9  in., 
7  ft.,  9  ft.  6  in..  12  ft.,  15  ft.,  and  18  ft.  3  in.,  respectively,  the  distance 
between  the  supports  being  16  ft.     What  are  (a)  the  reactions  ?  (i)  The 

maximum  bending  moment  ?  Ans  -^  ^-'""^  ^^  ~  '^^^  ^^' '  ^^  ~  ^^^  ^^" 

■  i  {b)  20,460  in.-lb. 
5'.  A  beam  which  overhangs  both  supports  equally  carries  a  uni- 
form load  of  80  pounds  per  foot,  and  has  a  load  of  1,000  pounds  in  the 
middle,  the  length  of  the  beam  being  15  feet,  and  the  distance  between 
the  supports  8  feet.  What  is  {a)  the  vertical  shear  ?  {b)  The  maximum 
bending  moment  ?  p^^^  j  {a)  820  lb. 

■  (  {b)  25,800  in.-lb. 

Note. — The  student  may  not  obtain  the  exact  answers  given  above, 
but  if  his  results  do  not  differ  by  more  than  VI,  he  will  know  that  his 
method  is  right. 

NEUTRAL    AXIS. 
1151.     In  Fig.  230,  \et  A  B  C  D  represent  a  cantilever. 
Suppose  that  a  force  Tracts  upon  it  at  its  extremity  A.   The 
beam  will  then  be  bent  into  the  shape  shown  hy  A'  B  CD'. 
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It  is  evident  from  the  cut  that  the  upper  part  A'  B  h 
now  longer  than  it  was  before  the  force  was  applied;  i.  e., 
A'  B  is  longer  than  A  B.  _  It  is  also  evident  that  D'  C  is 
shorter  than  D  C.  Hence,  the  effect  of  the  force  F  in  bend- 
ing the  beam  is  to  lengthen  the  upper  fibers  and  to  shorten 
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the  lower  ones.  In  other  words,  when  a  cantilever  is  bent 
through  the  action  of  a  load,  the  upper  fibers  are  in  tension 
and  the  lower  fibers  in  compression.  The  reverse  is  the 
case  in  a  simple  beam  in  which  the  upper  fibers  are  in  com- 
pression and  the  lower  fibers  in  tension.     Further  consider- 


FlG.  231. 

ation  will  show  that  there  must  be  a  fiber,  S  S",  which  is 
neither  lengthened  nor  shortened  when  the  beam  is  bent, 
i,  e.,  S'  S"  —  S  S".  When  the  beam  is  straight  the  fiber 
S  S'\  which  is  neither  lengthened  nor  shortened  when  the 
beam  is  bent,  is  called  the  neutral  line.     There  may  be 
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any  number  of  neutral  lines  dependent  only  on  the  width  of 
the  beam.  For,  let  b  a  d  r,  Fig.  230,  be  a  cross-section  of 
the  beam.  Project  s  upon  it  in  s^.  Make  b  s,^^  a  s^  and 
draw  i',  5'„ ;  then,  any  line  in  the  beam  which  touches  s^s^ 
and  is  parallel  to  5  S"  is  a  neutral  line.  Thus,  in  Fig.  231, 
5j  5',  5  .S",  5^  S\  etc.,  are  all  neutral  lines.  The  line  S^  S^ 
is  called  the  neutral  axis,  and  the  surface  5,  S'  S"  S^  is 
called  the  neutral  surface.  The  neutral  axis,  then,  is  the 
line  of  intersection  of  a  cross-section  with  the  neutral  sur- 
face. It  is  shown  in  works  on  mechanics  that  t/ie  neutral 
axis  ahvays  passes  through  the  center  of  gravity  of  the  cross- 
section  of  the  beam. 

1 1 52.  Experimental  Law. —  When  a  beam  is  bent^  the 
horizontal  elongation  [or  compression)  of  any  fiber  is  directly 
proportional  to  its  distance  from  the  neutral  surface,  and, 
since  the  strains  are  directly  proportional  to  the  horizontal 
stresses  in  each  fiber,  they  are  also  directly  proportional  to 
their  distances  from  the  neutral  surface,  provided  the  elastic 
limit  is  not  exceeded. 

1153.  Suppose  the  beam  to  be  a  rectangular  prism, 
then  every  cross-section  will  be  a  rectangle,  and  the 
neutral  axis  will  pass  through  the  center  o.      See  Fig.  232. 

Let  the  perpendicular  distance  from  the  neutral  axis 
M  N  to  the  outermost  fiber  be  denoted  by  c,  and  the 
horizontal  unit  stress  (stress  per  square  inch)  at  the 
distance  c  from  the  axis  by  5.  If  a  is  the  area  of  a  fiber, 
the  stress  on  the  outermost  fibers  will  be  a  S.  The  stress 
on   a    fiber   at  the    distance    unity   (1 

inch)  from  M N  is  ^  ;  and  the  stress 

„,  11-  •    aS 

on  a  fiber  at  the  distance  r,  is  — -  X  r, 

'        c  * 


a  Sr, 


The  moment  of  this  stress 


a  S  r 

about    the    axis  M N  is x  r^  — 

c  ' 

• ^  =:  —  a  r/.     The  moment  of  the 


Fig.  232. 
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stress   on    any   other    fiber  at    a    distance    r„  from  M N  is 
evidently  —  a  r^,  and  for  a  distance  7\  ,  —  a  r^,  -etc.      If  ;/ 

t'  c 

is  the  number  of  fibers,  the  sum  J/  of  the  moments  of  the 
horizontal  stresses  on  all  the  fibers  is 

J/=^«r;  +  |-..;';  +  -^^;-+,  etc.,= 

^{a r;+  a r,=+  a r:  + ar^)  ^~a  (;-+  ;-/+  ;-+ r,^). 

Now,  let  r  be  a  quantity  whose  square  equals  the  mean  of 

T  '    I    )'  *— i-  -\-T  ^ 

the  squares  of  i\  ,  r„ ,  r^ , r„.    Then,  ;-'  =    '        ^    '  ~  "  ; 

and,  therefore,  ;-/+  r„=  +  r/  + +  r„'—  ;/  ;-=.     Substituting 

above,  Ave  get  J/  =  —  ;/<?;-'.      But,  since  a  is  the  area  of  one 

fiber,  //  a  is  the  area  of  all  the  fibers — that  is,  the  area  A  of 

the  cross-section ;  hence,  the  sum  of  the  moments  of  all  the 

5 
horizontal  stresses  =  —  A  r''. 

c 

1 1  54.  The  expression  A  r^,  which  is  found  by  dividing 
a  section  into  a  large  number  of  minute  areas  (<rr,  cr,  etc.), 
multiplying  each  area  by  the  square  of  its  distance  from  an 
axis  (;-,',  r/,  r^,  etc.),  and  then  adding  the  products  thus 
obtained,  is  called  the  moment  of  inertia  of  the  section 
with  respect  to  that  axis,  and  is  usually  denoted  by  the 
letter  /.      Hence 

I^Ar\  (72.) 

1155.  The  quantity  r,  whose  square  is  the  mean  of 
the  squares  of  all  the  distances  of  the  minute  areas  from  the 
axis,  is  called  the  radius  of  gyration. 

1156.  The  sum  of  the  moments  of  all  the  horizontal 

SSI 
stresses  may  then  be  written  as  —  yj  r^  =  —  Lox  S  —.     This 

c  c  c 

expression  is  called  the  resisting  moment,  since  it  is  the 

measure   of  the  resistance  of  the   beam   to  bending   (and, 

consequently,    to    breakin'g)    when    loaded.      The    resisting 

moment  must  equal  the  bending  moment  when  the  beam 
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is   in  equilibrium;    hence,    denoting    the    bending   moment 
by  J/, 

M=S/^.  (73.) 

1157.  The  values  of  /  and  c  depend  wholly  upon  the 
size  and  form  of  the  cross-section  of  the  beam,  and  S^  is  the 
ultimate  strength  of  flexure  of  the  material. 

In  Table  25,  the  average  ultimate  strength  of  flexure  S^ 
is  given  for  a  number  of  different  materials. 

TABLE  25. 


Material. 

Ultimate  Strength  of 
Flexure  in  Lb.  per  Sq.  In. 

54. 

Cast  Iron 

38,000 

45,000 

120  000 

Wrought  Iron 

Steel  

Brass 

17,000 
14  000 

Ash 

Brick 

1  000 

Stone  

Hemlock 

2,000 

7  200 

Oak,  white 

12,500 

9,000 

11  000 

Pine,  white 

Pine    vellow 

Hickory 

10,000 

1158.  Exact  values  of  /  for  most  cross-sections  can 
only  be  determined  by  the  aid  of  the  calculus.  The  least 
value  of  /  occurs  when  the  axis  passes  through  the  center  of 
gravity  of  the  cross-section — that  is,  when  /  is  found  with 
reference  to  the  neutral  axis. 

The  least  moments  of  inertia  for  a  number  of  different 
sections  are  given  in  the  Table  of  Moments  of  Inertia;  also, 
the  area  of  the  sections  and  the  values  of  c.  The  dotted 
line  indicates  the  position  of  the  neutral  axis,  about  which 
the  moment  of  inertia  is  taken. 
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In  the  table  of  Moments  of  Inertia,  A  is  the  area  of  the 
section,  and  -  =  ratio  of  the  circumference  of  a  circle  to  its 
diameter  =  3.141(1.  It  will  be  noticed  that  (/  is  always  taken 
vertically. 

1159.  To  use  formula  73,  find  the  bending  moment 
in  inch-pounds  by  the  graphical  method  previously  described, 
or  calculate  it  by  means  of  the  table  of  Bending  Moments. 
If  it  is  desired  to  find  the  size  of  a  beam  that  will  safely 
resist  a  given  bending  moment,  take  S^  from  Table  25,  Art. 
1157,  and  divide  it  by  the  proper  factor  of  safety  taken 
from  Table  24.     Then,  formula  73  becomes 

M=^.  (74.) 

From  this  -  =  —^.     Substituting  the  values  of  M,  /,  and 

S^,  the  value  of  ■ —  is  found.     The  kind  and  shape  of  beam 

having  been  decided  upon,  the  size  can  be  so  proportioned 

that  • —  for  the  section  shall  not  be  less  than  the  value  cal- 
c 

culated  above.     An  example  will  make  this  clear. 

Example. — What  should  be  the  size  of  an  ash  girder  to  resist  safely 
a  bending  moment  of  28,000  inch-pounds,  the  cross-section  to  be  rect- 
angular and  the  load  steady  ? 

Solution. -.1/z.  4^,  or  —  =  ~^. 

JC  C  O4 

Af  =  28,000;  from  Table  25,  Art.  1 157,  54  =  14,000;  from  Table  24, 
Art.  1120,/=  8. 

b  d"^  d 

From  the  Table  of  Moments  of  Inertia,  /  = -3^- and  r  = -g-  for  a 

rectangle;  hence,  y  =  ^  X  4"  ="  ^  "  ^^'  °'"  ^ '^'  "  ^^'  ^"^ 
number  of  values  of  b  and  d  can  be  found  that  will  satisfy  this  equa- 
tion.     If  (^  is  taken  as  6  inches,  ^^=  -^  =16  and  ^=  4/16  =  4.    Hence, 

the  beam  may  be  a  6  x  4,  with  the  short  side  vertical.  When  possible, 
it  is  always  better  to  have  the  longer  side  vertical.  If  b  is  taken  as  2 
inches,  d'^  =  48  and  d—  4/48  =  7  inches,  nearly ;  hence,  a  2  X  7  will  also 
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answer  the  purpose.     The  advantage  of  using  a  2  X  T  instead  of  a  6  X  4 

is  evident,  since  the  6x4  contains  nearly  twice  as  much  material  as 

the  2  X  '7.     Thus,  the  area  of  the  cross-section  of  a  6  X  4  is  24  square 

inches,  and  of  a  2  X  T",  14  square  inches.     Moreover,  the  2  X  T,  with  its 

long  side  vertical,  is  slightly  stronger  than  the  6x4,  with  its  short 

/        3  X  72  6x4' 

side  vertical,   since  — ■  =  ■ — - —  =  l(i\  for  the  former,  and  — ;; —  =  16 
c  b  o 

for  the  latter.     If  the  6x4  had  its  longer  side  vertical,  thus  making  it 

/  4X6^ 

a  4  X  6,  —  would  then  equal  — ^ —  =  24,  and  the  safe  bending  moment 

^AU     ■  A,      ir         -^^^        14,000X24        .„  nn^  •       iu 

could  be  mcreased  to  J/~  —p — •  = =  42,000  m.-lb. 

/  c  o 

1 160.  If  the  breaking  bending  moment,  form,  and  size 
of  the  cross-section  of  the  beam  are  known,  the  ultimate 
strength  of  flexure  S^  can  be  readily  found  from  formula 
73,  by  substituting  the  values  of  Af,  /,  and  c,  and  solving 
for  S,. 

Example. — A  cast  iron  bar,  2  inches  square,  breaks  when  the  maxi- 
mum bending  moment  =  63,360  inch -pounds;  what  is  its  ultimate 
strength  of  flexure  ? 

Solution. — J/  =  .S^  — ,  or  64  =  — j^.     <:  =  -r-  =  1  . 

r      ^"'        2^     *.         .          ^         63,360X1        ,^r.oniK 
/=  T-jj-  =  ^5-  ;  therefore,  ^4  =  — 7 ^, — •  =  47,520  lb.  per  sq.  in. 

1161.  In  order  to  save  time  in  calculating,  the  bend- 
ing moments  for  cases  of  simple  loading  are  given  in  the 
Table  of  Bending  Moments.  W  denotes  a  concentrated 
load,  and  w  the  uniform  load  per  inch  of  length.  All 
dimensions  are  to  be  taken  in  inches  when  using  the 
formulas. 

For  any  other  manner  of  loading  than  is  described  in  the 
Table  of  Bending  Moments,  the  maximum  bending  moment 
must  be  found  by  the  graphical  method. 

Example.- — A  wrought  iron  cantilever,  6  feet  long,  carries  a  uniform 
load  of  50  pounds  per  inch.  The  cross-section  of  the  beam  is  an  equi- 
lateral triangle,  with  the  vertex  downwards;  what  should  be  the  length 
of  a  side  ? 

Solution. — M  =  --r — ,    from   the    Table  of   Bending  Moments,  = 

^ —  =  129,600  in. -lb.     /=  — ,-^  and  c  =  -^  a,  from  the  Table 

A  00  <> 
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of  Moments  of  Inertia;  hence,  —  =  -^j-.     S^  =  45,000,  from  Table  25, 

Art.  1157,  and/=  4,  from  Table  24,  Art.  1 1  20.     Therefore,  139,600 

45,000  ^^  i  d-^         ,    ,.,       129,600  X  4  X  24       „^„  ,„      ^. 
=  - — T —  X  -gj-,  or  0  a'  — .-  ^„„ =  276.48.      Smce  an  equi- 
lateral triangle  has  been  specified,  b  can  not  be  given  any  convenient 
value  in  order  to  find  d.     For  an  equilateral  triangle,  d  =  b  sin  60°  = 
.866  b.     YiencQ,  b  d- :=  b   (.866  bf  =  .Ifi  b^.     Therefore,  ^5  ^^  _  75  ^3  _ 

o-«^c       ,      //  276.48,       ,      log276.48-log.75       ^^^^^         ^      „  ^„„ 
276.48  or  ^  =  |/  — p^^-  log  b  —  -^ ^ 2 =  .85553,  or  ^  =  7.17", 

nearly. 

Example. — What  weight  would  be  required  to  break  a  round  steel 
bar  4  inches  in  diameter,  16  feet  long,  fixed  at  both  ends  and  loaded  in 
the  middle  ? 

Solution.— Use   formula    73;    J/=^^.     Here  J/ =  -^^,  from 

c  8 

the     table    of     Bending     Moments  ;     ^4  =  120,000  ;     -  —  -~- —  = 

rrd^      ^^  Wl        [FX  (16X12)       120,000x3.1416x43 

__.     Hence,  -g-  = g = 3^ ,  or    W  = 

120,000X3.1416X64X8 


16  X  12  X  32 


=  31,416  lb. 


DEFLECTIOIV    OF    BEAMS. 

1162.  The  deflection,  or  amount  of  bending,  produced 
in  a  beam  by  one  or  more  loads  is  given'  by  certain  general 
formulas,  whose  derivation  is  too  complicated  to  be  given 
here.  We  shall  give  the  formulas  only,  illustrating  their 
application  by  examples. 

In  the  third  column  of  the  Table  of  Bending  Moments 
are  given  expressions  for  the  value  of  the  greatest  deflection 
of  a  beam  when  loaded  as  shown  in  the  first  column.  From 
this  it  is  seen  that  the  deflection  s  equals  a  constant  (de- 
pending upon  the  manner  of  loading  the  beam  and  upon  the 
condition  of  the  ends — whether  fixed  or  free),  multiplied  by 

-p-j-     Let  a  represent  the  constant   and  s  the  deflection; 

then, 
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In  the  above  formula,  E  =  coefBcient  of  elasticity,  and  is 
to  be  taken  from  Table  21,  Art.  1114,/=  length  in  inches, 
IV  =  total  weight  supported  in  pounds,  and  /is  the  moment 
of  inertia  about  the  neutral  axis ;  a  has  values  varying  from 

It  will  be  noticed  that  the  deflection  is  given  for  only 
nine  cases;  for  any  other  manner  of  loading  a  beam  than 
those  here  given,  it  is  necessary  to  use  the  calculus  to  obtain 
the  deflection. 

Example. — What  will  be  the  maximum  deflection  of  a  simple 
wooden  beam  9  feet  long,  whose  cross-section  is  an  ellipse,  having 
axes  of  6  inches  and  4  inches  (short  axis  vertical),  under  a  concentrated 
load  of  1,000  pounds  ? 

Solution. — Use  formula  75,  s  =:  a  „  .  From  the  Table  of 
Bending  Moments, 

a  =  4o>   ^^=l,0001b.,  /=9xl3  =  108in., 


^=1,500,000  and  /  = 


TTdd^  _  TTX  6x43 
64      ~  64        ' 


__  1,000  X  1Q8«  X  64  , 

^^"^^'  '  =  48X1,500,000X^X6X64  =  '^^^^  ' 

1163.  The  principal  use  of  the  formula  for  deflection 
is  to  determine  by  its  means  the  stiffness  of  a  beam  or  shaft. 
In  designing  machinery,  it  frequently  occurs  that  a  piece 
may  be  strong  enough  to  sustain  the  load  with  perfect  safety, 
but  the  deflection  may  be  more  than  circumstances  will  per- 
mit; in  this  case,  the  piece  must  be  made  larger  than  is 
really  necessary  for  mere  strength.  An  example  of  this 
occurs  in  the  case  of  locomotive  guides,  and  the  upper 
guides  of  a  steam  engine  when  the  engine  runs  under.  It 
is  obvious  that  they  must  be  very  stiff.  In  such  cases  it  is 
usual  to  allow  a  certain  deflection,  and  then  proportion  the 
piece  so  that  the  deflection  shall  not  exceed  the  amount 
decided  upon. 

Example. — The  breadth  of  the  guides  of  a  certain  locomotive  is  not 
to  exceed  2^  inches.  Regarding  the  guides  as  fixed  at  both  ends,  (a) 
what  must  be  their  depth  to  resist  a  load  of  10,000  pounds  at  the  middle  ? 
The  guides  are  made  of  cast  iron  and  are  38  inches  long  between  the 
points  of  support,  (d)  What  weight  would  these  guides  be  able  to 
support  with  safety  ?  The  deflection  must  not  exceed  -^^^  of  an  inch-. 
The  cross-section. is,  of  course,  rectangular, 
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Solution. — Since  the  load  comes  on  two  guides,  each  piece  must 
support  10,000  ^  2  =  5,000  lb.     In  the  formula, 

1  JV/^  1 

s  =  — —  =  a    „  ■■  ,  a  =  r— r  for  this  case,   IV  =  5,000,  /  =  38, 
-iOo  ^  1  iy» 

E  =  15,000,000,  and  /  =  --y-  =  Ar^  =ts^'-     Substituting, 

_        5,000  X  38«  X  16        _    1 
^^'     "^  ~  192  X  15,000,000  X  SflT^  "  200' 


or 


,       //5,000  X  38-^  X  16  X  200       ,  ^^„ 
'       ''=V    192X15,000,000X3   -  4.67",  nearly,  say  4ir.     Ans. 

(b)     To   find    the   weight   which  these   guides   could  support  with 

safety,    use    formula    7-4,    J/=  ^— ,  in  which  J/ = — - — ,  54  =  38,000, 

J  c  8 

,      ,,^     /      bd-'      2iX(4H)'      50,625      ^   k  .>   f 
f-^'^^^^-T- 6-^  =-M44  •     Substitutmg, 

38,000  X  50,625  X  8  _  .  .qo  lu 
"   =      10  X  6,144  X38~  -  ^'^^^  ^^- 

Hence,   the   beam   is  over  30;?;  stronger  than  necessary,    the   extra 
depth  being  required  for  stiffness. 


EXAMPLES   FOR   PRACTICE. 

1.  How  much  will  a  simple  wooden  beam  16  ft.  long,  2  in.  wide  and 
4  in.  deep  deflect  under  a  load  in  the  middle  of  120  lb.  ?         Ans.  1.106". 

2.  What  should  be  the  size  of  a  rectangular  yellow  pine  girder  20  ft. 
long,  to  sustain  a  uniformly  distributed  load  of  1,800  lb.  ?  Assume  a 
factor  of  safety  for  a  varying  stress.  Ans.  5"  X  8". 

3.  A  hollow  cylindrical  beam,  fixed  at  both  ends,  has  diameters  of 
8  in.  and  10  in.  If  the  beam  is  30  ft.  long  and  is  made  of  cast  iron,  {a) 
what  steady  load  will  it  safely  support  at  15  ft.  from  one  of  the  sup- 
ports ?  {b)  What  force  will  be  required  to  rupture  the  beam  if  applied 
at  this  point  ?  ^^^^  j  {a)  8,158  lb. 

"^'  "(  (<^)  48,946  lb. 

4.  A  simple  cylindrical  wrought-iron  beam,  resting  upon  supports 
24  ft.  apart,  sustains  three  concentrated  loads  of  350  lb.  each,  at  dis- 
tances from  one  of  the  supports  of  5,  12,  and  19  ft. ;  what  should  be  the 
diameter  of  the  beam  to  withstand  shocks  safely  ?     Ans.  4.71",  say  4f". 

5.  Find  the  value  of  —  for  a  hollow  rectangle  whose  outside  dimen- 
sions are  10  in.  and  13  in.,  and  inside  dimensions  are  8  in.  and  10  in. ; 
(c?)  when  the  long  side  is  vertical ;  {b)  when  the  short  side  is  vertical. 

^^^.((.)  179.103. 
{  {b)  131^. 
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6.  What  is  the  deflection  of  a  steel  bar  1  in.  square  and  6  ft.  long, 
which  supports  a  load  of  100  lb.  at  the  center  ?  Ans.  .31104". 

7.  Which  will  be  the  stronger,  a  beam  whose  cross-section  is  an 
equilateral  triangle,  one  side  measuring  15  in.,  or  one  whose  cross-sec- 
tion is  a  square,  one  side  measuring  9  in.  ?  Both  beams  are  of  the 
same  length.  Ans.  The  one  having  the  square  cross-section. 

8.  A  wooden  beam  of  rectangular  cross-section  sustains  a  uniform 
load  of  50  lb.  per  foot.  If  the  beam  is  8"  X  14"  and  16  ft.  long,  how 
much  more  will  it  deflect  when  the  short  side  is  vertical  than  when 
the  long  side  is  vertical  ?  Ans.  .055417". 

COMPARISON  OF  STRENGTH  AND    STIFFNESS 

OF  BEAMS. 
1164.     Consider  two  rectangular  beams,  loaded  in  the 
same    manner,    having     the    same    lengths    and    bending 
moments,  but  different  breadths  and  depths.     Then, 

M=.  S^  =  S^^  (1)  and  M=  S^^  (2).      Dividing  (1)  by 

Equation  3  shows  that,  if  both  beams  have  the  same 
depth,  their  strengths  will  vary  directly  as  their  breadths, 
i.  e.,  if  the  breadths  are  increased  2,  3,  4,  etc,  times,  their 
strengths  will  also  be  increased  2,  3,  4,  etc.,  times.  It  also 
shows  that,  if  the  breadths  are  the  same  and  the  depths  are 
increased,  the  strengths  will  vary  as  the  square  of  the  depth, 
i.  e.,  if  the  depths  are  increased  2,  3,  4,  etc.,  times,  the 
strengths  will  be  increased  4,  9,  16,  etc.,  times.  Hence,  it 
is  always  best,  when  possible,  to  have  the  long  side  of  abeam 
vertical.  If  the  bending  moments  are  the  same,  btit  the 
weights  and  lengths  are  different,  M  =  ^  IV  /  (1)  and  Jll  =  g 
W^  /j  (2),  when  ^  denotes  the  fraction  ^,  ^,  etc.,  according  to 
the  manner  in  which  the  ends  are  secured,  and  the  manner 

M         o-  W I 
of   loading.      Dividing    (1)  by   (2)-^=^^^^,    or    W I  = 

K  K   (3). 

Equation  3  shows  that  if  the  load  W  or  W^  be  increased, 
the  length  /  or  /^  must  be  decreased;  consequently,  the 
strength  of  a  beam  loaded  with  a  given  weight  varies  in- 
versely as  its  length,  i.  e.,  if  the  load  be  increased  2,  3,  4, 
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etc.,  times,  the  length  must  be  shortened  2,  3,  4,  etc.,  times, 
the  breadth  and  depth  remaining  the  same. 

Example. — If  a  simple  beam,  loaded  in  the  middle,  has  its  breadth 
and  depth  reduced  one-half,  what  proportion  of  the  original  load  could 
it  carry  ? 

Solution. — In  the  preceding  paragraphs,  it  was  shown  that  the 
strength  varied  as  the  product  of  the  breadth  and  the  square  of  the 
depth,  or  b^i  d{^  =  i  X  (i)'  =  \-  Consequently,  the  beam  can  support 
only  \  of  the  original  load.  Had  the  breadth  remained  the  same, 
(i)^  =  i  of  the  original  load  could  have  been  supported.  Had  the 
depth  remained  the  same,  \  of  the  original  load  could  have  been 
supported. 

Example. — A  beam  10  ft.  long,  loaded  in  the  middle,  has  a  breadth 
of  4  in.  and  a  depth  of  0  in.  The  length  is  increased  to  12  ft.,  the 
breadth  to  6  in.,  and  the  depth  to  8  in. ;  how  many  times  the  original 
load  can  it  now  support  ? 

Solution. — The   strength  varies  directly  as  the  product  of    the 

b  d"^ 
breadth  and  square  of  the  depth  and  inversely  as  the  length,  or  as  — y~- 

If  b,  d,  and  /  denote  the  original  sizes,  the  strength  of  the  two  beams  will 

be  to  each  other  as^^  :  1^.  or  as  ^^  :  -i^ ;  -^  =  33  and 

/  I  1*  lU  li 

4  X  6"^  32 

— TTj —  =  14.4.  =  2f .      Consequently,  the   beam   will   support   a 

-load  2|  times  as  great  as  the  original  beam. 

1165.  By  a  process  of  reasoning  similar  to  that  em- 
ployed above,  it  can  be  shown  that  the  maximum  deflection 
of  a  beam  varies  inversely  as  the  cube  of  the  depth  and 
directly  as  the  cube  of  the  length.  In  other  words,  if  the 
depth  be  increased  2,  3,  4,  etc.,  times,  the  deflection  will  be 
decreased  8,  27,  64,  etc.,  times;  and,  if  the  length  be  in- 
creased 2,  3,  4,  etc.,  times,  the  deflection  will  be  increased 
8,  27,  64,  etc.,  times.  Hence,  if  a  beam  is  required  to  be  very 
stiff,  the  length  should  be  made  as  short  and  the  depth  as 
great  as  circumstances  will  permit. 


COLUMNS. 

1 1 66.  When  a  piece  ten  or  more  times  as  long  as  its  least 
diameter  or  side  (in  general,  its  least  transverse  dimension) 
is  subjected  to  compression,  it  is  called  a  column  or  pillar. 
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The  ordinary  rules  for  compression  donot  apply  to  columns, 
for  the  reason  that  when  a  long  piece  is  loaded  beyond  a 
certain  amount,  it  buckles  and  tends  to  fail  by  flexure.  This 
combination  of  flexure  and  compression  causes  the  column 
to  break  under  a  load  considerably  less  than  that  required  to 
merely  crush  the  material.  It  is  likewise  evident  that  the 
strength  of  a  column  is  principally  dependent  upon  its  di- 
ameter, since  that  part  having  the  least  thickness  is  the  part 
that  buckles,  or  bends.  A  column  free  to  turn  in  any  direc- 
tion, having  a  cross-section  of  3"  X  8",  is  not  nearly  so  strong 
as  one  whose  cross-section  is  4"  X  0".  The  strength  of  a  very 
long  column  varies,  practically,  inversely  as  the  square  of 
the  length ;  i.  e. ,  if  a  column  b  is  twice  as  long  as  a  column  a, 
the  strength  oi  b  —  (I)'  =  \  the  strength  of  a^  the  cross- 
sections    being  equal. 

1167.  The  conditions  of  the  ends  of  a  column  play  a 
very  important  part  in  deter- 
mining their  strength,  and  must 
always  be  taken  into  considera- 
tion. In  Fig.  333,  are  shown 
three  classes  of  columns.  The 
column  marked  a  is  used  in  archi- 
tecture, while  the  columns  simi- 
lar to  b  and  c  are  used  in  bridge 
and  machine  construction. 

According  to  theory,  which  is 
confirmed  by  experiment,  a  col- 
umn having  one  end  flat  and  the 
other  rounded,  like  b^  is  2:^  times 
as  strong  as  a  column  having  both  ends  rounded,  like  c. 

One  having  both  ends  flat,  like  a^  is  4  times  as  strong 
as  r,  which  has  both  ends  rounded,  the  three  columns  being 
of  the  same  length.  If  the  length  of  c  be  taken  as  1,  the 
length  of  b  may  be  1^,  and  that  of  a  may  be  2  for  equal 
strength,  the  cross-sections  all  being  the  same ;  for,  since  the 
strengths  vary  inversely  as  the  squares  of  the  lengths,  the 

1 


Fig.  233. 


Strength  of  c  is  to  that  of  Z"  as  1  :  , 


or  as  1 


4 
"5- 


But, 
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since  b  is  2^  =  f  times  as  strong  as  f,  f  X  |  =  1,  or  the 
length  of  b  being  \\  times  that  of  c,  its  strength  is  the  same. 
Similarly,  when  a  is  twice  as  long  as  c  its  strength  is  the 
same. 

1 1 68.  Columns  like  b  and  c  do  not  actually  occur  in 
practice,  an  eye  being  formed  at  the  end  of  the  column  and 
a  pin  inserted,  forming  what  may  be  termed  a  Jiingcd  end. 
A  steam  engine  connecting-rod  is  a  good  example  of  a  col- 
umn having  two  hinged  ends,  and  a  piston  rod  of  a  column 
having  one  end  hinged  and  one  end  flat. 

1 169.  There  are  numerous  formulas  for  calculating  the 
strength  of  columns,  but  the  one  that  gives  the  most  satis- 
factory results  for  columns  of  all  lengths  is  the  following: 

S"    A 

(76.) 


W  = 


4 +  -7^) 


In  this  formula,  W  ^  load,  S^  =  ultimate  strength  for 
compression,  taken  from  Table  22,  Art.  1115,^=  area  of 
section  of  a  column  in  square  inches,  _/"=  factor  of  safety, 
/=  length  in  inches,  ^=  constant,  to  be  taken  from  Table 
•2G,  and  /=  least  moment  of  inertia  of  the  cross-section — 
that  is,  the  moment  of  inertia  about  an  axis  passing  through 
the  center  of  gravity  of  the  cross-section  and  parallel  to  the 
longest  side.  In  other  words,  if  the  column  has  a  rectangular 
cross-section  whose  longer  side  is  b  and  shorter  side  <-/,   the 

h    /' 

least  moment  of  inertia  is  — -p,  the  axis  in  this  case  being 

parallel  to  the  long  sides  b.     The  values  of  g  are  given  in  the 

following  table: 

TABLE   26. 


Material. 


Timber 

Cast  Iron  .... 
Wrought  Iron 
Steel 


Both  Ends 

One  End 

Both  Ends 

Fixed. 

Hinged. 

Hinged. 

3,000 

1,690 

750 

5,000 

2,810 

1,250 

30,000 

20,250 

9,000 

25,000 

14,060 

6,250 
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Example. — A  column  whose  cross-section  is  an  I  (see  Table  of 
Moments  of  Inertia)  is  used  as  a  column  having  both  ends  fixed, 
d  =  8",  dx  =  6",  b  —  6",  and  b^  =  3|".  If  made  of  wrought  iron,  what 
steady  load  will  it  sustain  with  safety,  the  length  being  10  ft.  ? 

Solution. — From    the    Table    of    Moments    of    Inertia,    least   I  = 

-^^{db-^  -  d,  b,^)  =      ^       -,0  =  122.5625.    A=bd-b,d,=QxS 

=  3.5  X  6  =  27  sq.   in.     S^  =  55,000,  /  =  4,   /  =  10  X  12  =  120"  and  ^  = 

36,000.    Therefore,  IV=—, -^'"^-Q^Q  X  ^^ ==11?M0^  =  341,186 

/  27  X  120-'        \        4.35247 

V    "^  36,000  X  122.5625/ 
lb.,  nearly. 

Had   the  column  been  less  than   10  X  6  =  GO  in.  =  5  ft. 

long,  the  safe  load  would  have  been  ■ — - — =  371,250 

4 

lb.      Had   it  been   twice  as  long,   it  would  have  supported 

f    ^     A    f      ^                 55,000  X  27  ^^,  ,^^  ., 

a  safe  load  of  only  — ^^  ^  ,^^q, r  =  274,498  lb. 

\^  "^  3(3,000  X  122. 5625  j 

1 1 70.  In  the  actual  designing  of  a  column,  the  size  of 
the  cross-section  is  not  known,  but  the  form  (square,  round, 
etc.)  is  known,  also  the  length,  material,  condition  of  ends 
and  load  it  is  to  carry.      To  find  the  size  of  the  cross-section, 

substitute    -^  in    formula    65,    for    S,    and    solve    for   A, 

.    .  Pf 

obtaining  A  =  -—-.     Substituting  in  this  equation  the  values 


2 


of  /*  (=  JF),  /,  and  S„ ,  this  gives  the  value  of  A  for  a  short 
piece  less  than  10  times  the  length  of  the  shortest  side,  or 
diameter.  Assume  a  value  of  A  somewhat  larger  than  that 
just  found,  and  dimension  a  cross-section  of  the  form  chosen 
so  that  its  area  shall  equal  that  assumed.  Calculate  the 
moment  of  inertia  and  substitute  the  values  of  IV,  A,   /,  /, 

and  g-  in  formula  76,  and  solve  for  ~^.     If  the  result  last 

found  equals  the  value  of  -^  taken  from  Tables  22  and  24, 

the  assumed  dimensions  are  correct ;  if  larger,  the  assumed 
dimensions  must  be  increased;  if  smaller,  they  should  be 
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diminished,    and    in    both    cases    the    vahie    of    -j  should 

be  recalculated.     An  example  will    serve    to   illustrate  the 
process. 

Example. — What  should  be  the  diameter  of  a  steel  piston  rod  5  feet 
long,  the  diameter  of  the  piston  being  18  inches  and  the  greatest 
pressure  130  pounds  per  square  inch  ? 

Solution. — S^  for  this  case  =  150,000  lb.  Since  the  piston  rod  is 
liable  to  shocks,  a  factor  of  safety  of  10  should  be  used ;  hence,  -^  = 
150,000  ^  ^g^^QQ  j^      ^^^  j^^^  ^^^  ^g2  ^  _,.gg^  ^  J3Q  ^  g3_Qgj  j^_     ^ 


10 

rf       33,081      „  „         .         " 

Assume  that  3  sq.  in.  are  needed.  The  diameter  of  a  circle  corre- 
spending  to  an  area  of  3  sq.  in.  is  |/ -^^^p^  =  1-^^44".  Assume  the 
diameter  to  be  l^f"  =  1.9375;  the  area  will  be  1.9375^  x  ■'7854  = 
2.9483  sq.   in.     The  value  of  /=  ^  =  ^ililiAiliil!- .69173.      W 


,       S^       IV  f^      A/-'\       33,081/,       2.9483  X  (5  X  12)n 
Consequently,  j  =—(l+—^j=-^^^^^(l+    ^4  og^  x  .69173   J 

=  23,465  lb. 

As  this  value  exceeds   15,000  lb.,   the   diameter  of  the   rod   must 
be  increased.     Trying  2^"  as  the  diameter,  the  area  is  3.5466  sq.  in., 

and   7=1.00093.      Substituting   these  values  as  before,  'j' —  ~oTJF? 

(1  +  1/060^X^00093)  "  ^^'^'^^  ^^-    '^^'^  '"^  ^^'^^  ^°°  ^'''■^^ ■'  ^^''''^'  ^""^'"^ 
2i",  the  area  =  3.976  sq.  in.     /=  1.258  and 

S^  _^,081  f,  3.976x60-2 

/   ~    3. 

Consequently,  the  diameter  should  be  2^". 


33,081  /  3.976x60-2    \  _ 

^976-  V    "^  14,060  X  1.258 j  "  ^^'^''^  ^^• 


EXAMPLES  FOR   PRACTICE. 

1.  What  safe  steady  load  will  a  hollow  cylindrical  cast-iron  column 
support,  which  is  14  feet  long,  outside  diameter  10  inches,  inside  diam- 
eter 8  inches,  and  which  has  flat  ends  ?  Ans.  273,500  lb 
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2.  A  hollow  wooden  column  having  a  square  cross-section  is  to 
support  a  steady  load  of  15, IT).")  pounds.  If  the  thickness  of  the  side  is 
1^  inches,  length  of  column.  20  feet,  and  the  ends  flat,  what  should  be 
the  length  of  the  sides  of  the  cross-section,  outside  and  inside  ? 

Ans.  Outside,  9 " ;  inside,  6". 

3.  Suppose  a  wrought-iron  connecti-ng-rod  tc  have  a  rectangular 
cross-section  of  uniform  size  throughout  its  length.  If  the  diameter 
of  the  steam  cylinder  is  40  inches,  steam  pressure  110  pounds  per  square 
inch,  and  the  length  of  the  rod  is  12^  feet,  what  should  be  the  dimen- 
sions of  the  cross-section  of  the  rod  ?  Ans.  5^"  X  9". 

1171.  The  preceding  method  for  determining  the 
dimensions  of  the  crossrsection,  when  the  load  and  length 
are  given,  is  perfectly  general,  and  can,  therefore,  be  used 
in  every  case.  It  is,  however,  somewhat  long  and  cumber- 
some. For  the  special  cases  of  square,  circular,  and  rect- 
angular columns,  the  following  formulas  may  be  applied,  if 
preferred.  They  seem  complicated,  but,  when  substitu- 
tions are  made  for  the  quantities  given,  the  formulas  will 
be  found  of  relatively  easy  application. 

For  square  columns,  the  side  c  of  the  square  is  given  by 
the  formula 


c 


^u^^^m^"^-   (-•) 


For  circular  columns,  the  diameter  d  of  the  circle  is  given 
by  the  formula 


./.3183   IV f      ,/.3183  Wf{:i\m  Wf  ^  16 /^  .-^  \ 

For  rectangular  columns,  assume  the  shorter  dimension 
(depth  =  d).  Then  the  longer  dimension  (breadth  =  b)  is 
given  by  the  formula 

dS^ 

Should  the  dimensions  given  by  the  last  formula  be  too 
much  out  of  proportion,  a  new  value  may  be  assumed  for  d, 
and  a  new  value  found  for  b. 
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Example. — Required  the  section  of  a  square  timber  pillar  to  stand 
a  steady  load  of  20  tons,  the  length  of  the  column  being  oO  feet,  and 
its  ends  both  flat.  * 

Solution.— Here  S^  =  8,000  lb.,/ =  8,  £■  =  3,000,  ^F=  40,000  lb.. 
/  =  30  X  12  =  B60  in.     These  values,  substituted  in  formula    77,    give 

_  i/40,000x8  /  40,000  X  8  /  40.000  y^       12  x  360-^  \ 

^~^     2x8,000        y        8,000       V  4X8,000    "^      3,000     ) 

=  /20+|/40(l0+m^) 

=  4/20  +  ^21,136  =  1/20  +  145.35 

=  |/165.35  =  12.90  =  12|",  nearly,  or  say  13", 

Example. — Let  it  be  required  to  solve  the  problem  worked  out  by 
the  general  method  in  Art.  1 1  70. 

Solution.— Here  5,  =  150,000  lb../=  10,  ^  =  14,060,  IV  =  33,000 
lb.,  nearly,  and  /=  5  X  13  =  60in.     From  these  data  we  have 

■  3183  JV/  _  .3183x33,000x10  _  .3183  X  H  _  ,^^.^.0 
S,  ~  150,000  ~  5  --'UOd, 

16  /  -^  _  16  X  60^  _  8  X  360  _  4.0967 
^     ~    14,060    ~      703       "4.7970" 

Then,  formula  78, 


d=  1.4142  |/.7003+  4/.7003x4.80 


=  1.4142  |/.7003+  V3.3614  =  1.4142  4/. 7003  +  1.8334 
=  1.4142  X  1.59  -  2.23  =  2^",  nearly, 
as  found  by  the  general  or  trial  method. 

The  student   may  apply  formula   79  to  the  solution  of 
example  3  in  the  preceding  article. 


TORSION    AND    SHAFTS. 

1172.  When  a  force  is  applied  to  a  beam  in  such  a 
manner  that  it  tends  to  twist  it,  the  stress  thus  produced  is 
termed  torsion.  In  Fig.  234,  d  c  represents  a  beam  fixed  at 
one  end;  a  load  W  is  applied  at  the  end  of  a  lever  arm  o  ;/, 
which  twists  the  beam.  If  a  straight  line  c  b  '\'s>  drawn 
parallel  to  the  axis  before  the  load  is  applied,  it  will  be 
found,  after  the  weight  If^has  been  hung  from  w,  that  the 
line  c  b  will  take  a  position  c  a,  forming  a  spiral.      If  the  load 
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does  not  strain  the  material  beyond  its  elastic  limit,  c  a 
will  return  to  its  original  position  r  (5  when  IF  is  removed. 
It  will  also  be  found  that  the  angles  a  c  b  and  a  o  b  are 
directly  proportional  to  the  loads. 


Fig.  234 

Torsion  manifests  itself  in  the  case  of  rotating  shafts. 
Instead  of  one  end  being  fixed,  as  in  the  previous  case,  the 
reisistance  which  the  shaft  has  to  overcome  takes  the  place 
of  the  force  which  before  was  necessary  for  fixing  one  end. 
Should  the  shaft  be  too  small,  the  resistance  will  overcome 
the  strength  of  the  material  and  rupture  it. 


1173.  The  angle  a  o  b,  which  may  be  called  the  angle 
of  twist,  plays  an  important  part  in  the  designing  of  shafts. 
For  all  solid  shafts  below  11  inches  in  diameter,  the 
following  formula  may  be  used : 

d^cV^7=:C,\/^,  (80.) 

in  which  d  =  diameter  of  round  shaft  or  the  side  of  a  square 
shaft  in  inches;  f  =:  constant  from  Table  27;  P=  force  or 
weight  applied  to  the  end  of  the  lever  arm,  in  pounds; 
r  =  length  of  lever  arm  in  inches,  from  center  of  shaft  to 
point  of  application  of  Z';  r^  =  constant  from  same  table: 
//=  horsepower  transmitted,  and  .y=  number  of  revolu- 
tions per  minute. 
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TABI.E  27. 


c. 

^>- 

Material. 

Round. 

Square. 

Round. 

Square. 

Wrought  Iron 

Cast  Iron 

Steel  

.31 
.353 

.297 

.272 
.309 
.20 

4. 92 
5.59 
4.7 

4.31 
4.89 
4.11 

Example. — What  should  be  the  diameter  of  a  wrought-iron  crank 
shaft  for  a  16"  X  20"  steam  engine,  if  the  greatest  steam  pressure  is  to 
be  90  lb.  per  sq.  in.  ?  (Assume  that  the  entire  steam  pressure  is  trans- 
mitted through  the  crank-pin  at  some  point  of  the  stroke). 

Solution.— Total  pressure  on  piston  —  16-  X  -7854  X  90  =  18,095.616, 

20 
say  18,000  lb.  =  P  in   formula   80.     r  =  —  =  10".     Therefore, 


d=c  y Fr-  .olf  la.OOOx  10  =  6.385"'. 
A  6f "  shaft  would  be  sufficiently  large. 

Example. — What  horsepower  could  be  safely  transmitted  by  a  7- 
inch  cast  iron  square  shaft  making  80  revolutions  per  minute  ? 

Solution. — Formula  80  gives,  d=c^\/  -^,  or  H  —  — 7-  =     .  _^    = 

'     I\  c'l*  4.05f' 

835.93,  say  336  horsepower. 

1174.  If  the  diameter  of  a  wrought-iron  shaft  is 
greater  than  12.4  inches,  of  a  cast-iron  shaft  greater  than 
10.3  inches,  or  of  a  steel  shaft  greater  than  13.  G  inches,  the 
following  formula  should  be  used: 

^.  (81.) 


d=  k\/  Pr=  k\ 


k  and  /'j  being  taken  from  Table  28.     If  the  shaft  is  hollow 
(round),  either  of  the  two  following  formulas  may  be  used: 


or 


H^g^Ni^^^^y  (^^•) 


d^  and  d^  being  the  outside  and  inside  diameters,  respectively, 
and  q  and  g^  constants  to  be  taken  from  Table  28. 
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TABLE    28. 


Material. 

k 

/&. 

9 

^1 

Wrought  Iron 

Cast  Iron 

.0909 
.1145 

.0838 

3.63 
4.56 
3.3 

1,335 

669 

1,767 

.0313 
.  0106 

Steel  

.038 

Example. — What  horsepower  can  be  safely  transmitted  by  a  hollow 
wrought-iron  shaft  making  60  revolutions  per  minute,  and  whose 
diameters  are  9|  and  12  inches  ? 

Solution. — 
H=  q,  n{^^^^^^  =  .0313  X  60  f/^'^/'^')  =  1,334.65  H.P. 


EXAMPLES  FOR  PRACTICE. 

1.  What  should  be  the  diameter  of  a  steel  shaft  to  transmit  500 
horsepower  at  200  revolutions  per  minute  ?  Ans.  5.91",  say  5|f ". 

3.  How  many  horsepower  will  an  8"  round  wrought-iron  shaft 
transmit  with  safety,  running  at  150  R.  P.  M.  ?  Ans.  1,048.5  H.P. 

3.  A  hollow  cast-iron  shaft  has  an  outside  diameter  of  10  inches  and 
an  inside  diameter  of  6  inches ;  at  what  speed  should  it  be  run  to  trans- 
mit 750  horsepower  ?  Ans.  81.29  R.  P.  M. 

4.  A  wrought-iron  shaft  4  inches  square  runs  at  110  revolutions  per 
minute;  what  horsepower  will  it  safely  transmit  ?  Ans.  81.6  H.P. 

5.  What  should  be  the  diameter  of  a  wrought-iron  shaft  to  transmit 
6,000  horsepower  at  100  revolutions  per  minute  ? 

Ans.  14.173",  say  14r^\". 

ROPES. 

1175.  The  strength  of  hemp  and  manila  ropes  varies 
greatly,  depending  not  so  much  upon  the  material  and  area 
of  cross-section  as  upon  the  method  of  manufacture  and  the 
amount  of  twisting. 

Hemp  ropes  are  about  35^  to  30^  stronger  than  manila 
ropes  or  tarred  hemp  ropes.  Ropes  laid  with  tar  wear  bet- 
ter than  those  laid  without  tar,  but  their  strength  and  flexi- 
bility are  greatly  reduced.  For  most  purposes,  the  follow- 
ing formula  may  be  used  for  the  safe  working  load  of  any  of 
the  three  ropes  mentioned  above: 

P=  100  C\  (84.) 
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in  which  /'=  working  load  in  pounds  and  C  =  circumference 
of  rope  in  inches.  This  formula  gives  a  factor  of  safety  of 
from  7^  for  manila  or  tarred  hemp  rope  to  about  11  for  best 
three-strand  hemp  rope.  When  excessive  wear  is  likely  to 
occur,  it  is  better  to  make  the  circumference  of  the  rope 
considerably  larger  than  that  given  by  the  formula. 

1 1 76.  Wire  rope  is  made  by  twisting  a  number  of 
wires  (usually  19)  together  into  a  strand  and  then  twisting 
several  strands  (usually  7)  together  to  form  the  rope.  It  is 
very  much  stronger  than  hemp  rope,  and  may  be  much 
smaller  in  size  to  carry  the  same  load. 

For  iron  wire  rope  of  7  strands,  19  wires  to  the  strand,  the 
following  formula  may  be  used,  the  letters  having  the  same 
meaning  as  in  formula  84  : 

P=QOOC\  (85.) 

Steel  wire  ropes  should  be  made  of  the  best  quality  of 
steel  wire;  when  so  made  they  are  superior  to  the  best  iron 
wire  ropes.  If  made  from  an  inferior  quality  of  steel  wire, 
the  ropes  are  not  as  good  as  the  better  class  of  iron  wire 
ropes.  When  substituting  steel  for  iron  ropes,  the  object  in 
view  should  be  to  gain  an  increase  of  wear  rather  than  to 
reduce  the  size.  The  following  formula  may  be  used  in 
computing  the  size  or  working  strength  of  the  best  steel 
wire  rope,  7  strands,  19  wires  to  the  strand : 

P^  1,000  C\  (86.) 

Formulas  85  and  86  are  based  on  a  factor  of  safety  of  0. 

1177.  When  using  ropes  for  the  purpose  of  raising 
loads  to  a  considerable  height,  the  weight  of  the  rope  itself 
must  also  be  considered  and  added  to  the  load.  The  weight 
of  the  rope  per  running  foot,  for  different  sizes,  may  be 
obtained  from  the  manufacturer's  catalogue. 

Example. — What  should  be  the  allowable  working  load  of  an  iron 
wire  rope  whose  circumference  is  6|  inches  ?  Weight  of  rope  not  to 
be  considered. 

Solution. — Using  formula  85, 

Z'  =  600  X  (6f)'^  =  27,337.5  lb. 
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Example. — The  working  load,  including  weight,  of  a  hemp  rope  is 
to  be  900  pounds;  what  should  be  its  circumference  ? 
Solution. — Using  formula  84, 


^  -  r  Too  -  r  100  -  ^  • 


1178.  In  measuring  ropes,  the  circumference  is  used 
instead  of  the  diameter,  because  the  ropes  are  not  round 
and  the  circumference  is  not  equal  to  3.1416  times  the 
diameter.  For  three  strands  the  circumference  is  about 
2.86  d^  for  seven  strands  about  3  d,  <:/ being  the  diameter. 


CHAIIVS. 

1179.  The  size  of  a  chain  is  always  specified  by  giving 
the  diameter  of  the  iron  from  which  the  link  is  made.  The 
two  kinds  of  chain  most  gener- 
ally used  are  the  open  link 
chain  and  the  stud  link  chain. 
The  former  is  shown  by  («), 
Fig.  235,  and  the  latter  by  \b). 
The  stud  prevents  the  two  sides 
of  a  link  from  coming  together 
when  under  a  heavy  pull,  and 
thus  strengthens  the  chain. 

It  is  a  good  practice  to  anneal 
old  chains  which  have  become 
brittle  by  overstraining.  This 
renders  them  less  liable  to  snap 
from  sudden  jerks.  The  anneal- 
ing process  reduces  their  tensile 
strength, but  increases  their  toughness  and  ductility,  two  qual- 
ities which  are  sometimes  more  important  than  mere  strength. 

Let  P^  safe  load  in  pounds; 

d  =■  diameter  of  link  in  inches. 

Then,  for  open  link  chains,  made  from  a  good  quality  of 


Fig.  2.35. 


wrought  iron. 


P=  12,000  ^^ 
and,  for  stud  link  chains, 

P=  18,000  d\ 


(87.) 


(88.) 
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Example. — What  load  will  be  safely  sustained  by  a  f-inch  open  link 

chain  ? 

Solution. — Using  formula  87, 

P  =  12,000  rt"^  =  12,000  X  (1)2  =  6,750  lb. 

Example. — What  must  be  the  diameter  of  a  stud  link  chain  to  carry 
a  load  of  28,125  pounds  ? 

Solution. — Using  formula  88,  P  =  18,000  d'^.     Hence, 


■      ,/~^^_,/28,125_ 
~y   18.000"  r    isiAAn--^t- 


18,000       r    18,000 

1179«.  The  statement  in  the  last  sentence  of  Art. 
1116  may  be  modified  in  practice  to  include  pieces  whose 
lengths  are  not  greater  than  ten  times  their  least  transverse 
dimensions,  without  material  error.  Although  the  stress  is 
pure  compression  only  for  pieces  whose  lengths  do  not  exceed 
five  times  their  least  transverse  dimensions,  the  results 
obtained  by  formula  76  agree  so  closely  with  those  ob- 
tained by  formula  67,  when  the  length  does  not  exceed 
ten  times  the  least  transverse  dimension,  that  the  latter 
may  be  used  in  all  such  cases.  When  the  length  is  greater 
than  ten  times  the  least  transverse  dimension,  the  piece 
becomes  a  column,  and  formula  76  must  be  used. 


ARITHMETIC. 

(ARTS.  1-181.) 


(1)  What  is  arithmetic  ? 

(2)  What  is  a  number  ? 

(3)  What  is  the  difference  between  a  concrete  number 
and  an  abstract  number  ? 

(4)  Define  notation  and  numeration. 

(5)  Write  each  of  the  following  numbers  in  words: 

{a)  980;  {I')  G05 ;  (r)  28,284;  (d)  9,006,042;  (^) 
850,317,002;   (/)     700,004. 

(6)  Represent  in  figures  the  following  expressions: 

(a)  Seven  thousand,  six  hundred,  (d)  Eighty-one  thou- 
sand, four  hundred,  two.  (r)  Five  million,  four  thousand, 
seven,  {d)  One  hundred  eight  million,  ten  thousand,  one. 
[r)     Eighteen  million,  six.      (/)     Thirty  thousand,  ten. 

(7)  What  is  the  sum  of  3,290  +  504+865,403  +  2,074 
+  81  +  7?  Ans.  871,359. 

(8)  709  +  8,304,725  +  391  +  100,302  +  300  +  909=  what  ? 

Ans.  8,407,336. 

(9)  Find  the  difference  between  the  following: 
(a)  50,962  and  3,338;     (d)  10,001  and  15,339. 

Ans     -!  ^''^  ^^''^''^^• 
.  l{d)     5,338. 

(10)  («)  70,968-32,975=  ?     (^)  100,000  -  98,735  =  ? 

j  {a)   37,993. 
^'''-     i{d)     1,265. 


522  ARITHMETIC. 

(11)  The  greater  of  two  numbers  is  1,004  and  their  dif- 
ference is  40;  what  is  their  sum?  Ans.  1,959. 

(12)  From  5,962  +  8,471  +  9,023  take  3,874  +  2,039. 

Ans.  17,543. 

(13)  A  man  willed  1125,000  to  his  wife  and  two  children; 
to  his  son  he  gave  144,075,  to  his  daughter  $26,380,  and  to 
his  wife  the  remainder.      What  was  his  wife's  share  ? 

Ans.  153,945. 

(14)  Find  the  products  of  the  following: 

{a)  526,387  X  7;  (^)  700,298  X  17;.(r)  217  X  103  X  67. 

f  (a)    3,684,709. 

Ans.  }  (I?)  11,905,066. 

(  (r)     1,497,517. 

(15)  If  your  watch  ticks  once  every  second,  how  many 
times  will  it  tick  in  one  week  ?  Ans.  004, 800  times. 

(10)  If  a  monthly  publication  contains  24  pages  in  each 
issue,  how  many  pages  will  there  be  in  eight  yearly  volumes  ? 

Ans.  2,304. 

(17)  An  engine  and  boiler  in  a  manufactory  are  worth 
13,246.  The  building  is  worth  three  times  as  much,  plus 
$1,200,  and  the  tools  are  worth  twice  as  much  as  the  build- 
ing, plus  $1,875.  (a)  What  is  the  value  of  the  building  and 
tools  ?     (l?)  What  is  the  value  of  the  whole  plant  ? 

j(^)  $34,689. 
*  (/;)   $37,935. 

(18)  Solve  the  following  by  cancelation: 

72  X  48  X  28  X  5  _  ^  80  X  60  X  50  X  16  X  14  _  ^ 

^'^^    96  X  15  X  7  X  G   ~  ■         ^  ^         70  X  50  X  24  X  20       ~  " 

^''^-  \  (d)   32. 

(19)  If  a  mechanic  earns  $1,500  a  year  for  his  labor,  and 
his  expenses  are  $968  per  year,  in  what  time  can  he  save 
enough  to  buy  28  acres  of  land,  at  $133  an  acre  ? 

Ans.  7  vears. 
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(20)  A  freight  train  ran  305  miles  in  one  week,  and  S 
times  as  far,  lacking  240  miles,  the  next  week ;  how  far  die' 
it  run  the  second  week  ?  Ans.  849  miles 

(21)  If  the  driving  wheel  of  a  locomotive  is  10  ft.  in  ci: 
cumference,  how  many  revolutions  will  it  make  in  going  f roi 
Philadelphia  to  Pittsburg,  the  distance  of  which  is  35 
miles,  there  being  5,280  feet  in  one  mile  ?     Ans.  116,820  rev. 

(22)  What  is  the  quotient  of 

(«)  580,824-^570?  (^)  309,730,020 -^  43,911  ?  (r)  2,527,- 
525-^505?     {d)  4,901,794,302-^1,234? 

r  {a)  1,024. 

Ans.  ,    (/)  8,420. 

{c)  5,005. 

_  {d)  4,020,903. 

(23)  A  man  paid  1444  for  a  horse,  wagon,  and  harness. 
If  the  horse  cost  1204  and  the  wagon  1153,  how  much  did 
the  harness  cost  ?  Ans.  t!27. 

(24)  What  is  the  product  of 

{a)  1,024  X  570  ?      {b)  5,005  X  505  ?      {c)  43,911  X  8,420  ? 

(  {a)  589,824. 

Ans.  ]  {b)       2,527,525. 

(  (V)  309,730,020. 

(25)  If  a  man  receives  30  cents  an  hour  for  his  wages, 
how  much  will  he  earn  in  a  year,  working  10  hours  a  day 
and  averaging  25  days  per  month  ?  Ans.  $900. 

(20)  What  is  a  fraction  ? 

(27)  What  are  the  terms  of  a  fraction  ? 

(28)  What  does  the,  denominator  show  ^ 

(29)  What  does  the  numerator  show  ? 

(30)  How  do  you  find  the  value  of  a  fraction  ? 

(31)  Is  J-g3-  a  proper  or  an  improper  fraction,  and  why  1 

(32)  Write  three  mixed  numbers. 


524 


ARITHMETIC. 


(33)     Reduce    the    following    fractions    to    their    lowest 


ff»rmc'    4        4         8        32 
LCI  Illh  .  -g,    Y^)    "51>    'ST- 


Ans. 


i    i    J^    A 

T)    47    4j    Y- 


(34)  Reduce  G  to  an  improper  fraction  whose  denomina- 
tor is  4.  Ans.  Y-. 

(35)  Reduce  7|-,  ISj^g,  and  lOf  to  improper  fractions. 

Anc;      fiJ      _2J_3      A3. 

X^IJS.       -y      ,  J    g-,  ^      . 

(36)  What  is  the  value  of  each  of  the  following:  ^^-,  JJ, 

691667?  Ancfil      AX     A   5        0      13 

(37)  Solve  the  following: 

(a)  35  -  j\ ;   (^)  ^g  -  3 ;   (r)  V  -  9 ;   (^0  W  -  tV  ;   (0  15f 

f  (^)  112. 

(^) 
(^) 


Ans, 


3 

1  7 
1  8- 


L  (^-)     3|. 
Ans.  1. 


(38)  i-f|  +  t=? 

(39)  i  +  f  +  T-%  =  ?  Ans.  if 

(40)  42  +  31|  +  9iV  =  ?  Ans.  83Jg. 

(41)  An  iron  plate  is  divided  into  four  sections;  the  first 
contains  29f  square  inches;  the  second,  50f  square  inches: 
the  third,  41  square  inches,  and  the  fourth,  Gdj\  square 
inches.      How  many  square  inches  are  in  the  plate  ? 

Ans.  lOOyV  sq.  in 

(42)  Find  the  value  of  each  of  the  following: 

15  4+3 

^"^S'^^^^T;(0^-  Ans.      (/.)       f. 

'  (0     4V- 

(43)  The  numerator  of  a  fraction  is  28,  and  the  value  of 
the  fraction  ^;  what  is  the  denominator?  Ans.  32. 


(44)     What  is  the  difference  between  {a)  |  and  j\  ?  (/<)  13 
and  7y^  ?  (c)  312^%  and  229^^^  ?  r  {a)       ^. 

Ans.  -j  (^)     5^. 
(c)  83H. 
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(45)  If  a  man  travels  85j%f  miles  in  one  day,  T8fV  miles 
in  another  day,  and  125f|^  miles  in  another  day,  how  far  did 
he  travel  in  the  three  days  ?  Ans.  389f|^  miles. 

(46)  From  573-i  tons  take  216f  tons.  Ans.  357^^- 

(47)  At  f  of  a  dollar  a  yard,  what  will  be  the  cost  of  9^ 
yards  of  cloth  ?  Ans.  3-^|  dollars. 

(48)  Multiply  f  of  f  of  j\  of  i|  of  11  by  |  of  f  of  45. 

Ans.    109tV\. 

(49)  How  many  times  are  f  contained  in  |  of  16  ? 

Ans.   18  times. 

(50)  Bougnt  311:^  pounds  of  old  lead  for  1|  cents  per 
pound.  Sold  a  part  of  it  for  2|  cents  per  pound,  receiving 
for  it  the  same  amount  as  I  paid  for  the  whole.  How  many 
pounds  did  I  have  left  ?  Ans.   52||  pounds. 

(51)  Write  out  in  words  the  following  numbers:  .08, 
.131,  .0001,  .000027,  .0108,  and  93.0101. 

(52)  How  do  you  place  decimals  for  addition  and 
subtraction  ? 

(53)  Give  a  rule  for  multiplication  of  decimals. 

(54)  Give  a  rule  for  division  of  decimals. 

(55)  State  the  difference  between  a  fraction  and  a 
decimal. 

(56)  State  how  to  reduce  a  fraction  to  a  decimal. 


(57)     Reduce  the  following  fractions  to  equivalent  deci- 

.5. 

.875. 


mals-    1     i      5        6  5      and  -12  5 

Ans 


.15635. 

.65. 

•135. 
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(58)     Solve  the  following; 
32. 5 +  .29 +1.5 


(«) 


4. 7  +  '.) 


U') 


1.283  X  8  +  5 
2.63  ' 


589  +  27  X  103-  8  40.G  +  7.1  X  (3.029-  1.874) 

^'"^  25  +  39  '  ^'  ''  0.27  +  8.53-8.01 

(cr)  2.5029. 

)    (/;)  G.3418. 

^'''-  '^     (r)  1,491.875. 

(c/)  8.1139. 


(59)     How  many  inches  in  .875  of  a  foot  ?       Ans.   10^  in. 

(GO)     What  decimal  part  of  a  foot  is  j\  of  an  inch  ? 

Ans.   .015625. 

(61)  A  cubic  inch  of  water  weighs  .03617  of  a  pound. 
What  is  the  weight  of  a  body  of  water  whose  volume  is 
1,500  cubic  inches  ?  Ans.   54.255  lb. 

(62)  If  by  selling  a  carload  of  coal  for  $82.50,  at  a  profit 
of  $].65  per  ton,  I  make  enough  to  pay  for  72.6  ft.  of  fen- 
cing at  1.50  a  foot,  how  many  tons  of  coal  were  in  the  car  ? 

Ans.    22  tons. 

(63)  Divide  17,892  by  231,  and  carry  the  result  to  four 
decimal  places.  Ans.   77.4545+. 


(64)     Find  the  value  of  the  following  expression  when  the 
result  is  carried  to  three  decimal  places: 

74.26  X  24  X  3.1416  X  19  X  19  X  350 


33,000  X  12  X  4 


=  ?     Ans.   446.619-. 


(65)     Express    (a)    .7928    in    64ths;     {d)    .1416    in    32ds; 
{c)  .47915  in  16ths. 

Ans.  {  {b)  ^%. 

(0    !%• 
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(66)     Work  out  the  following  examples: 


(rt)   709. 63 -.8514;    (/^)   81.963  -  1.7 
1_.001;     (r)    872.1- (.8721 +  .008); 
-(6.70i-2.38). 


Ans.  ^ 


;     {c)   18 -.18;     (./) 

(/)    (5. 028 +  .0073) 

{{a)  708.7786. 

(d)  80.263. 

(/)  17.82. 

{d)  .999. 

(r)  871.2199. 

l(/).'113. 
(67)     Work  out  the  following: 

(«)  i-.807;(^)  .875-1;  (r)  (/^  +  .435)  -  (^V  - -07) ; 
(^/)  What  is  the  difference  between  the  sum  of  33-millionths 
and  17-thousandths,  and  the  sum  of  53-hundredths  and  274- 


thousandths? 


Ans. 


(0 

(^0 


068. 
5. 
,45125. 

,786967. 


(68)     What  is  the   sum    of  .125,   .7,   .089, 
.000027  ? 


.4005,  .9,  and 
Ans.  2.214527. 


(69)  927.416  +  8.274  +  372.6  +  62.07938  =  ? 

Ans.  1,370.36938. 

(70)  Add  17-thousandths,  2-tenths,  and  47-minionths. 

Ans.    .217047. 

(71)  Find  the  products  of  the  following  expressions: 

{a)  .013  X  .107;    (d)  203  X  2.03  X  .203;  {c)  2.7  X  31.85  X 
(3.16-  .316);  [d)  (107.8  +  6.541-31.96)  X  1.742. 

'{a)    .001391. 
J  (d)    83.65427. 
■  I   (c)    244.56978. 
(d)  143.507702. 

(72)  Solve  the  following: 

{a)     (tV  -  .13)  X  .625  +  1;    (d)    (if  X  .21)  -  (.02  X  ^); 


{c)    (J^  +  . 013 -2.17)  X  13i 


7^ 


TT- 


{a)   .384375. 
Ans.  I  {d)   .1209375. 
[c)    6.4896875. 
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(73)  Solve  the  following: 

W. 875^  J;(/,)  1^.5;  M^^.  ,^,^^^ 

Ans.  ]  (/;)  1.75. 
(  (c)   .5. 

(74)  Find  the  value  of  the  following  expression; 

1.25  X  20X  3 
87 +(11  X8)' 

450  +  32  Ans.   2IO4. 

(75)  From  1  plus  .001  take  .01  plus  .000001. 

Ans.   .990999. 
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ARITHMETIC. 

(ARTS.    182-349.) 


207.     What  is  the  rate  ? 

Ans 


(76)  What  is  25  per  cent,  of  8,428  lb.?  Ans.  2,107  lb. 

(77)  What  is  1  per  cent,  of  $100  ?  Ans.  $1. 
■  (78)  What  is  ^  per  cent,  of  $35,000?  Ans.  $175. 

(79)  What  per  cent,  of  50  is  2?  Ans.  4^. 

(80)  What  per  cent,  of  10  is  10?  Ans.  100^. 

(81)  Solve  the  following: 

(a)  Base  =  $2,522  and  percentage  =  $176.54.  What  is 
the  rate?  (Ij)  Percentage  =  16.96  and  rate  =  8  per  cent. 
What  is  the  base  ?  (c)  Amount  =  216.7025  and  base  =  213.5. 
What  is  the   rate?     (d)    Dilference  =  201.825  and  base  = 

{a)    7^. 
(/;)     212. 

{c)      Ufo. 

(d)   2i^. 

(82)  A  farmer  gained  15^  on  his  farm  by  selling  it  for 
$5,500.     What  did  it  cost  him?  Ans.  $4,782.61. 

(83)  A  man  receives  a  salary  of  $950.  He  pays  24^  of  it 
for  board,  124-^  of  it  for  clothing,  and  17^  of  it  for  other 
expenses.      How  much  does  he  save  in  a  year?  Ans.  $441.75. 

(84)  If  37i  per  cent,  of  a  number  is  961.38,  what  is  the 
number?  Ans.  2,56.3.68. 

(85)  A  man  owns  f  of  a  property.  30^  of  his  share  is 
worth  $1,125.      What  is  the  whole  property  worth? 

Ans.  $5,000. 

(86)  What  sum  diminished  by  35^  of  itself  equals  $4,810? 

Ans.  $7,400. 
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(87)  A  merchant's  sales  amounted  to  $197.55  on  Monday, 
and  this  sum  was  12^^  of  his  sales  for  the  week.  How  much 
were  his  sales  for  the  week?  Ans.  11,580.40. 

(88)  The  distance  between  two  stations  on  a  certain 
railroad  is  1G.5  miles,  which  is  12^^  of  the  entire  length  of 
the  road.     What  is  the  length  of  the  road?     Ans.  132  miles. 

(89)  After  paying  00^  of  my  debts,  I  find  that  I  still  owe 
135.     What  was  my  whole  indebtedness?  Ans.  $87.50. 

(90)  Reduce  28  rd.  4  yd.  2  ft.  10  in.  to  inches. 

Ans.  5,722  in. 

(91)  Reduce  5,722  in.  to  higher  denominations. 

Ans.  28  rd.  4  yd.  2  ft.  10  in. 

(92)  How  many  seconds  in  5  weeks  and  3.5  days? 

Ans.  3,326,400  sec. 

(93)  How  many  pounds,  ounces,  pennyweights,  and 
grains  are  contained  in  13,750  gr.  ? 

Ans.  2  lb.  4  oz.  12  pwt.  22  gr. 

(94)  Reduce  4,763,254  links  to  miles. 

Ans.  595  mi.  32  ch.  54  li. 

(95)  Reduce  764,325  cu.  in.  to  cu.  yd. 

Ans.  16  cu.  yd.  10  cu.  ft.  549  cu.  in. 

(96)  What  is  the  sum  of  2  rd.  2  yd.  2  ft.  3  in.  ;  4  yd.  1  ft. 
9  in.  ;  2  ft.  7  in.  ?  Ans.  3  rd.  2  yd.  2  ft.  1  in. 

(97)  What  is  the  sum  of  3  gal.  3  qt.  1  pt.  3  gi.  ;  6  gal.  1  pt. 
2  gi.  ;  4  gal.  1  gi.  ;  8  qt.  5  pt.  ?  Ans.  16  gal.  3  qt.  2  gi. 

(98)  What  is  the  sum  of  240  gr.  125  pwt.  50  oz.  and  3  lb.  ? 

Ans.  7  lb.  8  oz.  15  pwt. 

(99)  What  is  the  sum  of  11°  16'  12";  13°  19'  30";  20°  25"; 
26'  29";  10°  17'  11"?  Ans.  55°  19'  47". 

(100)  What  is  the  sum  of  130  rd.  5  yd.  1  ft.  6  in.  ;  215  rd. 
2  ft.  8  in.  ;  304  rd.  4  yd.  11  in.  ?  Ans.  2  mi.  10  rd.  5  yd.  7  in. 

(101)  What  is  the  sum  of  21  A.  67  sq.  ch.  3  sq.  rd.  21  sq. 
li.  ;  28  A.  78  sq.  ch.  2  sq.  rd.  23  sq.  li.  ;  47  A.  6  sq.  ch.  2  sq. 
rd.  IS  sq.  li.  ;  56  A.  59  sq.  ch.  2  sq.  rd.  16  sq.  li.  ;  25  A.  38 
sq.  ch.  3  sq.  rd.  23  sq.  li.  ;  46  A.  75  sq.  ch.  2  sq.  rd.  21  sq.  li.? 

Ans.  255  A.  3  sq.  ch.  14  sq.  rd.  122  sq.  li. 
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(102)  From  20  rd.  2  yd.  2  ft.  9  in.  take  300  ft. 

Ans.  2  rd.  1  yd.  2  ft.  9  in. 

(103)  From  a  farm  containing  114  A.  80  sq.  rd.  25  sq.  yd., 
75  A.  70  sq.  rd.  30  sq.  yd.    are  sold.      How  much  remains? 

Ans.  39  A.  9  sq.  rd.  25^  sq.  yd. 

(104)  From  a  hogshead  of  molasses,  10  gal.  2  qt.  1  pt.  are 
sold  at  one  time,  and  26  gal.  3  qt.  at  another  time.  How 
much  remains?  Ans.  25  gal.  2  qt.  1  pt. 

(105)  If  a  person  were  born  June  19,  1850,  how  old  would 
he  be  August  3,  1892?  Ans.  42  yr.  1  mo.  14  da. 

(100)  A  note  was  given  August  5,  1890,  and  was  paid 
June  3,  1892.     What  length  of  time  did  it  run? 

Ans.  1  yr.  9  mo.  28  da. 

(107)  What  length  of  time  elapsed  from  IG  min.  past  10 
o  clock  A.  M.,  July  4,  1883,  to  22  min.  before  8  o'clock  p.  m., 
Dec.  12,  1888?  Ans.  5  yr.  5  mo.  8  da.  9  hr.  22  min. 

(108)  If  1  iron  rail  is  17  ft.  3  in.  long,  how  long  would  51 
rails  be,  if  placed  end  to  end?  Ans.  53  rd.  1^  yd.  9  in. 

(109)  Multiply  3  qt.  1  pt.  3  gi.  by  4.7. 

Ans.  4  gal.  2  qt.  1.7  gi. 

(110)  Multiply  3  lb.  10  oz.  13  pwt.  12  gr.  by  1.5. 

Ans.  5  lb.  10  oz.  G  gr. 

(111)  How  many  bushels  of  apples  are  contained  in  9 
bbl.,  if  each  barrel  contains  2  bu.  3  pk.  6  qt. 

Ans.  26  bu.  1  pk.  6  qt. 

(112)  Multiply  7  T.  15  cwt.  IU.5  lb.  by  1.7. 

Ans.  13  T.  3  cwt.  67.85  lb. 

(113)  Divide  358  A.  57  sq.  rd.  6  sq.  yd.  2  sq.  ft.  by  7. 

Ans.    51  A.  31  sq.  rd.  8  sq.  ft. 

(114)  Divide  282  bu.  3  pk.  1  qt.  1  pt.  by  12. 

Ans.   23  bu.  2  pk.  2  qt.  I  pt. 

(115)  How  many  iron  rails,  each  30  ft.  long,  are  required 
to  lay  a  railroad  track  23  miles  long?  Ans.   8,096  rails. 

(116)  How  many  boxes,  each  holding  1  bu.  1  pk.  and  7 
qt.,  can  be  filled  from  356  bu,  3  pk.  and  5  qt.  of  cranberries? 

Ans.   243  boxes. 
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(122)     Solve  the  following:    (a)  753^ 
{d)  AOU\ 

Ans.  - 


(117)  If  IG  square  miles  are  equally  divided  into  62  farms, 
how  much  land  will  each  contain? 

Ans.    1G5  A.  25  sq.  rd.  24  sq.  yd.  3  sq.  ft.  SO  +  sq.  in. 

(118)  What  is  the  square  of  108?  Ans.    11,664. 

(119)  What  is  the  cube  of  181.25?    Ans.  5,954,345.703125. 

(120)  What  is  the  fourth  power  of  27.61? 

Ans.   581,119.73780641. 

(121)  Solve  the  following:  (^r)lOG';   (/;)  (182^)^  {c)  .005'; 
{d)  .0063^;   (^)  10.06".  f  (,r)   11,236. 

(V;)  33,169.515625. 
(r)  .000025. 
{d)   .00003969. 
(r)  101.2036. 

(/;)  987.4';  (r).005^ 

{a)   426,957,777. 
(/;)  962,674,279.624. 
\c)   .000000125. 
{d)  .066135317184. 

(123)  What  is  the  fifth  power  of  2?  Ans.  32. 

(124)  What  is  the  fourth  power  of  3?  Ans.  81. 

(125)  What  are  the  values  of:   {a)  67.85"?  (/;)  967,845^? 


(0  m  ?  W  (i)^  ? 


Ans. 


{a)  4,603.6225. 

(//)  936,723,944,025. 

9 

1 
TIT- 


(0    i^ 
(./)   -^- 


(126)  What  is  (a)  the  tenth  power  of  5  ?     (/;)  The  fifth 
power  of  9  ?  ^^^^    j  (<r)   9,765,625. 

(  (/;)   59,049. 

(127)  Solve    the    following  :     {a)  1.2^  ;     (/;)  ll''  ;     (r)   1'  ; 


(^).or;  {c).l\ 


Ans. 


'  {a)  2.0736. 
(/;)   1,771,561. 

(0   1- 

{d)  .00000001. 

{e)  .00001. 
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(128)     Find  the  values  of  the  following:   (a)  .0133';  (d) 


soi.oir;  {c){iy;  {d){d^y 


Ans. 


{a)  .000002352037. 

(d)  27,273,890.942204331. 

{d)  52|i,  or  52.734375. 


(129)  In  what  respect  does  evolution  differ  from  involu- 
tion ? 

Note. — In  the  answers  to  the  following  examples,  a  minus  sign  after 
a  number  indicates  that  the  last  digit  is  not  quite  as  large  as  the  number 
printed.  Thus,  12.497  —  indicates  that  the  number  really  is  12.496  +, 
and  that  the  6  has  been  made  a  7  because  the  next  succeeding  figure 
was  5  or  greater.  For  example,  had  it  been  desired  to  use  but  three 
decimal  places  in  exampl-e  121  {d),  the  answer  would  have  been  written 
33,169.516-. 

(130)  Find  the  square  root  of  the  following :  {a)  3,480,- 
784.401;  {b)  9,000,099.4009;   {c)  .001225. 

'  {a)  1,807.29+. 
Ans.  \    {b)  3,000.017  -. 
^  (r)   .035. 

(131)  Extract  the  square  root  of  {a)  10,795.21  ;   {b)  73,- 
'008.04;   (r)90;   (./)  .09.  f  (,,)   103.9. 

\b)  270.2. 
(V)  9.487-. 
(./).3. 

(132)  Extract  the  cube  root  of  («)  .32708;  {b)  74,088; 
{c)  92,410;   (./)   .373248.  f  (,,)   .0894  + 

(/;)  42. 

{c)  45.212-. 

{d)  .72. 

(133)  Extract  the  cube  root  of  2  to  six  decimal  places. 

Ans.   1.259921 +. 

(134)  Extract  the   cube    root  of    {a)    1,758.410743;    {b) 


Ans. 


Ans, 


1,191,010;   {c)^S-    {d)  -,\\. 


Ans. 


{a)  12.07. 

{b)  100. 

(0  i- 

(^0  I- 
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(135)     Extract  the  cube  root  of  3  to  six  decimal  places. 

Ans.    1.442250—. 


{c)  |/502,681;  (d)  ^Z. 00041209. 


(13G)     Solve    the    following:    (a)   4/123.21;  (^)  |/ll4.921; 

'  (a)  11.1. 

{d)  .0203. 


Ans. 


(137)  Solve    the    following:     {a)     fCoOGS;     {b)     4^021; 

(r)    ^'8,036,054,027;      {d)    f". 000004096;     {c)    \/Vl. 

'  {a)  .18663  — 
{b)  .2759-. 
Ans.    J    [c)   2,003. 
{d)  .016. 
{e)   2.5713-. 

(138)  Solve   the    following:    {a)    4^6,561;    (/;)    4^117, 649; 

(.•)    4/000064;    {d)  ^.  .  {  (^)  9. 

{b)   7. 

(.)    .2. 

{d)  .72112+. 

(139)  Extract    the   square   root   of  {a)  ^f|;   {b)  .3364; 
(0-1;   (^0-^5.0|;   (r).OOOf  f  (^)  f|. 

(/7)   .58. 
Ans.  J   \c)   .31623-. 
{d)  5.00749 +. 
\c)  .02108+. 

(140)  {a)  Extract  the  fourth  root  of  2  to  four  decimal 
places;   (/?)  extract  the  sixth  root  of  6. 

^^      ((.)  1.1892 +. 
\  {b)  1.34801  -. 

(141)  Extract  the  square  root  of  {a)  3.1416  and  {b)  .7854 
to  four  decimal  places.  .         (  id)  1.7725  — . 

\  {b)  .8862+. 

(142)  Extract  the  cube  root  of  {a)  3.1416  and  {b)  .5236  to 
four  decimal  places.  .         j  [a)  1.4646  — . 

(  \b)  .8060-. 
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Find  the  value  of  .v  in  the  following : 

(143)  11.7  :  13::  20  :  X.  Ans.  22.23  -f. 

(144)  («)  20  +  7  :  10  +  8  ::  3  :  x;  {d)  12'  :  100' ::  4  :  x. 

I  ((^)  277.7+. 


(145)     {a) 


X 


i 

~2A 


{^)- 


24 


_8_ 
16^ 


60     ,  , 


10 
150 


GOO 


Ans. 


(146) 

;i'  :  5  ::  27  :  12.5 

(147) 

45  :  GO  ::  x  :  24. 

(148) 

X  :  35  ::  4  :  7. 

(149) 

9  :  A'  ::  6  :  24. 

(150)     fl7)00  :  f  1,331  =  27  :  ;ir. 


G4  :  81  =  21= 


100'  (^^15  = 
(a)  X  =  12. 

(d)  X  =  12. 
(c)  X  =  20. 
{d)x=  180. 

(e)  X  =  40. 

Ans.  10|. 
Ans.  18. 
Ans.  20. 
Ans.  36. 
Ans.  29.7. 
Ans.  23.625. 
Ans.  14. 


(151) 

(152)  7  +  8  :  7  =  30  :  .*-. 

(153)  A  man  whose  steps  measure  2  ft.  5  in.  takes  2,480 
steps  in  walking  a  certain  distance.  How  many  steps  of  2  ft. 
7  in.  will  be  required  for  the  same  distance?  Ans.  2,320  steps. 

(154)  If  a  horse  travels  12  mi.  in  1  hr.  36  min.,  how  far 
will  he  travel  at  the  same  rate  in  15  hr.  ?  Ans.  112.5  mi. 

(155)  If  a  column  of  mercury  27.  G3  in.  high  weighs  .76 
of  a  pound,  what  will  be  the  weight  of  a  column  of  mercury 
having  the  same  diameter,  29.4  inches  high  ?    Ans!  .808+lb. 

(15G)  If  2  gal.  3  qt.  1  pt.  of  water  will  last  a  man  5  da., 
how  long  will  5  gal.  3  qt.  last  him,  if  he  drinks  at  the  same 
rate?  Ans.  10  da. 

(157)  Heat  from  a  burning  body  varies  inversely  as  the 
square  of  the  distance  from  it.  If  a  thermometer  held  6  ft. 
from  a  stove  shows  a  rise  in  temperature  of  24  degrees,  how 
many  degrees  rise  in  temperature  would  it  indicate  if  held 
12  ft.  from  the  stove?  Ans.  6°. 
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(158)  If  a  pile  of  wood  12  ft.  long,  4  ft.  wide  and  3  ft. 
high  is  worth  $12,  what  is  the  value  of  a  pile  of  wood  15  ft. 
long,  5  ft.  wide  and  G  ft.  high?  Ans.  $37.50. 

(159)  If  100  gal.  of  water  run  over  a  dam  in  2  hr.,  how 
many  gallons  will  run  over  the  dam  in  14  hr.  28  min.? 

Ans.  723^  gal. 

(160)  If  a  cistern  28  ft.  long,  12  ft.  wide,  10  ft.  deep 
holds  798  bbl.  of  water,  how  many  barrels  of  water  will  a 
cistern  hold  that  is  20  ft.  long,  17  ft.  wide,  and  G  ft.  deep  ? 

Ans.  484ibbl. 

(161)  If  a  railway  train  runs  444  mi,  in  8  hr.  40  min.,  in 
what  time  can  it  run  1,0G0  mi.  at  the  same  rate  of  speed? 

Ans.  20  hr.  41.44  min. 

(162)  If  sound  travels  at  the  rate  of  6,160  ft.  in  5^  sec, 
how  far  does  it  travel  in  1  min.?  Ans.  67,200  ft. 

(163)  If  5  men  by  working  8  hours  a  day  can  do  a  certain 
amount  of  work,  how  many  men  by  working  10  hours  a  day 
can  do  the  same  work?  Ans.  4  men. 

(164)  If  a  man  travel  540  miles  in  20  days  of  10  hours 
each,  how  many  hours  a  day  must  he  travel  to  cover  630 
miles  in  25  days?  Ans.  9^  hr. 

(165)  Referring  to  example  4,  Art.  349,  what  is  the 
horsepower  of  an  engine  whose  cylinder  is  30  inches  in 
diameter,  piston  speed  660  feet  per  minute,  and  mean  effec- 
tive pressure  42  pounds  per  square  inch? 

Ans.  594  horsepower. 

(166)  The  weight  of  a  cubic  inch  of  cast  iron  is  .261 
pound  Referring  to  Art.  345,  what  is  the  weight  of  a 
solid  cast  iron  cylinder  whose  diameter  is  12  inches  and 
length  is  60  inches?  Ans.  1,771.11  lb. 

(167)  Referring  to  Art.  348,  what  is  the  centrifugal 
force  of  a  40-pound  body  revolving  in  a  circle  having  a 
radius  of  10  inches,  at  a  speed  of  18  feet  per  second? 

Ans.  484.7  lb. 


ALGEBRA. 

(ARTS.  350-524.) 

(168)  Change  the  fraction — ^ — —7^  so  that  the  sign 

before  the  dividing  line  will  be  -{-. 

(169)  Factor  the  following:     (^)  9.r*  +  12.ry  +  4/ ;    {b) 
4:9a'  -  154:a'd'  +  121^^ ;  (r)  64,ry  +  GUy  +  16. 

(170)  Divide:     (a)    3.1'' +  x -{- 9x' -  1  by  3.r-l;  {d)  a' 
-  2ad'  -\~d'hy  a-d;   {c)  7x'  +  58.r  -  24,r^  -  21  by  7x  -  3. 

/  {a)    3,r^  +  2,r+l. 
Ans.    ]  (d)    a'-\-ad-d\ 
.    (  (c)    ,r^_3,r+7. 

(171)  Why  are  letters  used  in  Algebra,  and  in  what  ways 
do  they  differ  from  figures  ? 

(172)  Factor   the  expressions:   (a)  4x'j/ —  12,ry -f- Bxj/' ; 
{b)x'-/;  {c)  8x'-27f- 

■     i  (r)    (2.r  -  3;/)(4,r=  +  Qxy  +  9/). 

(173)  Multiply    d7u'  -\-3h'  +  10;//;;'  +  10///';;    by    5;;/';;=  - 

;;;;:*  —  5;;;';;'  +  3;;/V;. 

Ans     I  ^^^^'^^  +  15;;/';/'  -  5;;/';/'  +  6;;/';/' 
I  +  25;;/';/--  +  5;;/';/"  -  3;;/;/'. 

(174)  Raise    to   their    indicated    powers  the    following: 
{2a'l?cy,  (  -  da'd'cy  and  (  -  7m'nxyy. 

(175)  Factor:  {a)  W  -  b' ;  {b)  IQx'"  -  1 ;   (r)  16,r'  -  8xy 

+  xy\     ■ 

(176)  Extract  the  square  root  of  4<^' —  12«V  +  5« V + 
6a\v'  +  rt';r*.  Ans.  2a'  —  3rtV  —  «.r'. 

(177)  (a)  Arrange  a'b'  +  2abi:  +3  -  7^?V;'  +  Ga'b*  accord- 
ing  to   the  decreasing  powers  of  a;  (b)   according  to   the 
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increasing  powers  of  /;.  (r)  With  a''  -\-  1  -\-  2a'  -\-  ax  arranged 
according  to  the  increasing  powers  of  a,  should  the  1  Lc 
placed  first  or  last,  and  why? 


(178)     Find    the    values    of    YmiWc\     |/  -  32^'^     and 


\/  -l,TZ^a\{''xy. 

(179)  {a)  Enclose  the  first  three  and  last  three  terms  of 
a  —  2x  -\-  4:_y  —  3:y  —  2l?  -\-  c  in  parentheses  connected  by  a 
minus  sign,      (l?)   Place   the   expression  —  31?  —  4:C  -\-  d  —  {2/ 

—  3c)  in  brackets,  preceded  by  a  minus  sign,  (c)  Indicate 
the  subtraction  of  2d  —  {3c  -\-  2d)  —  a  from  x. 

(180)  Multiply:  (a)  2.r' +  2,r' +  «.r  -  2  by  .r  -  1 ;  (/;) 
x'  -  iax  +  ^  by  2x  +  a,  and  (c)  -  a'  +  3a'l?  -  2b'  by  ba' 
+  ^ab.  (  (a)  2x'  -  4.i-  +  2. 

Ans.  ■!(/;)  2.r=  -  7^?.r'  +  2cx  -  Wx  +  ac. 

{   \c)   -  5a'  +  (ia'b  +  27a'b'  -  lOa'b'  -  lSab\ 

(181)  Find  the  sum  of  the  following:     [a)  ixj'::  —  3xys 

—  bxys,  Qxy:;  —  <dxys  +  3x}'::.  (/;)  3a''  +  2ab  +  U\  5a'  —  Sab 
-f  b\  -a"--{-  5ab  -  b\  18^'  -  20^?/;  -  \W  and  14^'  -  3ab  + 
2^b\      {c)  ^mn  +  3ab  -  4r,  3x  —  Aab  +  2mn  and  3w'  —  4/. 

{a)   —  4:xyz. 
Ans.  \  (/;)  39«'  -  2^ab  +  5b\ 

(r)   (Sinn  -  ab  —  4r  +  3x  +  3w'  —  4/. 

1 


(182)  Find  the  reciprocal  of  3.1416,  .7854,  and 

(183)  Perform  the  indicated  additions: 


04.32' 


(^0 

(0 


X  —  y      y  —  X      ^  '   X 
3a  —  4b       2a  —  b  -\-  c 


+ 


X 


+ 


1        -i'.+ 1 
13^7  -  4r 


X 


12 


Ans. 


(0 


J 


,r  —  ^ 
3,v' 

.r'^  -  1  ■ 

71^  -  20/;  -  56c 
84 


(,)   9  +  -^^  by  3  +  -^. 

Ans. 
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(184)  Resolve  into  their  factors :  {a)  45.i->'°  —  90-i-y  — 
360,i-y ;  {b)  a-b"-  +  )tabcd-{-  rcP;  {c)  {a  +  by  -  {c  -  dy. 

Ans.    (r)   (a  +  b-^c-d)  {a-\- b-c-^d). 

(185)  {^)  Give  an  illustration,  not  contained  in  the  text, 
which  will  explain  the  difference  between  positive  and 
negative  quantities.  (/;)  In  what  respects  are  addition  and 
subtraction  different  in  Algebra  from  addition  and  subtrac- 
tion in  arithmetic? 

(186)  Divide: 

(a)  —i — —Y  by  ;   [b)  - — ^—. — ^ by  - — ^—. ; 

^   '  a'+ax-\-x'' 
(b)  2;«'«-|-l. 

^  ^      x+y  • 

(187)  State  which  of  the  following  trinomials  are  perfect 
squares :  1  -  2x'  +  x* ;  dm'n'  —  2m?i  +  10  ;  G-t  +  120.r  +25,r' ; 
4,1-  +  1  +  4.1-' ;  4rt'  +  20ab  -  25b' ;  4rxy  -  4:/  +  x\ 

(188)  (a)  What  is  the  reciprocal  of  f  A?  {b)  Of  what  num- 
ber is  700  the  reciprocal? 

(189)  Find  the  least  common  multiple  of  12xy  {x"  —  y ), 
2x'  {x'  +  2xy  +y),  df{x  -  j'y  and  6(.r'^  +  xj). 

Ans.  12xy\x-\-yy{x  -  yy. 

(190)  Multiply:  {a)  2  ^  4ra  -  6a' -  Qa'  hy  1  a' -,  {b)  4.x^ 
_4y  +  6^'  by  3.r>;    {c)  'db  +  5c-  2d  by  6«. 

(  {a)   14^'  +  28^'  -  35^'  -  42^''. 
Ans.   ]  {b)  12xy  -  12xy  -f  18.r>-^ 
(  (r)   l%ab  +  30^^  —  12^?^^. 

(191)  {a)  Explain  in  your  own  words  the  difference  be- 
tween a  coefficient  and  an  exponent,  {b)  How  are  coefffcients 
and  exponents  treated  in  multiplication,  and  how  in  division? 
{c)  What  is  the  law  of  signs  in  multiplication? 

(192)  Remove  the  symbols  of  aggregation  from  the 
following: 

{a)  2a  -  1 3^  -f  [4^  -  ^a  -  {2a  +  2by\  +  \?,a  -  J+7]  } ; 
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{b)  7a-  {Sa-  [{2a  -  5a)  +  4«] } ; 

(^)  a  -  {U+[3c  -  3a  -  ( ./+  /;)]  +  [2a  -  (b  +  c)]]. 

f  (a)  5a  —  dc.    ' 
Ans.   }  (/;)  5^. 

(  (r)   3a -2c. 

(103)     What  are  the  factors  of:   (a)  .r'  +  8?  {/>)  x'  —  27y?' 
and  (r)  xm  —  nm  +  xy  —  nyt  Ans.  {c)  (.r  —  n)  {in  +  j). 

(194)  Extract  the  square  root  of  4.r^  -\-  '^ax'^  -f  ^^a^x"^  -\- 
led'x'  +  IGad'x  +  lG/7\  Ans.   2x'  +  2^^'  +  U\ 

/H-.»X  T^  1  r(«    +    <5)     4-    ^^  .  .  ,  . 

(195)  Reduce        ,      ,    , ' to  its  simplest  form. 

^       ^  {a  -\-  b)c  ^ 

(19G)  Combine  the  like  terms  of  the  expressions:  {a) 
x+j'  +  ::-{x-r)  -  (j  +  xr)  -  {-y);  {b)  {2x  -  y  +  4.s)  + 
(-  ,r  -  ;/  -  As)  —  {3x  —2y-s);  {c)  a  -  [2a  +  {3a  —  4«)]  — 
5a-  {Qa-  [{7a  +  Sa)  -9a]].  f  {a)  2y. 

Ans.  ■!  (^)  s  —  2x. 
(  {/)   -  5a. 

(197)  State  how  you  would  read  the  following  expres- 
sions :    {a)  a\r'  +  2a'b'  -  {a -^  b)  ;    {b)  YJ--\-y{a  -  ny  ;    {c) 

{m  +  ;/)  (;//  -  nY\in  -  |V 

(108)  Divide  3«'  +  3  —  4«'  +  7^:  +  2^"  —  5a''  +  10^'  by  «' 
—  1  -  rt'  —  2^.  Ans.   2^;'  -  2a^  —  3^;  —  2. 

(199)  Factor :  (^)  ,vy  -  G4^'y ;  (/?)  a"  -  b''  -  c"'  ^\  -  2a 
+  2(^r;   (r)  1  -  Kirt'  +  8^?r  -  c\ 

c  {a)    x-^f{x  +  2)  (.1-  -  2)  {x^  +  2x  +  4)  (.ir»  -2x-\-  4). 
Ans.  j  (^)    {a  —  \-\-b-  c)  {a  -  1  -  b  ^  c). 
{  {c)    (1  +  4.^-r)  (1-4.^  +  r). 

(200)  How  may  the  signs  of  all  the  terms  of  the  denom- 
inator of  a  fraction  be  changed  from  +  to  —  or  from  —  to  + 
without  altering  the  value  of  the  fraction  ? 

(201)  From  a'  -  b'  take  5^7;  -  7a'b''  +  5ab\  and  from  the 
result  take  3a'  —  4:a'b  +  Ga'b'  +  5ab'  -  3b\ 

Ans.    -  2a*  -  a'b  +  a'b'  -  lOab'  +  2b\ 

(202)  {a)   From   3a  -  2b -\-  3c  take   2a  —  7b-c-b.      {b) 
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Subtract    x'+f  -  xy'    from    2x'  —  Sx'j/  +  ^xf.      (c)  From 
Ua  -\-U  —  6c—3d  take  11^?  —  2/;  +  4r  —  Ad. 

({a)  «  +  6<^  +  4r. 
Ans.  ]  (/;)  x'  -  3.r'j/  +  xf  +  2;i'j='  -  f. 

(203)     Find  the  numerical  values  of  the  following  when 
a=\(),  b=  10  and  ,r  =  5  :    {a)   {ab\v  +  2abx)4:a;     {b)  2^/4^ 


rt 


;r 


(204)     Reduce  to  their  simplest  forms; 


{a)  014,400. 
Ans.  \  {b)  l       ■ 
{c)  23,400. 


{a)  — ^ ;  (b) 


x'  -  1 
4-t'(,r+l) 


;  (0 


(205)     Simplify:     {a) 


1  -  X 


{a'  +  b')  {a'  +  ab-\-  b') 
\a'  -  b')  \a'  -  ab  +  b')' 

Ans.    (r)  —^. 
^  '  a  —  0 


b'^  a 


1  -X 


:  + 


1  +  ^ 


(0 


-1- + 


?        a  —  b' 


1  + 


.I'  +  l 


Ans.  -^ 


'6-x 


(0 


4 


(20G).    Simplify  - 


3  +  2;t-      2  —  3,r       16,r  —  x 


2  -  X 


2  +  a- 


+ 


,r^  -  4 


Ans 


3,r  +  3 
1 


'1-  + 


4r  —  4 
(207)      {a)   Reduce  1  +  2x z to  a  fractional  form. 


(/->)  Change 


3,r'  +  2;t-  4-  1 
.r  +  4 

;f-7 


4_^ 
^  "^  .;»:       x""  ^  x""  -  ^x -^  t 


5,r 
to  a  mixed  quantity,      (r)  Multiply 

10,r'  +  -I-  +  4 


Ans. 


(^) 


5,r 


(/;)   3-r  -  10  + 


41 


(0 


,r+5 
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(208)     Find  the  products  of: 

('')    -W¥^   -£4'  ""^  "90^'     ^^'^  ^^^+^^  ""^  b^' 


8/V '    ''^'^'J- 
{c)  dax  +  4  and 


a' 


Qa'x'  -\-  2-^a'x  -\-  ida 


Ans. 


(0 


Oz+.,r)  (a^^ax  +  x^) 
{a  —  x)  {a'  —  ax  -f-  x^)' 
a 


'dax  +  4 

(209)  Divide:  {a)  35;;/>  +  28;//'/ -  14;//^  by  —'^iny\ 
{b)  4:a*  -  3^'^  -  rtV;'  by  a' ;  (r)  4.1-'  -  8.r^  +  12x'  -  16x'  by 
4:x\  {  (a)  —  5m'  -  4/;//  +  2j'. 

Ans.    ]  (/;)  4  -  'Sa/?  -  a'd'. 

(  {/)  X  -  2.1-'  +  dx'  -  4:x\ 

(210)  (a)  Write  a  monomial;  a  binomial;  a  polynomial. 
[d)  In  the  expression,  a  -\-  2ab  —  /r,  why  cannot  the  indi- 
cated addition  and  subtraction  be  performed?  (r)  What 
operation  is  indicated  between  the  quantities  in  Aiardl 


(211)     Multiply 


cf  +  c^  +  ac 


by 


a-  +  c'-  If  -  2ac 


a'  -\-  If  —  r  —  2ab     "  a'c  —  ar 

Suggestion. — Factor  the  numerators  and  denominators  before  mul- 
tiplying. a-\-  b  —  c 

ac{a  —b  -\-  c)  (a  —  c)' 

(212)  Translate  the  following  algebraic  expressions  into 

ordmary  language:    a/ ^y''^+~z ^Va-\-b-^- 

T  //  /2  /* 

+  {a  +  /;)6  +  rt  +  /;r. 

(213)  Simplify :   (cr)  — ^ —^ \- 


3 


^  ^    2^^(^^  +  ,r)  "^  2a{a  -  x)  ' 
(r)   -  +  — ^+    .f      -Ans.    , 


(0 


5,r       '    12,t-'' 
80.r'  +  Ux'  +  84.r  -f  45 


GO-r 


(^'  —  ,1- 

x-\-y 
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(214)  Find  the  least  common  multiple  of: 

(a)     lSax\    72af    and    12xj';    (/;)    4(1 +a-),    4(1  -  .r)    and, 
2  (1  -  x'^) ;  (c)  {a-d){d-  c),  {d  -  c)  {c  -  a),  {c  -  a)  (a  -  b) 

( {a)  nax-y. 

Ans.  ]  (/7)  4(1 -;i'^). 

(  (r)  {a-b)  {b-c){c-a). 

(215)  Factor  S.r"  —  3  +  rt;  —  ax\ 

Ans.  (.r=  +  X  +  l){x'  -  x  +  l)(;ir  +  l)(,v  -  1)(3  -  a). 

(216)  Extract  the  square  root  of  x'  +  4iry  +  x^y  +  2,r>' 
+  4j\  Ans.  x^  +  Uy  +  2j/-. 

(217)  What  is  {a)  the  arithmetic  ratio  of  .r'  —  1  to  .r  +  1  ? 
{b)  The  geometric  ratio  ?  .         {  {a)  x*  —  x  —  2. 


ALGEBRA. 

(ARTS.  525-617.) 


(318)  (a)  Express  with  radical  signs :  ,rl ;  Sxij-i ;  Sx^y-^zy 
{b)  Clear  (T-'(^z-| TT  +  ^^'^  ~  '0~' =5—  of  negative  expo- 
nents,     {c)  Express  with  fractional   exponents :  \/x^ ;  \/x-* ; 

(219)  Introduce  the  coefficients  under  the  radical  signs 
in  3 1/21,^'' (^4/^ V  and  %x'\/x. 

(220)  A  post  has  \  of  its  length  in  the  earth,  \  in  the 
water,  and  13  feet  in  the  air.       What  is  its  length  ? 

Ans.  35  feet 

(221)  The    following  formula  appears  in  works  on  Heat: 

Ws  t  +  W  s  t 
t  =  — ,'  '  ^    — ,,/  '  ".      It  is  required  to  transform  it  so  that 

t^  will  stand  alone  in  the  first  member.      In  other  words, 
solve  for  t,.  An.    /  -  ( ^^>.  +  ^^-".-^J  ^  "  ^^>A 

(222)  A  man  performed  a  journey  of  48  miles  in  a  cer- 
tain number  of  hours,  but  if  he  had  traveled  4  miles  more 
each  hour,  he  would  have  performed  the  journey  in  G  hours 
less  time.      How  many  miles  did  he  travel  per  hour  ? 

Ans.  4  miles. 


/      C  P  D"" 
(223)     The  formula  5  =  J\ — ytX  has  been  used  to 

calculate  the  diameter  of  the  shafts  for  compound  marine 
engines,  where  5  is  the  diameter  of  shaft ;  (T,  the  length  of 
crank,  D  and  d,  the  diameters  of  cylinders,  and  P,  the  steam 
pressure,      {a)  Transform  this  so  that  P  will  stand  alone  in 
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the   first   member,      (l?)  Find   the  value  of   P  when  5  =  0, 
C=10,  D^  30,  ^/=  18,  and  /=  804. 

Ans.  ]  ^  '  CD'd-' 

(  (/;)  /'=  uo.l,  nearly. 

(224)  Solve  the  equations: 

{a)  3;ir  +  0  -  2x  =  7.r;  {b)  o.r  -  (3,r  -  7)  =  4,r  -  ((j.r  -  35)  ; 
{c)   {x  4-  5)^  -  (4  -  xy  =  2Lr.  (  {a)  x  =  1. 

Ans.  ]  \b)  X  =  7. 

(  (c)  X  =  3. 

(225)  Find  the  values  of  the  following: 

(a)  4/27  +  2/48  4>3|/I()8;   (/5)  /T28  + /(38(7+ /TG; 

(^)  /f+44+/S  r(«)  29|/3. 

Ans.  J  (^)  13^2. 

.(0   il/6. 

(226)  A  vessel  containing  some  water  was  filled  by  pour- 
ing in  42  more  gallons;  there  was  then  seven  times  as  much 
water  in  the  vessel  as  at  first.  How  much  did  the  vessel 
hold?  Ans.   49  gallons. 

(227)  Solve: 

(a)  2i/dx  +  4  -  X  =  4 ;   (/;)  4/3,1-  -  2  =  2{x  -  4) ; 

(c)  4/^^+16  =  2  +  /r.  (  («)  -1'  =  4. 

Ans.  }  {b)  X  =  6  or  2f. 

(  {c)  X  =  9. 

(228)  Solve: 


/   ^'    /^, ^        4/7;t'^+36.r  -       //         n  , 

(«)  4/8:1'  —  0  = 1 ;     [b)  X  —  [b  —  a)c  =  ax  —  bx 

-{-ex;  {c)   (;f-2)(.r-4)-2(,r-l)(,r-3)  =  0. 

(  {a)  X  =  \]  or  —  2. 
Ans.  I  {b)   X  =  a  —  b  or  c. 
i  (c)  ,r  =  1  ±  4/3. 

(229)     Solve:     (a)  i/V^^^i^b  =  ^-^^±^^~t^=^  ; 


\/x 


{b)- 


+ 


i^x-^l       4/.r-l      s/x-^-l 
Ans      i  ('')  '^'  =  ^''  +  '^^^  ^''  -  ^''  -  ^"f' 
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(230)  Solve  by  substitution: 

,x-2j^^51.     )  Ansi-=9. 

19.t'  -  3j  =  180.    )  i  y=  -d. 

(231)  Solve  the  following  equations:    (a)  2x^  —  27-r  =  14; 

(b)  x^  -  '^+  ^  =  0 ;   (0  x^  +  ax  -  bx  +  ab. 

r  (a)  X  =  14  or  —  ^. 
Ans.  j  (b)   X  =  i  or  f 

(  (c)    X  =z  b  or  —  a. 

(232)  A  crew  that  can  pull  at  the  rate  of  12  miles  an 
hour  down  the  stream  finds  that  it  takes  twice  as  long  to 
row  a  given  distance  up  stream  as  it  does  down  stream. 
What  is  the  rate  of  the  current?  Ans.   3  miles  per  hour. 

(233)  Solve  the  following: 
(.)15£±J_5£^=10(,,-l); 

(*)  («■  +  x)'  =  .r'  +  4«'  +  «• ;   (<•)  --J^ 


-r  + 

1 

3 

X  +  2        x' 

-4- 

(a)  X 

=  H 

Ans.  - 

(b)  X 

=  2. 

( 

{C)    X 

=  H 

(234)  Solve    the     following  equations,    eliminating    by- 
addition  or  subtraction: 

lLr+3j=100.    I  Ans.  I  --=8. 

4.r  —  7j/  =  4.        )  i  J/  =  4:. 

(235)  Solve:     (a)     jS=243;      (b)     ,r"  +  3Lr^  -  10  =  22; 

(c)  x' -  u-'^  =  m.  ((^)J  =  27. 

Ans.  -j  (/;)  X  =  1  or  —  2. 

i{c)  a-=:2v^or  (- 8)i 

(236)  (a)  What  is  the  value  of  a"!     (b)  What  does«"  -^a  -' 

equal  ?     (c)  What    does  4/  {'dx'  -\~  bxy^  +  6-i'°/)^    equal  when 
^  =  2  and/  =  4  ? 

(237)  What  is  the  value  of  x  in: 
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15 

4/^—3 


2x 


7x  -  10 
i/x  —  4 


2.r  —  1     ...      ax^      ,        ,    rt'^r       ^ 


4/^+7       \/x-{-l 


Ans. 


-2. 


(c)   X  =  25. 


(238)     Simplify: 

M  VI ;  (*)  nV 


(^) 


(239)     Solve  the  equations: 


{a) 

9.r+20  _  ^x-  3)        x^ 
36       ~    5.r  -  4    ^  4  ' 

(0 

<a:w  —  (? j--^ =  0. 

a        ni 

(d)  ax 


Ans. 


3/2^ 
Ans. 


3rtr 


(«)  i/eT 
(b)  ^s\^. 


{c)   ^'Ixz' 
bx 


2 


2' 


(rt-)  ,r  =  8. 

ij\  3^  +  1 


(240) 


(241) 


(242) 


Ans.  -1^=9'-^  = 
( .r  =  4,  /  = 


Solve  the  following  equations: 
x^y=  13.  I 
xy=d6.\ 

Solve  the  equations: 

..^-/  =  98.l  Ans.|-*^=^'-^=^ 

r  =    2.  J  ( .tr  =  — 


=  4. 

9. 


7 


3,  J  =  -  5. 


In  the  composition  of  a  quantity  of  gunpowder,  the 
niter  was  10  lb.  more  than  f  of  the  whole,  the  sulphur  Avas 
45-  lb.  less  than  i  of  the  whole,  and  the  charcoal  was  2  lb. 
less  than  i  of  the  niter.  What  was  the  amount  of  gun- 
powder? Ans.  69  lb. 

(243)  The  hind  and  fore  wheels  of  a  wagon  have  circum- 
ferences of  16  and  14  feet,  respectively.  How  far  has  the 
carriage  advanced  when  the  fore  Avheels  have  made  51  revo- 
lutions more  than  the  hind  wheels?  Ans.  5,712  feet 
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(244)     Find  the  values  of  x  in  the  following: 

,  ,   x""        x'  -  10       „       hQ-\-x' 


5  15  25      ■ 

(  {a)  X  =  ±  i/IT 
Ans.  j  (/;)   .r  =  ±  ^. 

(245)     Solve  by  comparison: 

4,r+3j  =  48.  )  ,_    ix=Q. 


5j/-  3.1- =  22.  j  •   Ij  =  8. 

(246)  Two  trains  start  at  the  same  time  to  run  1,200 
miles.  One  runs  10  miles  an  hour  faster  than  the  other  and 
arrives  10  hours  sooner;  what  was  the  speed  of  each,  sup- 
posing it  to  be  uniform?  Ans.  30  and  40  miles  an  hour. 


(247)     Solve: 
y  —  3 
5 

3j  +  ^-9=0. 


(j=3. 


(248)     Find  the  product  of  the  following: 

\a)    t^2  X  '^3;  {b)  ^2a^  X  V^^^;  (c)  24/7y  X  3^^ 

Ans. 


(a)    f  864. 


(c)  6^0^ 

(249)  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and 
C  in  7-2"  days;  in  what  time  will  they  do  it,  working  together.? 

Ans.  2  days. 

(250)  A  person  has  two  horses,  and  a  saddle  worth  |10. 
If  the  saddle  be  put  on  the  first  horse,  his  value  becomes 
double  that  of  the  second ;  but  if  the  saddle  be  put  on  the 
second  horse,  his  value  will  not  amount  to  that  of  the  first 
horse  by  $13.     What  is  the  value  of  each  horse? 

Ans.  $56  and  $33. 


550  ALGEBRA. 

(251)  If  A  should  give  B  $5  he  would  then  have  $6  less 
than  B;  but  if  he  received  $5  from  B,  three  times  his  money- 
would  be  $20  more  than  four  times  B's.  How  much  money 
did  each  have  ?  .         (  A,  $31. 

^°''-  i  B,  127. 

(252)  Solve  the  following  equations  ; 

{a)  x"  -  6,r  =  16 ;  {b)  x^  -  Ix  =  8 ;  {c)  9,r"  -  12;r  =  21. 

(  {a)  X  =  8  or  —  2. 
Ans.  •!   {b)  X  =  8  or  —  1. 
(   \c)  X  =  2^  or  —  1. 

(253)  Find  the  values  of  the  following: 

(254)  A  wine  merchant  has  two  kinds  of  wine,  one  worth 
90  cents  a  quart,  and  the  other  50  cents  a  quart.  How  much 
of  each  must  be  put  in  a  mixture  of  60  quarts,  that  the 
mixture  may  be  worth  75  cents  a  quart? 

A         j  37-2-  qt.  of  90-cent  wine. 
(  22^  qt.  of  50-cent  wine. 

(255)  What  fraction  is  that  whose  numerator  being 
doubled,  and  denominator  being  increased  by  7,  the  value 
becomes  f ;  but  the  denominator  being  doubled,  and  the 
numerator  increased  by  2,  the  value  becomes  |.  Ans.  |. 

(256)  There  is  a  number  consisting  of  two  digits,  which 
is  equal  to  four  times  the  sum  of  those  digits;  and  if  18  be 
added  to  the  number,  the  digits  will  be  inverted.  What  is 
the  number? 

Note. — Remember  that  any  number,  as  28,  equals  20 +  8=  10  X 
2  +  8.  Ans.  24. 

(257)  When  4  is  added  to  the  greater  of  two  numbers, 
the  greater  number  is  'd\  times  the  less;  but  when  8  is  added 
to  the  less,  the  less  is  one-half  the  greater.  What  are  the 
two  numbers?  Ans.  48  and  16. 


LOGARITHMS. 

(ARTS.  618-667.) 


(258)  Solve,  using  logarithms, 

.r=  351.36  X  100  X  24  [1  -  (tfj^)-^^^''^]. 

Note. — In  logarithmic  work  negative  quantities  are  used  as  tliough 
they  were  positive,  the  sign  of  the  result  being  determined  independ- 
ently. 

Ans.  X—  —  188,300. 

(259)  What  are  the  logarithms  of  the  following  numbers  .- 
{a)  2,376?     {b)  .6413?     {c)  .0002507? 

(260)  Divide  the  following  by  using  logarithms; 

(«)  755.4 -^  .00324;   (/^)  .05555 -^  .0008601 ;   (r)  4.62  ^  .6448. 

(  {a)  233,150. 
Ans.  \  \b)   64.584. 
(  \c)   7.1648. 

(261)  Find  the  value  of  ,t',  by  using  logarithms,  in 

238  X  1000 


x-'''  = 


.0042-'^"''  • 

Ans.  ,r=  2,432,700,000. 

(262)  Divide  t^.  0074  3  by  -^.006. 

Ans.    1,893.6. 

(263)  Multiply    together    the    following    by  using  loga- 
rithms: 1,728,  .00024,  .7462,  302.1  and  7.6094.     Ans.  711.40. 


X      ^  1      1  ,  1         r  |/5.954  X  y61.19 

(264)  Calculate  the  value  ot  ^,  . 

'  .  f  298. 54       Ans.   3.0759. 

(265)  Calculate  the  value  of  V- 0532864.  Ans.  .65780. 

(266)  Obtain  the  values  of:     {a)    32'-';    {b)   .76''-",   and 
{c)   .84■'^   '  (  {a)   16,777,000. 

Ans.  \  (/;)  .37028. 
{c)  .93590, 


55a  LOGARITHMS. 


(267)     Calculate  the  value  of  -a/-^  -^  -xl—. 
^       '  V  349  \  71 

Ans.  .49950. 

(2G8)     Find  the  numbers  corresponding  to  the  following 

logarithms:     .81293,  2.52460,1.27631. 

(269)  Find    the    value    of   7-,  in  /  ^-i-^i  =:/j7'ji  *i,  when 
p  =  134.7,  V  =  1.495,  and/,  =  16.421.  Ans.  6.6504. 

(270)  What  is  the  value  of    • 

../7.1895X  4,764.2- X  0.00326-, 

.000489  X  457^  X  .576=       "     ^"^-  •^^^^^'3- 

(271)  In  the  formula  /  =  960,000-^,  find  the  value  of 

/,  when  /  =  yV,  /=  120,  and  d—  2^.  Ans.  92.480. 

(272)  Referring  to  example  271,  Avhat  is  the  value  of  /, 
when/  =  160,  /=  132  and  ^/=  2?  Ans.  .23863. 


Geometry  and  Trigonometry. 

(ARTS.  668-827.) 


(373)  If  one  of  the  angles  formed  by  one  straight  line 
meeting  another  straight  line  equals  f  of  a  right  angle,  what 
is  the  other  angle  equal  to?  Ans.  l-\  right  angles. 

(274)  If  a  number  of  straight  lines  meet  a  given  straight 
line  at  a  given  point,  all  being  on  the  same  side  of  the  given 
line,  so  as  to  form  six  equal  angles,  what  is  the  size  of  one 
angle?  Ans.  -^  of  a  right  angle. 

(275)  The  diametrical  pitch  of  a  gear  wheel  is  the  num- 
ber of  teeth  in  the  wheel  divided  by  the  diameter  of  the 
wheel.  If  the  pitch  is  4,  and  the  diameter  of  the  gear  is  12 
inches,  what  is  the  size  of  an  angle  formed  by  drawing  lines 
from  the  center  to  the  middle  points  of  two  adjacent  teeth? 

Ans.  yV  of  a  right  angle. 

(270)  If  a  triangle  has  two  equal  angles,  what  kind  of  a 
triangle  is  it? 

(277)  In  an  equilateral  heptagon  one  of  the  sides  equals 
3  inches;  what  is  the  length  of  the  perimeter?     Ans.  21  in. 

(278)  The  perimeter  of  a  regular  decagon  is  40  inches; 
what  is  the  length  of  a  side?  Ans.  4  in. 

(279)  What  is  one  angle  of  a  regular  dodecagon  equal  to? 

Ans.  If  right  angles. 

(280)  A  triangle  has  three  equal  angles;  what  is  it  called? 

(281)  Can  a  triangle  be  formed  with  three  lines  whose 
lengths  are  12  inches,  7  inches,  and  4  inches?  Give  reasons 
for  your  opinion. 

(282)  Can  a  quadrilateral  be  formed  with  lines  whose 
lengths  are  20  inches,  9  inches,  4  inches,  and  7  inches?  Give 
reasons. 
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(2813)  A  certain  triangle  has  two  equal  angles.  If,  from 
the  vertex  of  the  other  angle,  a  perpendicular  is  drawn  to 
the  side  opposite,  which  is  7  inches  long,  what  are  the 
lengths  of  the  two  parts  of  the  side  thus  divided  by  the 
perpendicular? 

(284)  The  shortest  distance  from  a  given  point  to  a  given 
line  is  9  inches;  the  distances  from  this  point  to  the  two  ex- 
tremities of  the  line  are  12  inches  and  15  inches;  what  is  the 
length  of  the  line?  Ans.    19.94  in. 

(285)  The  sum  of  two  angles  of  a  right-angled  triangle 
is  I"  of  a  right  angle;  what  is  the  other  angle  equal  to? 

Ans.   f  of  a  right  angle. 
(280)     What  is  one  of  the  angles  of  an  equiangular  octa- 
gon equal  to?  Ans.    1^  right  angles. 

(287)  In  a  right-angled  triangle  one  acute  angle  equals 
|-  of  a  right  angle;  what  is  the  other  angle  equal  to? 

Ans.   f  of  a  right  angle. 

(288)  Given,  three  points.  A,  B,  and  C,  and  the  distance 
from  A  to  B  equal  to  1^  inches,  from  B  to  C  1+  inches,  and 
from  C  to  A  "i  inches ;  pass  a  circle  through  these  three 
points. 

(289)  The  chord  of  an  arc  in  a  circle  whose  radius  is  (3 
inches  is  4  inches  long;  what  is  the  length  of  the  chord  of 
half  the  arc?  Ans.   2.03  in. 

(290)  If  the  diameter  of  the  circle  in  the  last  problem 
had  been  6  inches,  what  would  have  been  the  length  of  the 
chord  of  half  the  arc?  Ans.   2.14  in. 

(291)  The  diameter  of  a  plane  section  of  a  sphere  is  6 
inches,  and  its  height  is  2  inches;  what  is  the  diameter  of 
the  sphere?  Ans.    G^  in 

(292)  The  length  of  a  perpendicular  from  the  center  of 

a  circle  to  a  chord  is  5|  inches;  if  the  diameter  of  the  circle 

is  17  inches,  what  is  the  length  of  the  chord? 

Ans.    12.52  in. 

(29;))  The  sides  of  an  inscribed  angle  intercept  three- 
fourths  of  the  circumference;  how  many  quadrants  are  there 
in  the  angle?  Ans.    1^  quadrants. 
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(294)  How  many  equal  sectors  are  there  in  a  circle,  if 
each  sector  measures  f  oi  a.  right  angle?       Ans.    1-4  sectors. 

(295)  If  the  perimeter  of  a  regular  inscribed  octagon  is 
24  inches,  and  the  length  of  the  perpendicular  from  the 
center  to  one  of  the  sides  is  3.G2  inches,  what  is  the  diameter 
of  the  circle  in  which  the  octagon  is  inscribed? 

Ans.    7. 84  in. 

(290)  Two  equal  circles  intersect  so  that  the  common 
chord  of  the  two  arcs  of  intersection  measures  10^  inches. 
If  the  circles  are  struck  with  a  13-inch  radius,  what  is  the 
greatest  distance  between  the  two  intersecting  arcs  ? 

Ans.   2.2  in. 

(297)  In  the  last  example,  if  the  radius  of  one  circle  is  13 
inches,  and  of  the  other  8  inches,  what  is  the  greatest  dis- 
tance between  the  arcs  ?  Ans.   3.07  in. 

(298)  If  the  height  of  a  plane  section  of  a  sphere  is  3:^ 
inches,  and  the  diameter  of  the  sphere  is  14  inches,  what  is 
the  diameter  of  the  fiat  surface  of  the  section  ? 

Ans.   11.82  in. 

(299)  What  part  of  a  circle  is  an  arc  of  19^  19'  19"  ?  Ex- 
press it  decimally.  Ans.   .053672  of  a  circle. 

(300)  What  part  of  a  quadrant  would  an  angle  of  19°  19' 
19"  be  ?     Express  it  decimally.     Ans.   .214688  of  a  quadrant. 

(301)  A  regular  decagon  is  inscribed  in  a  circle  whose 
diameter  is  23  inches;  what  is  the  perimeter  of  the  decagon  ? 

Ans.    71  in.,  nearly. 

(302)  What  is   the  difference  between    90°  and    35°    24' 

25.8"? 

(303)  In  a  right-angled  triangle  A  B  C,  the  hypotenuse 
A  B  =  17.69  feet,  and  the  side  A  C  =  9  it.  9  in.  ;  find  the 
other  three  parts. 

Ans. 

(304)  Add  159°  27'  34.6",  25°  16'  8.7",  and  3' 

(305)  Find  the  sine,  cosine,  and  tangent  of  17°  27'  37". 


56° 

33' 

15". 

33° 

'  26' 

45". 

14  ft.  9  in. 

48' 

53". 
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(30())  In  a  triangle  A  B  C,A  B=  20  feet  7  inches,  A  C 
=  40  feet,  and  the  included  angle  .1  =  3G°  20'  43" ;  find  the 
remaining  parts.  (   C=  40°  IC  53". 

Ans.  j  B  =  103°  22'  24". 

{  BC=  24  ft.  4.4  in. 

(307)  Find  the  sine,  cosine  and  tangent  of  (i3°  4'  51.8". 

(308)  Sine  =  .27038,  cosine  =  .27038,  and  tangent  = 
2.27038;  find  the  corresponding  angles. 

(309)  A  polygon  of  eleven  sides  is  called  an  undecagon. 
If  a  regular  undecagon  Avhose  perimeter  is  4  feet  3  inches 
be  inscribed  in  a  circle,  what  is  the  size  of  an  angle  formed 
by  drawing  radii  to  the  extremities  of  one  of  the  sides  ? 
Also,  what  is  the  radius  of  the  circle  ? 

Ans    ^  'j2°43'38.2''. 

(  Radius  =  8. 23  in. 

(310)  One  angle  of  a  triangle  is  47°  13'  20";  what  are  the 
other  two  angles  if  one  of  them  is  twice  the  given  angle  ? 

Ans    i  38°  19' 33". 
(94°2G'58". 

(311)  One  angle  of  a  triangle  is  75°  48'  17";  what  are  the 
other  tAvo  angles  if  one  of  them  is  half  as  large  as  the  given 
angle?  ^^^    j  37°  54' 8.5". 

(  06°  17' 34.5". 

(312)  In  a  triangle  ABC,  the  side  A  B  —  10  feet  5 
inches;  the  side  i?  (r=  13  feet  6^  inches,  and  the  angle  A 
=  54°  54'  54" ;  find  the  remaining  parts. 

(  B  =  42°  19'  36". 
Ans.  ]  C  =  82°  45'  30". 

{AC=llit.  If  in. 

(313)  If  one-third  of  an  angle  of  a  certain  triangle  =  14° 
47'  10",  what  are  the  angles,  one  of  the  other  two  being  tAvo 

and  one-half  times  the  given  angle  ? 

24°  44'  45". 
Ans.  \  44°  21' 30." 
110°  53'  45". 
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(314)  In  a  right-angled  triangle  ABC,  the  two  sides  are 
437  feet  and  792  feet  in  length ;  find  the  hypotenuse  and  the 
two  acute  angles.  r  28°  53'  18". 

Ans.  ■!  61°  6'  42". 

(904  ft.  6|  in. 

(315)  Find  by  trigonometry  and  prove  by  geometry  that 
the  angle  between  two  adjacent  sides  of  a  regular  octagon 
inscribed  in  a  circle  is  135°.  If  the  perimeter  of  the  octagon 
is  56  feet,  what  is  the  diameter  of  the  circle  ? 

Diameter  =18  feet  3^  inches. 

(316)  DraAv  a  diagram  showing  the  sine,  cosine,  and 
tangent  of  67°  8'  49". 

(317)  Given,  the  tangent  of  a  certain  angle  =  3. 
(a)  Draw  a  diagram  showing  an  angle  having  this  tangent, 
and  mark  its  sine  and  cosine,  (d)  Give  their  values  from 
the  tables. 

(318)  If  the  cosine  of  an  angle  is  .39278,  what  are  the 
actual  lengths  of  the  cosine,  tangent,  and  sine  of  the  same 
angle  in  a  circle  whose  diameter  is  4f  times  as  large  ? 

(319)  In  a  triangle  ABC,  the  angle  A  =  29°  21';  angle 
C=  76°  44'  18",  and  the  side  A  C  =  31  feet  10  inches;  find 
the  other  three  parts.  t  B  C  =  16  ft.  3  in. 

Ans.  •!  ^  ^  =  32  ft.  3  in. 
(  ^  =  73°  54'  42". 

(320)  A  regular  decagon  is  inscribed  in  a  circle  whose 
radius  is  9f  inches;  what  is  the  perimeter  of  the  decagon  ? 

Ans.   60.26  inches. 

(321)  In    the    above    question,   what   is    the    difference 

between  the  perimeter  of  the  decagon  and  the  circle ;  also, 

what  is  the  difference  of  their  areas  ?         ,         (  1  in. 

Ans.  ^  _  ^^ 

I  19.26  sq.  m. 

(322)  The  area  of  a  circle  is  89.42  square  inches;  what  is 
its  diameter  and  circumference  ?  What  is  the  length  of  a 
side  of  the  largest  regular  hexagon  that  could  be  inscribed 
in  it  ?  Length  of  side  =  5.335  in. 

(323)  The  distance  between  two  parallel  sides  of  a 
wrought  iron  octagon  bar  is  2  inches;  what  is  the  weight  of 
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a  bar  10  feet  long,   a  cubic  inch  of  wrought  iron  weighing 
0.282  pound  ?  Ans.   112  lb.  2  oz. 

(324:)  The  outside  and  inside  diameters  of  a  cast  iron 
spherical  shell  are  16  inches  and  12  inches;  what  is  its 
weight,  a  cubic  inch  of  cast  iron  weighing  0.2G1  pound  ? 

Ans.   323.  Gl  lb. 

(325)  The  length  of  an  arc  of  a  circle  is  5^f  inches  by- 
measurement.  If  the  number  of  degrees  in  the  arc  is  27, 
what  is  the  diameter  of  the  circle  ?  Ans.   22.05  in. 

(32G)  What  is  the  difference  between  a  plane  figure  con- 
taining 7  square  inches  and  one  7  inches  square  ?  If  both 
figures  are  perfect  squares,  what  are  the  lengths  of  the 
sides  ? 

(327)  (a)  What  is  the  area  of  a  circle  whose  diameter  is 
17-6V  inches  ?  (/;)  What  is  the  length  of  an  arc  of  1G°  7'  21" 
in  the  above  circle  ?  Ans.    Length  of  the  arc  =  2.394  in. 

(328)  What  is  the  area  of  an  ellipse  whose  axes  are  12 
inches  and  8  inches  ?     What  is  its  perimeter  ? 

(320)  What  is  the  entire  surface  of  a  cone  whose  base  is 
7  inches  in  diameter,  and  whose  altitude  is  11  inches  ? 

Ans.   1G5.41  sq.  in. 

(330)  What  is  the  height  of  a  cone  having  the  same 
volume  and  diameter  as  a  10-inch  sphere  ?  Ans.   20  in. 

(331)  What  is  the  height  of  a  cylinder  having  the  same 
volume  and  diameter  as  a  12-inch  sphere  ?  Ans.   8  in. 

(332)  (a)  What  is  the  area  of  a  triangle  whose  base  is  9^ 
inches,  and  whose  altitude  is  12  inches  ?  (/;)  If  the  angle 
which  one  side  forms  with  the  base  is  79°  22',  what  is  the 
perimeter  of  the  triangle  ?  Ans.    Perimeter  =  35.73  in. 

(333)  The  diagonal  of  a  trapezium  is  11  inches;  the 
lengths  of  the  perpendiculars  from  the  opposite  vertexes 
upon  this  diagonal  are  4:^  inches  and  7  inches;  what  is  the 
area  of  the  trapezium  ? 

The  length   of  a   chord  of  a  segment  in  a   circle 
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whose  diameter  is  10  inches  is  6f  inches;  what  is  the  area 
of  the  segment  and  the  number  of  degrees  in  its  arc  ? 

j  84°  54^  28.6*. 
^''^-    I  G.074sq.  in. 

(335)  What  is  the  convex  area  of  a  pyramid  whose  slant 
height  is  17  inches,  the  perimeter  of  its  base  being  G3 
inches  ? 

(33(3)  What  is  the  volume  and  entire  area  of  a  frustum 
of  a  cone  whose  upper  base  is  12  inches  and  lower  base  is  18 
inches  in  diameter,  and  whose  altitude  is  14  inches  ? 

2,500.84  cu.  in. 


Ans.    ,  ^  ,. ,  ^  „ 

1,042.3  sq.  ni. 

(337)  What  is  the  area  of  the  surface  of  a  sphere  27 
inches  in  diameter  ?  Ans.   2,290.2  sq.  in. 

(338)  Wishing  to  make  some  dumb-bells  to  weigh  20 
pounds  each  exclusive  of  the  handle,  the  balls  to  be  equal 
spheres,  what  must  be  the  diameter  of  the  balls,  a  cubic 
inch  of  cast  iron  weighing  0.261  pound  ?  Ans.   4.18  in. 

(339)  What  is  the  volume  of  an  engine  cylinder,  in  cubic 
feet,  whose  diameter  is  19  inches,  and  whose  stroke  is  24 
inches?  Ans.   3.938  cu.  ft. 

(340)  The  chord  of  the  arc  of  a  segment  is  14  inches 
long,  and  the  height  of  the  segment  is  2  inches;  what  is  the 
radius  ?  Ans.   13|  in. 

(341)  The  cylinders  of  a  compound  engine  are  19  and  31 
inches  in  diameter,  and  the  stroke  is  24  inches;  if  the  clear- 
ance at  each  end  in  the  small  cylinder  is  14^  of  the  stroke, 
and  in  the  large  cylinder  8^  of  the  stroke,  (a)  what  is  the 
total  volume  in  cubic  feet  of  the  steam  in  the  small  cylinder 
during  one  stroke  ?  (/;)  In  the  large  cylinder  ?  (c)  What 
is  the  ratio  between  the  two  ?  (  4.489  cu.  ft. 

Ans.  -!  11.321  cu.  ft. 

(Ratio  =  2.522  :  1. 

(342)  In  the  above  example  the  pipe  which  connects  the 
small  or  high-pressure  cylinder  to  the  large  or  low-pressure 
cylinder  is  8  inches  in  diameter  and  7  feet  long,      {(r)  What 
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is  its  volume   in   cubic   feet  ?     {b)   What  is  the  ratio  of  its 
volume  to  that  of  the  high-pressure  cylinder  ? 

j  2. 443  cu.  ft. 
^^'^^-  \  Ratio  =  0.544  :  1. 

(343)  {a)  What  is  the  volume  and  area  of  a  cylindrical 
ring  whose  outside  diameter  is  IG  inches  and  inside 
diameter  13  inches  ?  (/;)  If  made  of  cast  iron,  what  is  its 
weight  ?  Ans.   Weight  =  21  lb. 

(344)  If  all  the  dimensions  in  Fig.  91,  Art.  790,  be 
doubled,  what  will  be  its  area?  Ans.   453.92  sq.  in. 

(345)  The  altitude  of  a  parallelopipedon  is  18  inches;  its 
base  is  a  square,  one  edge  measuring  5^  inches ;  what  is  its 
convex  area,  entire  area,  and  volume  ?  (  378  sq.  in. 

Ans.  ]  433.125  sq.  in. 
(  496.125  cu.  in. 

(346)  What  is  the  convex  area  and  entire  area  of  a  hex- 
agonal pyramid,  the  slant  height  being  37  feet,  and  one  edge 
of  the  base  measuring  12  feet  ?  A        i  ^■>^^^  ^^-  ^^• 

^^'  (1,706.112  sq.  ft. 

(347)  If  the  altitude  of  the  pyramid  in  the  last  problem 
had  been  37  feet,  what  would  have  been  its  volume  ? 

Ans.  4,614  cu.  ft. 

(348)  How  many  yards  of  Brussels  carpeting,  27  inches 
wide,  will  it  take  to  cover  a  room  15  feet  by  18  feet  ? 

Ans.  40  yd. 

(349)  How  many  square  yards  of  plaster  will  it  take  to 
cover  the  sides  and  ceiling  of  a  room  16  X  20  feet,  and  11 
feet  high,  with  four  windows,  each  7x4  feet,  and  three 
doors,  each  9x4  feet  over  all,  the  baseboard  coming  6 
inches  above  the  floor  ?  Ans.  95|  sq.  yd. 

(350)  What  is  the  area  of  a  sector  if  the  chord  of  the  arc 
is  6|-  inches  long,  and  the  diameter  of  the  circle  is  10  inches  ? 

Ans.  18.95  sq.  in. 

(351)  What  is  the  area  in  square  feet  of  a  parallelogram 
whose  base  is  129  inches  long,  if  the  shortest  distance 
between  the  base  and  side  opposite  is  7  feet  ? 
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(352)  The  parallel  sides  of  a  trapezoid  are  15  feet  7  inches, 
and  31  feet  11  inches  long;  the  altitude  is  7  feet  8  inches. 
(a)  What  is  the  area  of  the  trapezoid  ?  {/?)  What  is  the 
length  of  a  side  of  an  equilateral  triangle  having  the  same 

area?  ,         (  143.75  sq.  ft. 

Ans.  i  ^ 

(18  ft.   2.64  in. 

(353)  {a)  What  would  be  the  length  of  a  side  of  a 
square  having  the  same  area  as  the  trapezoid  in  the  last 
problem  ?  (d)  The  diameter  of  a  circle  ?  (r)  How  much 
shorter  is  the  circumference  of  the  circle  than  the  perimeter 
of  the  square  ?  r  11.99  ft. 

Ans.  ■!  13^  ft. 

(  5  ft.    G.O  in. 

(354)  In  a  triangle  A  B  C,  A  B  =  M  feet,  B  C  =  11  feet 
3  inches,  and  A  C  =  IS  feet ;  required,  the  three  angles. 

A  =  20°  28'  5". 
Ans.  -l  B  =  45°  29'  23". 
C=108°  2'  32". 


ELEMENTARY  MECHANICS. 

(ARTS.  828-966.) 


(355)  A  ball,  thrown  horizontally  by  the  hand,  has  a 
velocity  of  500  ft.  per  second.  If  the  ground  is  level,  and 
the  distance  from  the  ground  to  the  hand  at  the  instant  the 
ball  leaves  the  hand  is  5  ft.  6  in.,  hoAV  far  will  the  ball  go 
before  striking  the  ground  ?  Ans.  202.42  ft. 

(356)  An  engine  fly-wheel,  80  in.  in  diameter,  makes  IGO 
revolutions  per  minute ;  what  is  the  velocity  in  feet  per  sec- 
ond of  a  point  on  the  rim  ?  Ans.  55.85  ft.  per  sec. 

(357)  In  the  last  example,  through  how  many  degrees, 
minutes  and  seconds  will  a  point  on  the  rim  turn  in  one- 
seventh  of  a  second  ?  Ans.  137"  8'  34f ". 

(358)  The  fly-wheel  of  an  engine  drives  a  pulley,  rigidly 
connected  to  a  drum  on  which  an  elevator  rope  winds.  I'he 
fly-wheel  is  4  ft.  in  diameter  and  makes  54  revolutions  per 
minute;  the  diameter  of  the  pulley  is  36  in.,  and  of  t'ae 
drum,  18  in.  ;  (a)  how  long  will  it  take  the  elevator  to  reach 
the  top  of  a  building  100  ft.  high  ?  (d)  If  required  to  reach 
it  in  30  seconds,  how  many  revolutions  should  the  fly-wheel 
make  per  minute  ?  a        j    (a)  17.68  sec. 

■  i    (/;)  31.83  R.   P.   M. 

(359)  Define  and  give  an  example  of  uniform  motion;  of 
variable  motion. 

(360)  Define  force.      Name  five  different  kinds  of  forces. 

(361)  Explain  what  you  understand  by  inertia. 

(362)  Is  inertia  a  force  ?     If  so,  why  ? 

(363)  What  is  weight  ?     How  is  it  measured  ? 

(364)  In  order  that  the  effect  of  a  force  upon  a  body  may 
be  compared  with  that  of  another  force  acting  on  the  same 
body,  what  three  conditions  must  be  fulfilled  ? 
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(305)     What  is  motion  ?     What  is  rest  ? 
(300)     Can  a  body  be  in  motion  with  respect  to  one  body 
and  at  rest  with  respect  to  another  ?     Give  examples. 

(307)  Where  will  a  body  weigh  the  more,  on  the  top  of  a 
high  mountain  or  at  the  bottom  of  a  deep  valley,  the  bottom 
of  the  valley  being  as  far  below  sea-level  as  the  top  of  the 
mountain  is  above  ? 

(308)  If  the  top  of  a  mountain  is  31,080  feet  above 
sea-level,  what  would  a  body  weighing  20,000  lb.  at  sea- 
level  weigh  at  the  top  of  the  mountain  ?  Take  the  radius  of 
the  earth  at  sea-level  as  3,900  miles.      Ans.  10,939  lb.  8|-  oz. 

(309)  If  the  body  in  the  last  example  had  been  dropped 
in  a  hole  just  big  enough  to  let  it  fall  to  the  bottom,  and  the 
bottom  of  the  hole  was  2  miles  below  sea-level,  how  much 
would  it  have  weighed  at  the  bottom  of  the  hole  ? 

Ans.  19,989  lb.  14.4  oz. 

(370)  State  the  three  laws  of  motion. 

(371)  What  is  acceleration  ? 

(372)  What  do  you  understand  by  initial  velocity  ? 

(373)  Why  is  it  dangerous  to  jump  from  a  moving  train  ? 

(374)  Why  is  it  that  a  man  cannot  lift  himself  by  pulling 
his  boot  straps  ? 

(375)  Explain  how  forces  are  represented  by  lines. 

(370)  What  is  meant  by  the  expression,  "the  resultant 
of  several  forces  "? 

(377)  If  a  line  5  in.  long  represents  a  force  of  20  lb.,  (a) 
how  long  must  the  line  be  to  represent  a  force  of  1  lb.  ?  (l?) 
Of  Oi  lb.  ? 

(378)  What  do  you  understand  by  the  components  of  a 
force  ? 

(379)  If  a  body  be  acted  upon  by  two  equal  forces,  one 
due  east  and  the  other  due  south,  in  what  direction  will  the 
body  move  ?  What  is  the  direction  of  the  resultant  of  the 
two  forces  ? 

(380)  Find  the  point  of  suspension  of  a  rectangular  cast 
iron  lever  4  ft.  0  in.  long,  2  in.  deep  and  f  in.  thick,  having 
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weights  of  47  lb.  and  71  lb.  hung  from  each  end,  in  order 

that  there  may  be  equilibrium.      Take  the  weight  of  a  cubic 

inch  of  cast  iron  as  .201  lb. 

Suggestion. — First  find  the  weight  of  the  lever;  then  consider  this 
weight  to  be  concentrated  at  tlie  center  of  gravity  of  the  lever,  and 
combine  it  with  the  other  two  weights  in  the  same  manner  as  though 
there  were  three  weights. 

.         j  Short  arm  =  23. 343  in. 

I  Long   arm  =  3LG57  in. 

Solve  the  two  following  examples  by  the  method  of  tri- 
angle of  forces,  and  parallelogram  of  forces,  and  mark  the 
direction  of  the  resultant: 

(381)  Two  forces  act  upon  a  body  at  a  common  point; 
one  with  a  force  of  75  lb.,  and  the  other  with  a  force  of  40 
lb.  ;  if  the  angle  between  the»n  is  60°,  and  both  forces  act 
towards  the  body,  Avhat  is  the  value  of  the  resultant  ? 

Ans.  101.12  lb. 

(382)  In  the  last  example,  if  one  force  (the  one  of  75  lb.) 
acts  away  from  the  body,  and  the  other  towards  it,  what  is 
the  resultant  ?  Ans.  05  lb. 

(383)  If  two  forces  of  27  lb.  and  46  lb.,  respectively,  act 
in  exactly  opposite  directions  upon  a  body,  what  is  the 
resultant  ? 

(384)  The  entire  solar  system  is  moving  through  space 
at  the  rate  of  18  miles  per  second;  (a)  what  is  its  velocity 
in  miles  per  hour  ?  {/>)  How  far  will  it  go  in  one  day  ? 

(385)  Two  bodies,  starting  from  the  same  point,  move 
in  opposite  directions,  one  at  the  rate  of  11  ft.  per  second, 
and  the  other  at  the  rate  of  15  miles  per  hour;  (a)  what 
will  be  the  distance  between  them  at  the  end  of  8  minutes  ? 
{d)     How  long  before  they  will  be  825  ft.  apart  ? 

Ans.  \  ('^)   3  "^^1^^- 

(  [a)  25  seconds. 

(386)  If  six  forces  act  towards  the  center  of  gravity  of  a 
body  at  angles  of  30°,  45°,  135°,  210°,  225°,  and  300°,  whose 
magnitudes  are  75,  47,  61,  32,  53,  and  98  pounds,  respectively, 
what  is  the  value  of  their  resultant  ?  Solve  by  method  of 
polygon  of  forces.  Ans.  45f  lb. 
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(387)  Suppose  that  the  velocity  of  a  steamboat  in  still 
water  is  lu  miles  per  hour,  and  that  it  is  placed  in  a  river 
flowing  4  miles  per  hour;  also,  that  a  man  is  walking  the 
deck  from  stern  to  bow  at  the  rate  of  3  miles  per  hour,  (a) 
What  is  the  velocity  of  the  boat  when  headed  up  stream  ? 
(/;)  When  headed  down  stream  ?  (r)  Of  the  man  in  each  case  ? 

(388)  A  peg  in  the  wall  is  pulled  by  two  strings,  one 
with  a  force  of  21  lb.,  at  an  angle  to  the  vertical  of  45°,  and 
the  other  with  a  force  of  28  lb.,  at  an  angle  of  G0°;  what  is 
the  value  and  direction  of  the  resultant  when  the  forces  are 
on  opposite  sides  of  the  vertical  line  ?  Use  the  method  of 
parallelogram  of  forces.  Ans.  30.34  lb. 

(380)  A  force  of  87  lb.  acts  at  an  angle  of  23°  to  the  hori- 
zontal ;  what  are  its  horizontal  and  vertical  components  ? 
Find,  first,  by  the  method  of  triangle  of  forces,  and,  second, 
by  trigonometry.  «         j  80.084  lb. 

(33.0!)4  lb. 

(390)  A  weight  of  325  pounds  rests  upon  a  smooth 
inclined  plane,  as  shown  in  Fig.  110,  Art.  884.  If  the 
angle  of  the  plane  is  15°,  {ir)  what  is  the  perpendicular  pres- 
sure against  it  ?  (/?)  What  force  would  it  be  necessary  to 
exert  parallel  to  the  plane,  to  keep  it  from  sliding  down- 
wards, there  being  no  friction  ?  Solve  by  trigonometry,  and 
also  by  the  method  of  the  triangle  of  forces. 

^^^    j  (a)   313.93  lb. 
'  (/;)  84.12  lb. 

(391)  If  the  weight  of  a  body  is  125  lb.,  what  is  its  mass  ? 

(392)  If  the  mass  of  a  body  is  53.7,  what  is  its  weight  ? 

(393)  (n)  Is  the  mass  of  a  body  always  the  same  ?  (d) 
If  the  mass  of  a  body  on  the  earth's  surface  is  25,  what 
would  be  its  mass  at  the  center  of  the  earth  ?  (r)  On  the 
surface  of  the  moon  ? 

(304)  A  body  on  the  earth's  surface  weighs  141  lb.  ;  {a) 
at  what  point  above  the  surface  Avill  it  weigh  100  lb.  ?  {l>)  At 
what  point  below  the  surface  ?  Take  the  earth's  radius  as 
4,000  miles.  ^^^    (  (^?)  749.730  miles. 

■   (  (/;)  1,163.12  miles. 
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(395)  If  a  body  were  dropped  from  a  balloon  1  mile  above 
the  earth's  surface,  (a)  how  long  a  time  would  it  require  to 
fall  to  the  earth  ?  {d)  What  would  be  its  velocity  when  it 
struck  ?  ^^^^    j  (a)  18. 12  seconds. 

'^^'   (  {d)  582. 7G  ft.  per  sec. 

(396)  In  the  last  example,  if  the  body  weighed  160  lb., 
what  would  be  the  kinetic  energy  on  striking  the  earth  ? 

Ans.  844,799  ft. -lb. 

(397)  If  a  cannon  ball  were  fired  vertically  upward  with 
a  velocity  of  2,360  ft.  per  second,  (a)  how  high  would  it  go  ? 
{d)  How  long  would  it  take  to  fall  to  the  earth  ? 

Ans    ^  ^^^  16.4  miles. 

I   {b)  2  min.  26.77  sec. 

(398)  The  earth  turns  round  once  in  24  hours.  If  it  were 
a  perfect  sphere  8,000  miles  in  diameter,  how  far  would  a 
point  on  its  surface  travel  in  one  minute  ? 

(399)  If  a  projectile  weighing  400  pounds  be  fired  from 
a  cannon  with  a  velocity  of  1,875  ft.  per  second,  at  a  target 
6  ft.  distant,  {a)  what  will  be  its  kinetic  energy,  on  striking 
the  target,  in  foot-pounds  ?  (/;)  In  foot-tons  ?  {c)  If  it  pene- 
trates but  6  in,,  what  will  be  its  striking  force  ? 

(  {a)  21, 863, 339. 55  ft. -lb. 
Ans.  ]  {b)   10,931.67  ft. -tons. 
(  (/)   43,726,679  lb. 

(400)  If  the  acceleration  due  to  gravity  were  20  ft.  per 
second,  instead  of  32.16  ft.  per  second,  how  much  longer 
would  it  take  a  body  to  fall  to  the  earth  from  a  height  of  200 
ft.  than  it  does  now  ?  Ans.  0.9454  second. 

(401)  What  do  you  understand  by  center  of  gravity  ? 

(402)  What  do  you  understand  by  specific  gravity  ? 

(403)  {a)  What  is  the  density  of  a  cubic  foot  of  a  body 
occupying  a  space  of  800  cu.  in.,  and  weighing  500  lb.  ?  {b) 
What  is  its  specific  gravity  ?  \        \{^)  33.582. 

"^"  1  (/;)  17.28. 

(404)  A  body  has  been  falling  freely  for  5  seconds  what 
is  its  velocity  1 
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(405)  Suppose  that  a  body,  under  certain  conditions,  were 
to  fall  freely  for  3  seconds,  and  then  fall  uniformly  with  the 
velocity  it  had  at  the  end  of  the  third  second  for  6  seconds 
longer,  how  far  would  it  fall  ?  Ans.  723.6  ft. 

(40G)  The  weight  of  the  head  and  piston  of  a  steam  ham- 
mer, together  with  the  piston  rod,  is  8  tons.  If  it  falls  8  ft. 
and  compresses  a  mass  of  iron  4-  in.,  what  is  the  force  of  the 
blow?  Ans.  1,536  tons. 

(407)  Explain  what  you  understand  by  centrifugal  force. 

(408)  If  a  cast  iron  sphere  4  in.  in  diameter  be  revolved 
in  a  circle,  in  which  the  distance  from  the  center  of  the 
sphere  to  the  center  of  the  circle  is  15  in.,  Avhat  will  be  the 
tension  of  the  string,  the  sphere  making  60  revolutions  per 
minute  ?  Ans.  13.38  lb. 

(409)  The  outside  diameter  of  an  engine  fly-wheel  is  80 
in.  ;  width  of  face,  26  in. ;  average  thickness  of  rim,  5  in. ; 
revolutions  per  minute.  175;  what  is  the  centrifugal  force 
tending  to  burst  the  rim  ?  Ans.    121,394+  lb. 

(410)  If   a   body  weighs  one  pound  at  a  distance  of  100 

miles  from  the  center  of  the  earth,  (a)  what  will  it  weigh  at 

the  surface  ?  (d)  At  100  miles  above  the  surface  ?     Take  the 

earth's  radius  as  4,000  miles.  .         (  (a)  40  lb 

Ans.  i  ^    ' 

I  (/;)   38. 072  lb. 

(411)  What  would  be  the  horsepower  of  a  machine  that 
could  raise  10,746  lb.  354  ft.  in  10  minute.s  ? 

Ans.  11.5275  H.  P. 

(412)  How  far  above  the  surface  of  the  earth  will  a  2-lb. 
ball  weigh  3  oz.  ?  Ans.  9,064  miles. 

(413)  What  is  the  range  of  a  projectile  thrown  horizon- 
tally, 50  ft.  above  a  level  plain,  the  initial  velocity  being  140 
ft.  per  second  ?  ^  Ans.  246.87  ft. 

(414)  A  projectile  has  an  initial  velocity  of  30  ft.  per 
second.  How  far  below  the  horizontal  line  of  direction  will 
it  strike  a  body  10  ft.  away  ?  Ans.  1  ft.  9.44  in. 

(415)  What  do  you  understand  by  moment  of  a  force  ? 
Illustrate  it. 
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(410)     Illustrate  your  idea  of  a  couple. 

(417)     Can  a  couple  have  a  single  resultant  force  ? 

(•418)     Where  is  the  center  of  gravity  of  a  triangle  located  ? 

(410)  If  A  B  C  I)  is  a  quadrilateral,  and  A  B  =z  10  in., 
BC=S  in.,  CD=7  in.,  DA  =  9  in.,  and  the  angle  be- 
tween A  B  and  B  C  is  90°,  where  is  the  center  of  gravity  of 
the  figure  ?     Determine  it  graphically. 

(420)  Where  is  the  center  of  gravity  of  a  regular  penta- 
gon, the  length  of  a  side  being  seven  inches  ? 

(421)  If  the  weight  of  the  balls  shown  in  Fig.  128  were 
n\  =  21  lb.,  ]V^  =  15  lb.,  JV^  =  17  lb.,  and  IV^  =  9  lb.,  where 
would  the  center  of  gravity  be,  the  distance  between  the 
centers  of  J]\  and  IV^  being  34  in.  between  W^  and  IV^,  25 
in.;  between  JV^  and  IV^,  40  in.,  and  between  IV^  and  W^, 
18  in.  ? 

(422)  Find  the  center  of  gravity  of  a  square  board  of 
uniform  thickness  whose  sides  are  14  in.  in  length,  and  having 
one  of  its  corners  cutoff  at  a  distance  of  4  in.,  measured 
from  that  corner  each  way;  or,  what  is  the  same  thing, 
cutting  off  a  right-angled  triangle  whose  sides,  including  the 
right  angle,  are  4  in.  long. 

(423)  A  bookbinder  has  a  press,  the  screw  of  which  has 
4  threads  to  the  inch.  It  is  worked  by  a  lever  15  in.  long,  to 
which  is  applied  a  force  of  25  lb.  ;  (a)  what  will  be  the  pres- 
sure if  the  loss  by  friction  is  5,000  lb.?  (/?)  What  would  be 
the  theoretical  pressure  ?  (r)  What  is  the  efficiency  in  this 
case?  /  (a)  4,424.8  lb. 

Ans.  ]   (l?)  9,424.8  lb. 
(   (r)  4(';.95^. 

(424)  How  would  you  determine  whether  a  body  was 
stable  or  not  if  placed  in  a  certain  position  ? 

(425)  If  a  prism  10  inches  square  and  22  inches  long  on 
its  axis  has  been  so  cut  that,  when  placed  upon  its  base,  its 
axis  makes  an  angle  of  G0°  with  the  horizontal,  will  it  stand 
or  fall  ?  Consider  the  plane  of  the  upper  base  as  being  at 
right  angles  to  the  axis. 
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(420)  If  the  force  moves  through  a  distance  of  5  ft.  G  in., 
while  the  weight  is  moving  6  in.,  (a)  what  is  the  velocity 
ratio  of  the  machine  ?  (/^)  What  weight  would  a  force  of 
5  lb.  applied  to  the  power  arm  raise  ? 

(427)  In  the  last  example,  if  the  efificiency  were  G5^,  what 
Weight  could  be  raised  ? 

(428)  The  length  of  a  lever  is  5  ft. ;  where  must  the  ful- 
crum be  placed,  so  that  a  weight  of  35  lb.  at  one  end  may 
balance  one  of  180  lb.  at  the  other  end  ? 

(420)  In  a  block  and  tackle  the  theoretical  force  neces- 
sary to  raise  a  weight  of  1,000  lb.  is  50  lb.  ;  {a)  what  is  the 
velocity  ratio  ?  (/?)  How  many  pulleys  are  there  ?  (c)  If  the 
actual  force  necessary  to  raise  the  load  is  95  lb.,  what  is  the 
efficiency?  Ans.  (r)  52.63^. 

(430)  The  nuts  on  a  cylinder  head  are  tightened  by  a 
wrench  whose  handle  is  20  in.  long.  If  the  force  exerted 
upon  the  wrench  is  60  lb.,  and  the  efficiency  of  the  combina- 
tion is  40^,  what  pressure  will  the  nut  exert  against  the  head 
(or,  in  other  words,  what  is  the  tension  of  the  stud),  the 
pitch  of  the  screw  being  ^  of  an  inch  ?  Ans.  24,127.5  lb. 

(431)  The  base  of  an  inclined  plane  is  20  ft.  in  length  and 
its  height  is  5  ft.  ;  {a)  what  force  acting  parallel  to  the  plane 
will  balance  a  weight  of  1,580  lb.?  (d)  What  force  acting 
parallel  to  the  base  would  balance  this  weight  ? 


Ans. 


j  {a)  383.2  lb. 
(  {d)  395  lb. 


(432)  Find  what  the 
weights  [Fand  IV  must  be 
to  produce  equilibrium 
when  the  levers  shown  in 
Fig.  1  are  suspended  from 
the  ring  A. 

(433)  If  in  Fig.  141,  the 
power  arms  P  F  equal  14, 
21  and  19  inches,  respec- 
tively, and  the  weight  arms 
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Fig.  1. 
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W  Z' equal  24,  ;3|  and  2|-  inches,   respectively,   what  force 
applied  at  /'will  raise  a  load  of  725  lb.?  Ans.  3.032  lb. 

(434)  In  Fig.  144,  suppose  the  radius  of  the  wheel  A  is  15 
in.  ;  of  C,  12  in.,  of  E,  20  in.  ;  of  the  drum  F,  5  in.  ;  of  the 
pinion  D,  3^  in.,  and  of  B,  3  in. ;  (a)  what  load  would  a  force 
of  35  lb.  applied  at  P  raise  ?  (/;)  What  is  the  velocity  ratio  ? 
{c)  If  the  weight  actually  raised  was  1,932  lb.,  what  is  the 
efficiency?  Ans.  Efficiency  =  80.5^. 

(435)  A  frame  having  the  shape  of  an  equilateral  triangle 
measuring  15  in.  on  each  edge  is  suspended  in  a  horizontal 
position,  weights  of  12,  15,  and  18  lb. ,  respectively,  being  hung 
from  each  corner.  Where  is  the  point  of  suspension  that  the 
frame  may  remain  horizontal  ?  Solve  graphically,  and 
measure  the  perpendicular  distances  from  the  point  of  suspen- 
sion to  each  edge  of  the  triangle. 

(436)  A  stone  weighing  500  lb.  is  balanced  on  the  edge  of 
the  roof  of  a  building  75  ft.  high;  (a)  what  is  its  potential 
energy  ?  {/?)  If  all  of  its  potential  energy  could  be  changed 
into  kinetic  energy,  without  any  loss  through  friction  or  heat, 
how  many  horsepower  would  be  developed,  on  the  supposition 
that  the  work  was  done  in  the  same  time  that  it  would  take 
the  stone  to  fall  freely  to  the  ground  ?      Ans.  (/;)  31.57  H.P. 

(437)  A  cubic  foot  of  a  certain  kind  of  stone  weighs  127 
lb. ;  what  is  its  specific  gravity  ?  Ans.   2.032. 

(438)  The  specific  gravity  of  bismuth  is  9.823;  what  is 
the  weight  of  a  cubic  inch  ?  Ans.    .3553  lb. 

(439)  In  the  differential  pulley  shown  in  Fig.  149,  the 
radius  of  the  larger  pulley  is  6^  in.,  and  of  the  smaller  pulley, 
5|  in.  ;  what  weight  will  a  force  P  oi  60  lb.  raise  if  the  effi- 
ciency of  the  mechanism  is  48^  ?  Ans.   499.2  lb. 

(440)  If  a  hammer  whose  head  weighs  l^lb.,  strikes  a 
nail  with  a  velocity  of  25  ft.  per  second,  driving  it  f  of  an 
inch  into  the  wood,  what  is  the  force  of  the  blow  ? 

Ans.   466.42  lb. 

(441)  If  4  cu.  ft.  of  copper  alloy  weigh  a  ton  (2,000  lb.), 
(a)  what  is  its  specific  gravity  ?  (l?)  What  is  the  weight  of  a 
cu.  in.  ?  Ans.   {a)  Sp.  Gr.  8. 


573  ELEMENTARY  MECHANICS. 

(■442)  If  the  distance  l)etween  the  center  hne  of  the  handle 
and  the  axis  of  the  drum  shown  in  Fig.  143  is  14^  in.,  and 
the  diameter  of  the  drum  is  5  in.,  what  load  will  a  force  of 
30  lb.  exerted  on  the  handle  at  7^  raise  ? 

(443)  If  the  coefficient  of  friction  is  .21,  what  force  would 
be  required  to  move  a  body  weighing  75  lb.  ? 

(444)  If  a  man  raises  a  weight  of  000  lb.  150  feet  in  15 
minutes,  by  means  of  a  fixed  and  movable  pulley,  (a)  how 
much  work  has  he  done  ?  (/;)  What  part  of  a  horsepower  is 
this  equivalent  to  ?  Ans.    (/;)  j\  H.P. 

(445)  In  the  last  example,  what  horsepower  would  the 
man  have  actually  expended  if  the  resistance  due  to  friction 
had  been  30,^  of  the  load  ?  Ans.  .3709  H.P. 

(44G)  If  a  force  of  IS  lb.  is  just  sufficient  to  move  a  weight 
of  88  lb.  along  a  horizontal  plane,  what  is  the  coefficient  of 
friction?  Ans.  .2045. 

(447)  If  3  cu.  ft.  of  a  certain  material  weigh  1,200  lb., 
what  is  its  density  ?  Ans.  12.438. 

(448)  An  iron  plate  rests  upon  four  supports;  upon  it  is 
placed  a  weight,  of  125  lb.  ;  a  compressed  spring,  placed  under 
the  plate  directly  under  the  center  of  gravity  of  the  plate 
and  weight,  exerts  an  upward  pressure  of  47-^  lb.  What  is 
the  pressure  upon  each  support  ? 

(449)  Find  the  resultant  of  the 
forces  acting  in  Fig.  2 — all  acting 
towards  the  same  point. 

(450)  The  distance  between 
the  center  line  of  the  handle  and 
the  axis  of  the  drum  in  Fig.  143 
is  12  in.,  and  the  diameter  of  the 
drum  is  4^  in.  The  free  end  of 
the  rope,  forming  part  of  a  block  fig.  2. 
and    tackle    having    6    pulleys,    is 

wound  up  on  this  drum.  How  great  a  weight  can  be 
lifted  by  the  pulleys  if  a  force  of  30  lb.  is  exerted  on  the 
handle  ?  Ans.  960  lb. 
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(451)  {(r)  What  is  the  velocity  ratio  in  the  last  example  ? 
(l?)  If  the  weight  actually  lifted  by  a  force  of  30  lb.  was 
790  lb.,  what  is  the  efficiency  ?  \         \  i^)  '^'^■ 

'{  [d)  82.29^. 

(452)  It  is  desired  to  raise  a  weight  by. means  of  a  pulley 
fixed  overhead,  the  free  end  of  the  rope  passing  over  another 
pulley,  fixed  to  the  floor.  If  the  resistance  due  to  friction  is 
24^  of  the  load  lifted,  (^)  what  force  would  be  necessary  to 
raise  a  weight  of  475  lb.  ?  {d)  What  is  the  efficiency  ? 

j  i^r)  589  lb. 
{  (/;)   80.64^. 

(453)  Explain  your  idea  of  work,  power,  horsepower,  and 
kinetic  energy.  If  a  constant  force  of  G  pounds  can  cause  a 
body  weighing  GO  pounds  to  move  a  distance  of  25  feet  in  2^ 
seconds,  what  is  {a)  the  work  done  ?  {d)  The  power  expended  ? 
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(454)  An  iron  sphere  is  sunk  in  the  ocean  to  a  depth  of 
two  miles.  The  diameter  of  the  sphere  is  20  inches;  what  is 
the  total  pressure  upon  it  ?  Ans.  5,908,971  lb. 

(455)  A  hollow  sphere  weighs  125  lb.  in  air  and  83^  lb.  in 
water.      If  its  specific  gravity  is  7.2,  what  is  its  volume  ? 

Ans.  1,147.4  cu.  in. 

(456)  What  should  be  the  diameter  of  a  pipe,  2,800  feet 
long,  that  will  discharge  225,000  gallons  of  water  per  hour, 
under  a  head  of  26  feet  ?     Calculate  to  the  nearest  inch. 

Ans.  IG  in. 

(457)  A  squirt-gun  has  a  hole  in  it  ^^  o^  ^^  ii'^^^  ^^  diame- 
ter. It  is  held  vertically  upwards,  and  a  pressure  of  50  lb. 
is  applied  to  the  piston,  which  is  -J  of  an  inch  in  diameter. 
Neglecting  all  resistances,  {a)  how  high  will  the  water  rise  ? 
(d)  If  held  horizontally  10  ft.  from  the  ground,  what  will 
be  its  range  ?  a         i  ('^)   1^*1- 'j  ^^■ 


(/;)   87.54  ft. 

(458)  A  weir,  whose  top  is  3  ft.  G  in.  below  the  surface  of 
the  water,  is  2  ft.  deep  and  30  in.  broad ;  {a)  what  is  the 
actual  mean  velocity  ?  {d)  What  is  the  discharge  in  cubic  feet 
per  second  ?  (<r)  In  gallons  per  hour  ? 

(  {a)  10.44  ft.  per  sec. 
Ans.  ■]  (/;)   52.21  cu.  ft.  per  sec. 

(   (r)    1,405,910.9  gal.  per  hour. 

(459)  A  pipe  12,000  ft.  long  and  7^  in.  in  diameter  dis- 
charges water  under  a  head  of  7G  ft.  ;  what  is  the  discharge 
in  gallons  per  minute  ?  Ans.  447.6  gal. 
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(4G0)  In  the  last  example,  (a)  what  is  the  velocity  of  dis- 
charge in  feet  per  minute?     {/))  What  is  the  discharge  in 

cubic  feet  per  second  ?  a         j  (^)   -^^'^  ^^-  P^^  "^^"• 

J  (^)   1  cu.  ft.,  nearly. 

(401)  An  8-in.  pipe  has  a  hole  in  it  ^  of  an  inch  in  diam- 
eter; what  would  be  the  theoretical  velocity  of  efiflux,  if  the 
surface  of  the  water  were  10  ft.  above  the  center  of  the  hole  ? 

Ans.  25.36  ft.  per  sec. 

(462)  What  must  be  the  necessary  head  in  order  that  a 
G^  in.  pipe  1,500  ft.  long  shall  discharge  42,000  gallons  of 
water  per  hour  ?  Ans.  42.48  ft. 

•(463)  A  vertical  cylinder  having  a  diameter  of  20  in.,  and 
a  length  inside  of  36  in.,  is  filled  with  water.  A  pipe  having 
a  diameter  of  f  of  an  inch  is  screwed  into  the  vipper  head 
and  fitted  with  a  piston  weighing  10  oz.,  on  which  is  laid  a 
weight  of  25  lb.  If  the  end  of  the  pipe  is  10  ft.  above  the 
level  of  the  water  in  the  cylinder,  {a)  what  is  the  pressure 
per  square  inch  on  the  bottom  of  the  cylinder  ?  (d)  On  the 
top  ?  (c)  What  equivalent  weight  laid  on  the  lower  cylinder 
head  would  replace  the  pressure  it  sustains  ? 

r  (a)  237.75  lb.  per  sq.  in. 
Ans.  ]  (d)  236.45  lb.  per  sq.  in. 

(  (V)    74,091.54  lb. 

(464)  If,  in  the  last  example,  a  hole  1  inch  in  diameter  be 
drilled  through  the  cylinder  wall  midway  of  its  length,  and 
covered  by  a  flat  plate  in  such  a  manner  that  the  water  can- 
not leak  out,  what  will  be  the  pressure  against  the  plate  ? 

Ans.  186.22  lb. 

(465)  A  piece  of  wood  weighs  11:|-  oz.  in  air.  It  is 
attached  to  a  piece  of  marble  weighing  5  lb.  in  air  and  3  lb. 
2  oz.  in  water.  Both,  together,  weigh  2  lb.  9  oz.  in  water. 
(a)  What  is  the  specific  gravity  of  the  wood  ?  (Z^)  Of  the 
marble?  .         j  (^)  -555. 

i{d)  2.667. 

(406)  What  is  the  mean  velocity  of  efflux  from  a  straight 
pipe  4  in.  in  diameter  and  4,000  ft.  long,  under  a  head  of 
120  ft.?  Ans.  5.4  ft.  per  sec. 
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(4G7)  If  the  length  of  the  pipe,  in  the  last  example,  had 
been  2,000  ft.,  what  would  the  mean  velocity  have  been  in 
feet  per  second  ?  Ans.  7.8  ft.  per  sec. 

(4G8)  A  cylinder  fitted  with  a  piston  is  used  as  a  lifting 
cylinder  by  passing  a  rope  over  a  pulley  and  fastening  one 
end  to  the  piston  rod.  The  piston  is  moved  by  means  of 
water  obtained  from  the  city  reservoir,  and  a  gauge  attached 
to  a  pipe  near  the  cylinder  shows  the  pressure  to  be  00  lb. 
per  sq.  in.  The  diameter  of  the  cylinder  is  19  in.,  and  of 
the  pipe  ^  of  an  inch.  If  friction  be  neglected,  (a)  how 
great  a  weight  can  be  raised  ?  {I?)  How  great  a  v/eight 
could  be  raised  if  the  pipe  were  ^  of  an  inch  in  diameter  ? 

Ans.  (a)  25, 517.  G  lb. 

(4G9)  A  10-inch  pipe  5,280  ft.  long  is  required  to  deliver 
water  with  a  velocity  of  8  feet  per  second ;  (a)  what  is  the 
necessary  head  ?  {d)  What  is  the  discharge  in  gallons  per 
hour?  j  (a)  130.73  ft. 

^^^'   (  {/?)  117,504  gal.  per  hour. 

(470)  What  is  the  actual  velocity  of  discharge  from  a 
small,  square-edged  orifice  in  the  side  of  a  vessel,  if  the 
water  at  the  center  of  the  orifice  has  a  pressure  of  30  lb.  per 
sq.  in.  ?  Ans.  65.34  ft.  per  sec. 

(471)  The  upper  base  of  a  cylinder  submerged  in  water 
is  40  feet  below  the  surface.  The  diameter  of  the  cylinder 
is  20  inches,  the  altitude  is  36  inches,  and  the  bases  are 
parallel.  If  the  bases  are  horizontal,  (a)  what  is  the  upward 
pressure  of  the  water  on  the  cylinder  ?  (/;)  The  downward 
pressure?  j  (a)  5,862.85  lb. 

\{l?)  5,453.82  lb. 

(472)  A  bottle  weighs  2  lb.  in  air  and  10  oz.  in  water. 
A  pound  of  sugar  is  put  into  the  bottle,  and  the  bottle  then 
weighs  16  oz.  in  water.  What  is  the  specific  gravity  of  the 
sugar  ?  Ans.  1.6. 

(473)  A  jet  of  water  issues  with  a  velocity  of  33  feet  per 
second ;  what  theoretical  head  is  necessary  to  give  it  this 
velocity?  Ans.  16.931  ft. 
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(474)  A  weir  having  a  depth  of  15  in.  and  a  breadth  of 
21  in.  has  its  top  on  a  level  with  the  upper  surface  of  the 
water,  (a)  How  many  gallons  Avill  it  discharge  per  hour  ? 
(d)  What  is  the  actual  mean  velocity  in  feet  per  second  ? 

A„„    j  («)  21(5,551  gal.,  nearly. 
i  (b)  3.G7G  ft.  per  sec. 

(475)  A  3-in.  pipe  0,000  ft.  long  is  required  to  deliver 
water  at  a  velocity  of  12  ft.  per  sec.  What  head  will  be 
necessary?  Ans.  1,040.37  ft. 

(476)  If  the  weight  of  40  cu.  in.  of  lead  in  air  is  16.4  lb., 
(a)  how  much  will  it  weigh  in  water  ?  {/>)  If  a  piece  weigh- 
ing 2  lb.  be  cut  ofif.  what  will  be  the  volume  of  the  remain- 
ing portion  ?  a        i  (^)  1-1-953  lb. 

\{l?)  35.122  cu.  in. 

(477)  A  vessel  having  an  elliptical  base  is  filled  with 
water.  The  area  of  the  upper  surface  of  the  water  is  47  sq. 
in.,  and  the  long  and  short  diameters  of  the  base  are  13^  in. 
and  9  in.,  respectively.  If  a  pressure  of  12  lb.  per  sq.  in. 
is  applied  to  the  upper  surface,  and  the  depth  of  the  water 
is  20  in.,  {a)  what  is  the  total  downward  pressure  ?  (d)  The 
upward  pressure  ?  A        j  (^^)  1,214.1441b. 

^''^-   i  {d)  564  lb. 

(478)  In  the  last  example,  suppose  that  a  fiat  rectangu- 
lar plate  5  in.  by  8  in.  were  so  placed  on  the  bottom  of  the 
vessel  as  to  make  an  angle  of  53  degrees  with  the  base,  one 
of  the  narrow  edges  resting  upon  the  base,  (a)  What  would 
be  the  perpendicular  pressure  on  the  plate  ?  (/;)  The  hori- 
zontal pressure  ?     {c)  The  vertical  pressure  ? 

f  (^)  504.314  lb. 

Ans.  ]  (<^)  402.76  lb. 
(  {c)  303.5  lb. 

(479)  A  5-in.  pipe  discharges  water  with  a  velocity  of  7.2 
ft.  per  second.  How  many  gallons  will  it  discharge  in  one 
day?  Ans.  634,478  gal.,  nearly. 

(480)  A  54-in.  pipe  discharges  38,000  gallons  of  water 
per  hour;  what  is  the  mean  velocity  in  feet  per  second  ? 

Ans.  8.5526  ft.  per  sec. 
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(481)  A  piece  of  brass  tubing  is  1  ft.  long;  its  inside 
diameter  is  2  in.,  and  its  outside  diameter,  2^  in.  If  its 
weight  in  air  is  G  lb.  5  oz.,  what  is  its  specific  gravity  ? 

Ans.  8.23. 

(482)  If  the  pipe  which  supplies  a  city  hydrant  with 
water  is  6  in.  in  diameter,  and  the  vertical  height  of  the 
reservoir  is  180  ft.  above  the  pipe,  (a)  what  is  the  pressure 
on  a  section  of  the  pipe  1  ft.  in  length  tending  to  separate 
one  half  from  the  other,  dus  to  the  head  only  ?  (d)  What  is 
the  pressure  per  sq.  in.  at  the  hydrant  ? 

^^^    Ua)  5,624.64  1b. 

■   /  {/?)  78.12  lb.  per  sq.  in. 

(483)  A  weir,  whose  top  is  on  a  level  with  the  upper  sur- 
face of  the  water,  is  27  in.  broad  and  36  in.  deep;  (a)  what  is 
the  actual  discharge  in  cubic  feet  per  second  ?  (d)  What  is 
the  theoretical  discharge  ?  ^^^    j  {a)  38.44  cu.  ft. 

■   (  (/?)   62.5  cu.  ft. 

(484)  If  the  surface  of  the  water  in  a  6-in.  pipe  is  45  ft. 
above  the  discharge  orifice,  which  is  1^  in.  in  diameter,  (a) 
what  will  be  the  theoretical  velocity  of  efflux  ?  (/;)  If  the 
upper  surface  of  the  water  sustains  an  additional  pressure  of 
10  lb.  per  sq.  in.,  what  will  be  the  velocity  of  efflux  ? 

Ans    -i  ^^^)   ^'^•^  ^^-  P^^  ^^^' 
■   (  {I?)   66.28  ft.  per  sec. 

(485)  What  is  the  discharge  in  gallons  per  second  from  a 
6-in.  pipe,  if  the  mean  velocity  is  7.5  ft.  per  second  ? 

Ans.  11.016  gal.  per  sec. 

(486).  A  hollow  iron  cylinder  is  27  in.  long  over  all;  its 
outside  diameter  is  14  in. ;  inside  diameter,  13  in.,  and  the 
ends  are  ^  of  an  inch  thick.  If  placed  in  water,  will  it  sink 
or  float  ? 

(487)  An  empty  bottle  weighing  1  lb.  5  oz.  is  filled  with 
water,  and  then  weighs  2  lb.  When  filled  with  linseed  oil,  it 
weighs  1  lb.  15.34  oz.  What  is  the  specific  gravity  of  the 
oil  ?  Ans.  .04. 

(488)  What  is  the  velocity  of  discharge  through  a  short 
tube  whose  length  is  twice  the  diameter  of  the  orifice,  if  the 
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pressure  of  the  water  at  the  point  of  discharge  is  41  lb.  per 
sq.  in.?  Ans.  7(3.39  ft.  per  sec. 

(481))  If  the  head  were  constant,  and  the  tube  in  the  last 
example  were  1|-  in.  in  diameter,  {a)  what  Avould  be  the  dis- 
charge in  cubic  feet  per  minute  ?  {/>)  "What  would  be  the 
theoretical  discharge  ?  (c)  What  is  the  ratio  between  (a) 
and  (d),  or,  in  other  words,  the  efficiency  ? 

r  {a)  46.77  cu.  ft.. 
Ans.  ]  (V?)  57.39  cu.  ft. 
(  (V)  1  :  .815. 

(490)  In  the  last  example,  suppose  that  the  discharge 
had  been  through  a  square-edged  orifice  having  the  same 
area  as  the  short  tube;  (a)  Avhat  would  the  discharge  have 
been  per  second  ?  {d)  The  theoretical  discharge  ?  (r)  The 
efficiency?  ^  (c?)  .5884  cu.  ft. 

Ans.  ]  {d)  .9568  cu.  ft. 
(  (r)  1  :  .615. 

(491)  The  base  of  a  vessel  is  an  ellipse  whose  long  and 
short  diameters  are  9  in.  and  5  in.,  respectively,  and  the 
depth  of  the  water  is  6  ft. ;  (a)  what  is  the  theoretical 
velocity  of  efflux  through  a  2-in.  circular  hole  in  the  bottom 
of  the  vessel  ?  {d)  What  is  the  pressure  on  the  base  per 
square  inch  ?  «         {{a)  19.722  ft.  per  sec. 

'  1  {/?)  2.6  lb.  per  sq.  in. 

(492)  A  cross-section  of  the  upper  end  of  a  vessel  filled 
with  water  is  an  ellipse  whose  axes  are  6  in.  and  4  in.  ;  the 
lower  end  is  circular  and  has  a  diameter  of  15  in.  ;  the 
depth  of  the  water  in  the  vessel  is  24  in.  ;  what  is  the  total 
pressure  upon  the  base  when  a  weight  of  132  lb.  is  laid  upon 
the  upper  surface  ?  Ans.  1,390.9  lb. 

(493)  A  4-in.  pipe  discharges  12,000  gal.  per  hour;  what 
is  the  velocity  6i  discharge  in  feet  per  second  ? 

(494)  The  cylinder  of  a  hydraulic  press  is  lu  in.  in  diam- 
eter. The  plunger  is  forced  outwards  by  means  of  a  small 
pump  which  supplies  the  press  cylinder  with  water,  its 
piston  being  4-  in.  in  diameter,  and  its  stroke  H  in.  If  a 
force  of  100  lb.  be  applied  to  the  pump  piston,  (a)  how  great 
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a  force  can  it  exert  on  the  plunger  ?  [b)  What  is  the 
velocity  ratio  between  the  piston  and  the  plunger  ?  (<r)  How 
far  does  the  plunger  advance  for  one  stroke  of  the  piston  ? 

(  {a)  40,000  lb. 
Ans.  ]  {b)  400  :  1. 

(  (r)   .00375  in. 

(495)  How  many  gallons  per  minute  will  a  weir  14  in.  by 
20  in.  discharge  if  the  top  of  the  weir  is  '.)  ft.  below  the 
upper  surface  of  the  liquid,  {a)  when  the  long  side  is  verti- 
cal ?  {b)  When  the  short  side  is  vertical  ? 

Ans    i(^^)  13>502gal. 
(  {b)   13,323  gal. 

(496)  What  is  the  mean  velocity  for  both  cases  of  the 
last  example  ?  .         ^  {a)  15.47  ft.  per  sec. 

\  [b)   15.27  ft.  per  sec. 

(497)  The  weight  necessary  to  sink  a  Nicholson's  hydrom- 
eter to  a  fixed  point  on  the  rod  is  2  lb.  8|-  oz.  The  weight 
necessary  to  sink  the  hydrometer  to  this  point,  when  a  piece 
of  slate  is  in  the  basket,  is  1  lb.  11  oz.,  and  when  the  slate  is 
in  the  upper  pan  12  oz.  ;  {a)  what  is  the  specific  gravity  of 
the  slate  ?     {b)  What  is  its  volume  ? 

Ans.  H")   1-9- 

I  {b)   25.92  cu.  in. 

(498)  What  is  the  theoretical  mean  velocity  of  discharge 
through  a  weir  whose  depth  is  3  ft. ,  and  whose  top  is  level 
with  the  upper  surface  of  the  water  ?      Ans.  9. 20  ft.  per  sec. 

(499)  The  surface  of  the  water  contained  in  a  vessel  is 
19  ft.  above  the  ground ;  {a)  what  is  the  range  of  the  water 
issuing  from  an  orifice  4  ft.  9  in.  from  the  top  ?'  (/;)  How 
far  below  the  surface  is  the  other  point  of  equal  range  ? 
(r)  What  is  the  greatest  range  ?  .         ^  {a)   1(1.454  ft. 

^^.    \  (r)    19  ft. 

(500)  A  5-in.  pipe  1,300  ft.  long  discharges  water  under 
a  head  of  25  ft.  ;  what  is  the  number  of  gallons  discharged 
per  hour  ?  Ans.  17,350  gal. 

(501)  What  values  of /would  you  use  for  v,,^  =  2.37,  3.19, 
5.8,  7.4,  9.83,  and  11.5,  respectively? 
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(502)  What  would  be  the  total  pressure  on  a  cube,  one 
edge  of  which  measures  10^  in.,  if  sunk  34- miles  below  sea- 
level?  Ans.   5,443,383  lb. 

(503)  A  spherical  shell  whose  inside  diameter  is  19  in.  is 
filled  with  water,  which  is  subjected  to  a  pressure  of  801b. 
per  sq.  in.  What  is  the  pressure  tending  to  separate  one 
half  of  the  sphere  from  its  opposite  half  ?  Neglect  the 
weight  of   the  water.  Ans.  23,682  1b. 


PNEUMATICS. 

(ARTS.   1039-1088.) 


(504)  What  do  you  understand  by  tension  of  gases? 

(505)  A  cylinder  filled  with  compressed  air  supports  a 
column  of  mercury  4  feet  high.  (<^)  What  is  the  tension  of 
the  air  in  pounds  per  square  inch  ?  {b)  In  atmospheres  ? 
Take  the  weight  of  a  cubic  inch  of  mercury  in  all  cases  as 
.49  pound,  ^^g    j  (^^)  23.52  1b. 

{{b)   1.6  atmos. 

(50C)  By  reason  of  a  partial  vacuum,  a  column  of  water 
19  feet  in  height  is  supported  by  the  atmosphere,  {a)  How 
many  inches  of  vacuum  does  the  gauge  show,  and  (/;)  what  is 
the  pressure  above  the  mercury  in  pounds  per  square  inch  ? 

^^^_  j(.^)   16.828  in. 

'  {b)   6.454  lb.  per  sq.  in. 

(507)  A  closed  vessel,  fitted  with  a  piston,  contains  coal 
gas  under  a  pressure  of  three  atmospheres.  If  the  piston 
is  so  moved  that  the  volume  is  2^  times  its  former  volume, 
what  is  the  tension  of  the  gas  in  pounds  per  square  inch  ? 
The  temperature  is  the  same  in  both  cases. 

Ans.   17.64  lb.  per  sq.  in. 

(508)  A  certain  quantity  of  air,  under  a  pressure  of  \\ 
atmospheres  and  a  temperature  of  75°,  Aveighs  7.14  pounds. 
It  is  put  in  an  empty  vessel  in  which  one  cubic  foot  of  air 
weighs  .08  pound,  {a)  What  is  the  new  volume?  {li)  The 
temperature,  the  pressure  remaining  the  same  ?  (r)  The 
original  volume  ?  (  {a)  89.25  cu.  ft. 

Ans.  ]  \b)   283.887°. 

(  \c)    64.188  cu.  ft. 

(509)  The  temperature  of  the  discharged  air  of  an  air 
compressor,  the  tension  of  which  is  40  pounds  per  square 


584  PNEUMATICS 

inch,  is  120°;  when  it  has  cooled  down  to  the  temperature 
of  the  surrounding  air,  which  is  55°,  Avhat  is  its  tension  ? 

Ans.   35.517  lb.  per  sq.  in. 

(510)  What  is  the  weight  of  a  cubic  foot  of  air  at  00°, 
under  a  pressure  of  one  atmosphere  ?  Ans.  .076296  lb. 

(511)  The  total  pressure  upon  a  body  is  175,000  pounds 
per  square  foot ;  what  is  the  equivalent  pressure  in  atmos- 
pheres ?  Ans.   82.672  atmos. 

(512)  Three  gases,  oxygen,  hydrogen,  and  nitrogen,  are 
mixed  together  in  a  vessel  containing  40  cubic  feet.  The 
volume  and  tension  of  the  oxygen  are  12  cubic  feet  and  one 
atmosphere,  respectively;  of  the  hydrogen,  10  cubic  feet  and 
two  atmospheres;  of  the  nitrogen,  8  cubic  feet  and  three 
atmospheres.  The  temperature  of  the  separate  gases  and 
of  the  mixture  remaining  the  same  throughout,  what  is  the 
tension  of  the  mixture  ?  Ans.    20.58  lb.  per  sq.  in. 

(513)  In  the  last  example,  suppose  the  volume  of  the 
mixture  is  not  known,  and  that  the  tension  is  required  to  be 
.23    pounds    per    square    inch;    what   is   the  volume   of    the 

mixture?  Ans.    35.79  cu.  ft. 

(514)  A  balloon  is  filled  with  10,000  cubic  feet  of  hot  air 
at  a  temperature  of  280°.  If  the  temperature  of  the  sur- 
rounding air  is  77°,  and  the  weight  of  the  balloon  and 
fixtures  is  100  pounds,  how  great  a  weight  will  it  lift  ?  The 
tension  of  the  hot  air  is  one  atmosphere.         Ans.   102.68  lb. 

(515)  A  vessel  containing  13  cubic  feet  of  air  having  a 
temperature  of  73°  and  a  tension  of  one  atmosphere  is 
placed  in  communication  with  another  vessel  containing  18 
cubic  feet  of  air,  at  a  temperature  of  53°  and  a  tension  of  30 
pounds  per  square  inch.  What  is  the  new  temperature  if 
the  tension  of  the  mixture  is  20  pounds  per  square  inch  ? 

Ans.    -20.65°. 

(516)  What  is  a  vacuum  ?     Illustrate  it. 

(517)  An  air  pump  produces  a  vacuum  of  ^^  of  an  inch; 
what  is  the  pressure  upon  a  square  foot  ?  Ans.    1.764  lb. 

(518)  A  horizontal  cylinder,  closed  at  one  end  and  open 
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at  the  other,  is  exactly  fitted  with  a  piston  having  a  hole  in 
it  to  allow  the  confined  air  to  escape.  The  length  of  the 
cylinder  is  G  feet,  and  the  diameter  is  40  inches.  The  piston 
weighs  325  pounds,  and  is  moved  inwards  until  the  length 
of  the  space  between  the  cylinder  head  and  the  piston  is  40 
inches,  (a)  How  great  a  force  will  be  necessary  to  pull  the 
piston  out  of  the  cylinder  after  the  hole  has  been  plugged, 
if  the  coefficient  of  friction  is  14^  ?  {d)  To  shove  it  in  until 
the  length  of  the  enclosed  space  is  6  inches  ?  Assume  that 
the  temperature  remains  constant. 

^^g    Ua)  8,2,65.55  1b. 
■  1  {li)  104,723.6121b. 

(510)  There  are  8.47  cubic  feet  of  air,  under  a  pressure 
of  38  pounds  per  square  inch.  If  4^  cubic  feet  be  removed, 
what  will  be  the  tension  of  the  remainder,  the  temperature 
remaining  the  same  ?  Ans.   17.812  lb.  per  sq.  in. 

(520)  A  vessel  containing  3  cubic  feet  of  gas  weighing 
.5  pound  under  a  pressure  of  one  atmosphere  has  com- 
pressed into  it  enough  more  of  the  gas  to  make  it  weigh  1 
pound  and  6  ounces ;  the  temperature  remaining  the  same, 
what  is  the  new  tension  of  the  gas  in  pounds  per  square 
inch?  Ans.   40.425  lb.  per  sq.  in. 

(521)  If  4,516  cubic  inches  of  gas  having  a  temperature 
of  260°  are  cooled  down  to  a  temperature  of  80°,  the  pressure 
remaining  the  same,  what  is  the  volume  ? 

Ans.   1.96  cu.  ft. 

(522)  If  55  cubic  feet  of  air,  under  a  pressure  of  1^ 
atmospheres,  have  a  temperature  of  88°,  what  is  the  weight  ? 

Ans.   4.977  lb. 

(523)  Two  vessels,  the  volumes  of  which  are  each  7-|- 
cubic  feet,  are  filled  with  air ;  the  temperature  is  the  same 
in  both,  but  the  tension  in  one  is  two  atmospheres,  and  in 
the  other  40  pounds  per  square  inch.  If  all  of  the  air  in 
one  vessel  is  compressed  into  the  other,  what  is  the  tension 
of  the  mixture  after  it  has  cooled  down  to  the  original 
temperature  ?  Ans.   69. 4  lb.  per  sq.  in. 
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(524)  A  solid  block  of  wood,  48"  X  30"  X  24",  weighs  in 
air  1,200  pounds;  how  much  will  it  weigh  in  vacuum  ?  The 
temperature  of  the  air  is  00°.  Ans.   1,201.83  lb. 

(525)  A  double-acting  steam  pump  is  required  to  force 
water  to  a  height  of  127  feet;  the  height  of  the  suction  is 
16  feet.  Allowing  25^  for  friction,  etc.,  {a)  what  must  be 
the  horsepower  of  a  steam  engine  to  drive  this  pump,  if  the 
diameter  of  the  plunger  is  9  inches,  stroke  12  inches,  and 
number  of  strokes  per  minute  125  ?  (/^)  How  many  gallons 
could  be  discharged  per  hour  ?  ^^^^    j  (a)  19.042  H.  P. 

^  (/;)  24,784.3  gal. 

(526)  In  the  last  example,  if  the  pump  is  single-acting, 
and  the  number  of  strokes  per  minute  100,  what  will  be  the 
discharge  in  gallons  per  hour  ?  Ans.    9,914.4  gal. 

(527)  If  you  are  told  that  the  vacuum  gauge  of  a  con- 
denser shows  23  inches  vacuum,  what  do  you  understand 
by  it  ?     What  is  the  pressure  in  the  condenser  ? 

(528)  AVhat  is  a  pressure  of  one  atmosphere  equivalent 
to  in  pounds  per  square  foot  ?        Ans.    2,116.8  lb.  per  sq.  ft. 

(529)  If  the  weight  of  3  cubic  feet  of  air  at  a  certain 
temperature  and  under  a  pressure  of  30  pounds  per  square 
inch  is  .27  pound,  what  is  the  weight  of  1  cubic  foot  under 
a  pressure  of  65  pounds  per  square  inch  and  at  the  same 
temperature?  Ans.   0.195  1b. 

(530)  In  the  last  example,  what  is  the  *:emperature  of 
the  air?  Ans.   439.6°. 

(531)  What  are  the  absolute  temperatures  corresponding 
to  32°,  212°,  62°,  0°  and  -  40°  ? 

(532)  Three  and  one-half  pounds  of  air,  under  a  pressure 
of  10  atmospheres,  occupy  a  volume  of  4  cubic  feet.  What 
is  the  temperature  ?  Ans.  —  6.583°. 

(533)  Fifteen  cubic  feet  of  oxygen,  having  a  tension  of 
63  pounds  per  square  inch,  and  19  cubic  feet  of  nitrogen, 
having  a  tension  of  three  atmospheres,  are  mixed  together 
in  a  vessel  the  volume  of  which  is  25  cubic  feet.  The  tem- 
perature of  both  gases  and  of  the  mixture  being  the  same, 
what  is  the  tension  of  the  mixture  ?  Ans.   71.316  lb, 
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(53-4)  One  pound  of  air  has  a  temperature  of  80°  and  a 
volume  of  10  cubic  feet ;  what  is  its  tension  ? 

Ans.   20  lb.  per  sq.  in. 

(53.5)  If  an  indicator  card  taken  from  a  condensing 
engine  shows  a  pressure  of  124-  pounds  below  the  atmos- 
phere, how  many  inches  of  vacuum  will  the  vacuum  gauge 
show  ? 

(53G)  A  vacuum  of  27  inches  will  support  a  column  of 
water  of  what  height  ?  Ans.   30.6  ft. 

(537)  A  certain  vessel  has  a  volume  of  0.7  cubic  feet.  A 
vacuum  gauge  attached  to  it  shows  17-g-  inches,  {a)  How 
much  air  at  atmospheric  pressure  will  it  be  necessary  to 
admit  to  have  the  vacuum  gauge  show  5  inches  ?  (d)  to 
show  0  inches  ?  Ans.    (a)  2.79|-  cu.  ft. 

(538)  A  certain  vessel  contains  11  cubic  feet  of  gas 
weighing  2.-4  pounds.  If  put  in  communication  with  a 
second  vessel  from  which  all  the  air  has  been  removed,  and 
which  has  a  volume  of  25  cubic  feet,  what  will  be  the  weight  of 
a  cubic  foot  of  the  gas,  the  temperature  remaining  constant  ? 

Ans.   ^  lb. 

(539)  The  air  contained  in  a  closed  vessel,  under  a  pres- 
sure of  12  pounds  per  square  inch,  is  heated  from  60°  to 
300°;  what  is  its  tension  ?  Ans.   17.54  1b. 

(540)  What  is  the  weight  of  a  cubic  foot  of  air  at  212°, 
under  a  pressure  of  one  atmosphere  ?  Ans.   .059039  lb. 

(541)  The  diameter  and  stroke  of  the  piston  of  an  air 
compressor  is  20  inches  and  32  inches,  respectively.  If  the 
discharge  valve  opens  when  the  piston  has  completed  26 
inches  of  its  stroke,  (a)  what  is  the  volume  ?  (d)  the  weight  ? 
{c)  the  tension  of  the  air  discharged  ?  Take  the  temper- 
ature of  the  outside  air  as  75°,  and  the  temperature  at  dis- 
charge as  125°.  .  (  {a)  1,884. 96  cu.  in.  =  1.0908  cu.  ft. 

Ans.  J  (/;). 43143  lb. 

(  (^)  85.727  lb.  per  sq.  in. 

(542)  Nineteen  cubic  feet  of  air,  having  a  tension  of  12 
pounds  per  square  inch,  are  mixed  in  a  vessel  which  holds  30 
cubic  feet,  with  21  cubic  feet  of  air  from,  another  vessel.      If 
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the  tension  of  the  mixture  is  35  pounds  per  square  inch, 
what  was  the  tension  of  the  second  volume  of  gas  ? 

Ans.    39.14  lb.  per  sq.  in. 

(543)  A  vessel  containing  45  cubic  feet  of  air  at  a  tem- 
perature of  60°  and  a  tension  of  13  pounds  per  square  inch 
is  emptied  into  another  vessel  containing  GO  cubic  feet  of  air 
at  a  temperature  of  80°  and  a  tension  of  17  pounds  per 
square  inch.  What  is  the  tension  of  the  mixture  if  its 
temperature  is  72°  ?  Ans.  20.723  lb.  per  sq.  in. 

(544)  What  is  a  partial  vacuum  ?  If  enough  air  is  ad- 
mitted to  the  vacuum  chamber  to  cause  the  column  of  mer- 
cury to  be  4^  inches  shorter  than  the  barometer  column, 
how  many  inches  of  vacuum  will  the  gauge  show  ? 

(545)  By  reason  of  a  partial  vacuum,  a  column  of  alcohol 
16  feet  high  is  supported.  How  many  inches  will  the 
vacuum  gauge  show  ?  Ans.  11.337  in. 

(546)  The  stroke  and  diameter  of  the  piston  of  a  blowing 
engine  (one  form  of  an  air  compressor)  are  each  80  inches. 
The  valves  are  so  set  that  they  will  open  for  discharge  when 
the  tension  of  the  compressed  air  becomes  9  pounds  above 
the  atmosphere,  {a)  At  Avhat  point  of  the  stroke  will  the 
valves  open  ?  {b)  How  many  cubic  feet  of  air  having  this 
tension  will  be  discharged  during  one  stroke  of  the  piston, 
the  temperature  being  constant  throughout  ? 

^^^^((.0  30.38  in. 

(  {b)  144.34  cu.  ft. 

(547)  A  certain  quantity  of  air  under  a  pressure  of  3| 
atmospheres  weighs  13  pounds.  After  expanding  under  a 
constant  temperature,  the  weight  of  the  same  volume  is 
only  2  pounds.     What  is  the  tension  of  the  air  ? 

Ans.  7.915  lb.  per  sq.  in. 

(548)  The  stroke  of  the  piston  in  an  air  compressor  is  60 
inches.  When  the  piston  has  traveled  50  inches,  what  is  the 
tension  (the  temperature  at  discharge  being  130°)  of  the 
enclosed  air,  assuming  that  the  delivery  valves  do  not  open 
until  this  point  is  reached  ?  The  original  temperature 
is  60°.  Ans.  100.07  lb.  per  sq.  in. 
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(549)  A  pound  of  air  has  a  temperature  of  127°  and  a 
tension  of  27  pounds  per  square  inch.      What  is  its  volume  ? 

Ans.  8.055  cu.  ft. 

(550)  The  weight  of  a  certain  body  of  air  having  a  ten- 
sion of  4,000  pounds  per  square  foot  and  a  temperature  of 
100°  is  .5  pounds.     What  is  its  volume  ?      Ans.  3.735  cu.  ft.' 

(551)  Forty  cubic  feet  of  air  having  a  temperature  of 
100°  and  a  tension  of  90  pounds  per  square  inch  are  mixed 
with  57  cubic  feet  having  a  temperature  of  130°  and  a  ten- 
sion of  80  pounds  per  square  inch.  The  tension  of  the 
mixture  is  120  pounds  per  square  inch  and  the  temperature 
is  110°.      What  is  the  volume  ?  Ans.  67.248  cu.  ft. 

(552)  If  a  bottle  fitted  with  a  rubber  bulb,  as  shown  in 
Fig.  199,  be  filled  with  water  until  the  air  in  the  bulb  oc- 
cupies a  space  of  20  cubic  inches  under  a  tension  of  exactly 
one  atmosphere,  what  will  be  the  total  pressure  on  the  bot- 
tom of  the  bottle  caused  by  squeezing  the  bulb  until  the 
space  inside  is  only  ^  of  its  original  volume  ?  The  opening 
in  the  neck  of  the  bulb  is  ^  of  a  square  inch,  the  bottom  of 
the  bottle  is  3  inches  in  diameter,  and  the  depth  of  the  water 
is  12  inches.  Ans.  314.793  1b. 

(553)  Four  cubic  feet  of  air  is  heated  under  a  constant 
pressure  from  40°  to  115°.     What  is  the  resulting  voliime  ? 

Ans.  4.  G  cu.  ft. 
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(ARTS.  1089-1179.) 


(554)  (a)  What  are  the  advantages  and  disadvantages  of 
cast  iron  as  a  material  for  construction  purposes  ?  (d)  Of 
steel  ?  (f)  Of  wrought  iron  ?  {d)  For  what  purposes  are  each 
of  the  above  largely  used  ? 

(555)  Define  the  following:  (a)  Stress;  {l>)  strain;  (c) 
elasticity;  {(/)  coefificient  of  elasticity;  (r)  ultimate  strength. 

(550)  In  how  many  ways  may  stress  be  applied  to  a  body  ? 
Give  an  example  of  each. 

(557)  How  much  will  a  wrought-iron  rod  2"  in  diameter 
and  10  feet  long  be  elongated  by  a  pull  of  40  tons  ? 

Ans.  .122  in. 

(558)  A  steel  rod  7^"  long  and  ■^"  in  diameter  is  elongated 
.009"  by  a  pull  of  7,000  pounds;  what  is  the  coefficient  of 
elasticity  ?  Ans.   29,708,853  lb.  per  sq.  in. 

•     (559)     What  force  is  required  to  produce  an  elongation  of 
.006"  in  a  cast-iron  bar  1^  X  2"  and  9  feet  long  ? 

Ans.  2,500  lb. 

(560)  A  wooden  rod  3"  in  diameter  is  elongated  .05"  by  a 
force  of  2,000  pounds;  what  was  its  original  length  ? 

Ans.  265.07  in. 

(561)  What  is  the  minimum  diameter  of  a  wrought-iron 
bolt  which  is  to  withstand  a  steady  pull  of  6  tons  with 
safety?  Ans.  1.054  in. 

(562)  How  long  must  a  cast-iron  bar  be,  if  supported 
vertically  at  its  upper  end,  to  break  under  its  own  weight  ? 

Ans.  6,400  feet. 
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(5G3)  The  diameter  of  a  wrought-iron  bolt  is  f";  what 
should  be  the  thickness  of  the  bolt  head  in  order  that  the 
bolt  may  be  equally  strong  in  tension  and  in  shear;  in  other 
words,  Avhat  should  be  the  thickness  of  the  head  in  order 
that  the  force  required  to  pull  the  bolt  apart  shall  be  just 
equal  to  the  force  required  to  strip  the  head  from  the  bolt  ? 

Ans.  .206  in. 

(564)  What  safe  load  may  be  borne  by  a  brick  pier,  the 
cross-section  of  which  is  2|  X  3^  feet  ?  Ans.  105  tons. 

(565)  In  Fig.  3,  the  force/* is  1| tons  and  acts  at  an  angle 

of  30°  with  the  horizon- 
tal. The  width  d  of  the 
timber  tie  rod  is  4 
inches.  Find  the  safe 
length  a  necessary  to 
prevent  shearing  on  the 
surface  a  b. 

Ans.  10.1  in. 

(566)      Show    that   a 
cylindrical      boiler      is 
twice  as  liable  to  rup- 
ture along  a  longitudinal  seam  as  along  a  transverse  seam.^ 

(567)  Assuming  that  the  strength  of  the  boiler  plate  is 
reduced  40^  owing  to  the  area  lost  by  the  rivet  holes,  what 
should  be  the  thickness  of  the  plate  of  a  wrought-iron  boiler 
4  feet  in  diameter  which  sustains  a  steam  pressure  of  120  lb. 
per  sq.  in  ?     Assume  factor  of  safety  for  steady  stress. 

Ans.  .35  in. 

(568)  What  should  be  the  thickness  of  a  6"  cast-iron 
water  pipe  to  carry  a  steady  pressure  of  200  lb.  per  sq.  in.  ? 

Ans.  .18  in. 

(569)  What  should  be  the  thickness  of  a  wrought-iron 
boiler  tube  3"  in  diameter,  12  ft.  long,  and  exposed  to  an 
external  steam  pressure  of  130  lb.  per  sq.  in.  ?  Use  a  factor 
of  safety  of  10.  ~  Ans.  .272  in. 


Fig.  3. 
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(570)  A  cast-iron  cannon  of  4"  bore  is  subjected  to  an 
internal  pressure  of  2,000  lb.  per  sq.  in.  on  being  fired;  what 
should  be  the  thickness  of  the  metal  in  order  that  it  shall  not 
be  subjected  to  a  stress  of  more  than  2,800  lb.  per  sq.  in.? 

Ans.  5  in. 

(571)  A  structure  of  the  nature  of  a  simple  beam  is  100 
feet  long  between  the  supports,  and  carries  three  equal 
loads  of  1,200  lb.  each,  at  distances  from  the  left  support  of 
40,  00,  and  80  ft.  {a)  Find  the  maximum  bending  moment; 
(/?)  the  shear  at  a  distance  of  30  ft.  from  the  left  support ; 
(c)  the  maximum  shear.  (  (a)  748,800  in. -lb. 

Ans.  -j   (^)  1,440  lb. 

(   (r)   -2,160  1b. 

(572)  Find    graphically  the    magnitude,    direction,    and 

position  of  the  resultant  of  the  forces  shown  in  Fig.  4. 

Note. — In  Figs.  4  and  6,  the  line  ;//  n  is  drawn  simply  to  locate 
the  forces.     Thus,  in  Fig.  4,  /-^  makes  an  angle  of  47^°  with  m  7t ;  F^ 


Fig.  4. 

makes  an  angle  of  72^°  with  ;//;/,  and  so  on.  The  distance  between 
the  intersection  of  Fi  and  F^  with  m  n  is  1  inch ;  the  distance  between  the 
intersections  of  F^  and  F-i  is  1^^  inches,  etc. 


(573)  A  beam  is  loaded 
as  in  Fig.  5.  Find  the  re- 
action of  the  supports,  and 
draw  the  shear  diagram. 

(574)  {a)  Where    is  the 
maximum  bending  moment 
of    the    above   beam  ?     {b) 
What    is    it    in    inch-tons  ?  ^^ 
{c)  In  inch-pounds  ? 

j  {b)  288  in. -tons. 
•  ^   {c)  570,000  in. -lb. 


Si 


Fig.  5. 
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(575)     Define   the   following:    Simple   beam;    cantilever; 
restrained  beam;  continuous  beam. 


in — 


(576)  Find  the  resultant  moment  of  the  forces  of  Fig. 
6  about  the  point  C. 

(577)  A  rectangular  white  pine  beam  22  feet  long,  carries 
a  load  of  4  tons,  8  feet  from  one  end.  Assuming  the 
depth  of  the  beam  to  be  double  the  width,  what  should  be 
its  dimensions  to  safely  support  the  load  ? 

Ans.  Depth  =  17^  in. ;  breadth^  8f  in. 

(578)  The  beam  of  Fig.  7  is  loaded  as  shown  and 
has,  in  addition,   a   uniform    load  of    40    pounds    per  foot. 

g«  {a)   Find  the  maximum 

shear;  (/^)  the  maximum 
bending  moment;  (r) 
the  reactions  of  the  sup- 
ports. 

'(rt)  2,930  lb. 
{b)  320,000  in. -lb. 
{c)  2,930  and 

2,870  lb. 


S 


5 i 


Rx 


-^f- 


-20'- 


-30^ 


Bg   Ans.  -: 


Fig. 


(579)  The  moment  of  inertia  of  a  wrought-iron  I  beam 
12"  deep  is  280 ;  what  uniform  load  will  it  sustain  ?  The 
stress  is  assumed  to  be  steady.  The  beam  is  20  ft.  long  and 
rests  upon  two  supports.  Ans.  875  lb.  per  ft. 
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(580)  A  hollow  circular  cast-iron  beam  8  feet  long  rests 
upon  two  supports.  The  inside  diameter  is  5  in.  and  the 
outside  diameter  (3^  in.  ;  what  is  the  maximum  safe  load 
that  may  be  concentrated  at  its  center  ?  Ans.  4,G24  lb. 

(581)  A  hemlock  floor-beam  is  2"  X  10"  and  16  feet  long; 
(a)  what  distributed  load  will  it  carry  ?  (/;)  What  dis- 
tributed load  would  it  carry  if  laid  with  the  10"  side 
horizontal?  j  (a)  78.12  lb.  per  ft. 

■   (   (l?)  15.0  lb.  per  ft. 

(582)  Find  the  deflections  of  the  beams  of  (a)  Example 
579,  (d)  Example  580,  and  (r)  Example  581  (a). 

[  {(t)   .4:5  in. 
Ans.  }   (/;)   .1  in.,  nearly. 
(    (c)   .461  in. 

(583)  The  piston  of  a  steam  engine  is  14  in.  in  diameter; 
the  steam  pressure  is  80  lb.  per  sq.  in.  Assuming  that  the 
total  pressure  on  the  piston  comes  on  the  crank-pin  at  the 
dead  points,  and  considering  the  crank-pin  as  a  cantilever 
uniformly  loaded,  what  should  be  its  diameter  if  4  inches 
long  and  made  of  wrought  iron  ?  Take  a  factor  of  safety 
of  10.  Ans.  3.82  in. 

(584)  What  load  can  be  safely  sustained  by  a  cast-iron 
column  14  feet  long  and  6"  in  diameter,  with  flat  ends  ? 

Ans.  120,872  lb. 

(585)  What  should  be  the  dimensions  of  a  piece  of  tim- 
ber 30  ft.  long,  Avith  flat  ends,  to  support  a  load  of  7  tons, 
the  cross-section  being  in  the  form  of  a  square  ? 

Ans.  9f  in.  square. 

(586)  A  cylindrical  steel  connecting-rod  7|-  ft.  long  is 
subjected  to  a  maximum  stress  of  21,000  pounds.  Assuming- 
it  to  be  a  column  with  both  ends  hinged,  and  subjected  to 
shocks,  determine  its  diameter  to  the  nearest  ^".    Ans.   2f  in. 

(587)  A  wrought-iron  piston  rod  has  a  diameter  of  2" 
and  a  length  of  4  feet.  Assuming  it  to  be  a  column  with 
one  end  flat  and  the  other  rounded,  what  is  the  allowable 
diameter  of  the  piston  if  the  steam  pressure  is  60  pounds 
per  sq.  in.  ?     The  rod  is  subjected  to  shocks.       Ans.  15|  in. 
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(588)  A  beam  is  G"  X  8"  and  10  feet  long,  the  8"  side 
being  vertical.  Another  beam  of  the  same  material  is 
4"  X  12"  and  10  feet  long,  the  12"  side  being  vertical,  (a) 
What  is  the  ratio  between  the  maximum  loads  the  two  beams 
are  capable  of  supporting  ?  (/?)  What  is  the  ratio  between 
the  deflections  in  the  two  cases,  the  manner  of  loading 
being  the  same  ?  ^^g    j   (a)    lyS  :  1- 

'    (l?)  .540  :1. 

(589)  (a)  What  should  be  the  diameter  of  a  round 
wrought-iron  shaft  to  transmit  40  H.  P.  at  120  R.  P.  M.? 
(/;)  To  transmit  80  H.  P.  at  100  R.  P.  M.  ? 

Ans.i  (;)3.739in. 
(   {d)  4.65  m. 

(590)  What  must  be  the  diameter  of  a  steel  engine  shaft 
to  transmit  4,000  H.  P.  at  50  R.  P.  M.  ?  Ans.  14.22  in. 

(591)  What  H.  P.  can  be  transmitted  by  a  steel  shaft  4" 
square,  making  80  R.  JP.  M.?  Ans.  71.775  H.  P. 

(592)  What  horsepower  can  be  transmitted  by  a  hollow 
wrought-iron  shaft  making  100  R.  P.  M.,  the  outside 
diameter  being  7^  in.,  and  the  inside  diameter  5  in.  ? 

Ans.  717.7  H.  P. 

(593)  (a)  What  weight  may  be  safety  sustained  by  a  hemp 
rope  8"  in  circumference  ?  (/;)  What  should  be  the  diameter 
of  an  iron  wire  rope  of  7  strands  to  safely  sustain  a  stress  of 
6,000  pounds  ?  (c)  What  should  be  the  circumference  of  a 
steel  hoisting  rope  which  is  required  to  lift  a  load  of  6|  tons  ? 

(   (a)  6,400  lb. 
Ans.  j    (/?)   1.054  in. 
(    {(•)    3.05  in. 

(594)  (a)  An  open-link  chain  is  made  of  ^"  iron;  what 
safe  load  will  it  sustain  ?  (/;>)  What  should  be  the  diameter 
of  the  iron  composing  the  links  of  a  stud-link  chain  which  is 
to  sustain  a  load  of  4  tons  ?  j   (a)   9,187.5  lb. 

I    (^)   .667  in. 

(595)  A  steel  shaft  2"  in  diameter  is  supported  by  hang- 
ers 10  feet  apart;  if  a  pulley  be  placed  midway  between  the 
hangers,  what  should  be  the  maximum  allowable  belt  pull  on, 
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the  pulley    in  order  that  the  shaft  shall  not  deflect  more 
than  ^"?  Ans.   327.25  lb. 

Suggestion. — Assume  the  shaft  to  be  a  restrained  beam,  loaded  in 
the  middle. 

(596)  An  engine  shaft  rests  on  bearings  5  feet  apart; 
midway  between  the  bearings  the  shaft  carries  a  fly-wheel 
weighing  3  tons,  (a)  Find  the  size  of  the  shaft  to  withstand 
this  load.  (/;)  Find  the  size  of  the  shaft  on  the  assumption 
that  the  engine  makes  80  R.  P.  M.  and  develops  75  H.  P, 
The  shaft  is  made  of  steel.      Factor  of  safety  10. 

Ans.  ^  ^'^)  4iin.,  nearly. 
'  (/;)  4|-  in.,  nearly. 

(597)  A  white  oak  cantilever  is  loaded  as  shown  in  Fig. 
8,    and    has    in    addition    a 
uniform    load  of    80    pounds 
per    foot,      (a)  Determine 
graphically    the    shear    dia- 
gram   and    the     maximum 
bending  moment,      (l?)  Find  W; 
the  necessary  dimensions  of     '^ 
the  cross-section  of  the  beam, 


-2^6^f 


F^ 


O 
CO 


8'^ 


Fig.  8. 


assuming  the  depth  to  be  2^  times  the  breadth,  and  the  stress 
to  be  steady.  ,         {{a)  82,320  in. -lb. 

"^'   I  (/;)   /?=  3.7  in.;    d=  9^  in. 

(598)  A  steel  beam  of  the  cross-sec- 
tion shown  in  Fig.  9  rests  upon  two 
supports  35  feet  apart;  (a)  what  con- 
centrated load  will  it  sustain  at  the 
center,  the  stress  being  considered 
as  varying  ?  (/;)  What  total  uniform 
load  will  it  sustain,  the  stress  being 
steady?  •  ^^^    j  (a)     7,246  lb. 

'  (/?)   20,290  lb. 

(599)  (a)  The  moment  of  inertia  of  a  rectangle  is  72;  the 
area  of  the  rectangle  is  24  sq.  in.  ;  what  is  the  value  of  r  in 
formula  72,  Art.  1154?  {/>)  What  are  the  dimensions  of 
the  rectangle  ?  {c)  The  moment  of  inertia  of  a  circle  about 


Fig.  9. 
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an  axis  through  its  center  is  — — -- ;  the  area  of  the  circle  is 

— — ;  what  is  the  radius  of  gyration  of  the  circle  ? 

(  {a)  1.732. 
Ans.  \   {b)  b  —  \\\\.\  d=  %  in. 

(GOO)  A  cast-iron  sphere  8"  in  diameter  is  subjected  to 
a  steady  internal  pressure  of  100  lb.  per  sq.  in.  ;  what  should 
be  its  minimum  thickness  to  safely  withstand  this  pressure  ? 

Ans.   .00  in. 

(601)  A  beam  28  feet  long,  uniformly  loaded  with 
60  pounds  per  foot,  rests  upon  two  supports  which  are  placed 
5  feet  from  each  end.  Determine  graphically  the  maxi- 
mum shear  and  the  maximum  bending  moment. 

Ans.    Bending  moment  =  20,160  in. -lb. 

(602)  Assuming  the  above  beam  to  be  made  of  white  pine, 
find  the  dimensions  of  its  cross-section,  the  stress  being 
steady.      The  beam  is  to  be  rectangular. 

(603)  A  wrought-iron  boiler  tube  2|-"  in  diameter  and 
9  feet  long  has  a  thickness  of  .2" ;  what  external  pressure  can 
the  tube  withstand,  using  a  factor  of  safety  of  10  ? 

Ans.     10(i.43  lb.  per  sq.  in. 

(604)  A  crane  chain  is  required  to  lift  5  tons;  what 
should  be  the  diameter  of  the  iron  composing  the  links  of 
the  chain,  which  is  of  the  open-link  variety  ?     Ans.    .913  in. 

(605)  A  gear-wheel  4  feet  in  diameter  is  keyed  to  a  shaft. 
The  force  acting  tangent  to  the  pitch  circle  of  the  gear-wheel 
is  350  pounds;  what  should  be  the  diameter  of  the  shaft  if 
made  of  steel  ?  Ans.   2.84  in.,  say  2|-  in. 

(606)  The  head  of  an  engine  cylinder,  12"  in  diameter,  is 
fastened  on  by  10  wrought-iron  bolts.  In  order  to  make  the 
joint  steam  tight,  a  safe  stress  of  only  2,000  pounds  per  sq.  in. 
is  allowed.  The  steam  pressure  being  90  pounds  per  sq.  in., 
what  should  be  the  minimum  diameter  of  the  bolts,  that  is, 
the  diameter  at  the  root  of  the  thread  ?  Ans,  .8  in, 
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-18^ 


-5^ 


-5^ 


Fig.  10. 


(607)  A  beam  18  feet  long  has  a  load  of  1  ton  placed 
at  each  end.     The  supports 

are  placed  5  feet  from  each 
end.  (See  Fig.  10.)  (a) 
Draw  the  shear  diagram  and 
find  the  maximum  bending 
moment.  (/;)  If  made  of 
cast  iron  and  circular  in 
cross-section,  what  should  be  its  diameter,  the  stress  being 
steady?  ^^^   j  (a)   120,000  in. -lb. 

I   {b)   5.784  in. 

(608)  A  beam  2"  X  6"  in  cross-section  and  18  feet  long 
deflects  .3";  how  much  will  a  beam  3"  X  8"  and  12  feet  long 
deflect  under  the  same  load  ?  The  long  side  is  placed 
vertically  in  both  cases.  Ans.   .025  in. 

(609)  A  wrought-iron  key,  or  cotter,  is  used  to  fasten  a 

rod,  as  shown  in  Fig.  11.  There 
is  a  pull  of  20,000  pounds  on  the 
rod.  Assuming  the  breadth  of 
the  key  to  be  four  times  the  thick- 
ness, find  its  dimensions  to  safely 
resist  the  stress.      Use  a  factor  of 

safety  of  10. 

^^g    j  Breadth,     2.828". 

^Thickness,   .707". 

(610)  A  steel  engine  shaft  12" 
in  diameter,  resting  in  bearings 
54"  apart,  carries  a  fly-wheel 
weighing  30  tons,  midway  between 
the  bearings;  what  is  the  deflection  of  the  shaft  ?  Consider 
the  shaft  as  a  simple  beam.  Ans.   .0064  in. 

(611)  (a)  A  7-strand  steel  wire  rope  has  a  diameter  of 
1^";  what  load  will  it  carry  safely  ?  {/?)  Find  the  circumfer- 
ence of  a  hemp  rope  to  carry  If  tons. 

Ans    {  (^^   14,062.5  1b. 
(d)  5. 92  in. 


Fig. 11. 
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(612)  What  stress  would  be  required  to  rupture  a  cast- 
iron  cylinder  which  is  8"  in  diameter  and  6"  thick  ? 

Ans.   12,000  lb. 

(613)  A  beam  which  is  100  feet  long  carries  four  equal 
loads  of  1,200  pounds  each,  at  distances  of  20,  40,  60,  and 
80  feet  from  the  left  support,  (a)  Find  the  maximum  bend- 
ing moment  and  (d)  the  shear  at  both  supports. 

.^   j  (a)  864,000  in. -lb. 
(  {d)  2,400  lb. 


INDEX. 

A. 

PAGE 

PAGE 

Absolute  pressure 

412 

Aneroid  barometer    . 

.    406 

"         temperature 

41S 

Angle 

.    236 

"         zero     .... 

41s 

"       Acute        .... 

•     237 

Abstract  number 

I 

"       Adjacent 

•     236 

Accelerating  force 

321 

"      Obtuse      .... 

•    237 

Acceleration 

321 

"       Right        .... 

•    237 

Actual  head 

396 

Angles,  Measure  of    . 

.      61 

Acute  angle 

237 

Antecedent          .... 

•       93 

Addition 

4 

Application  of  trigonometric  func 

"         Algebraic 

120 

tions 

•     257 

'•         Directions  for    . 

5 

Arabic  notation 

2 

"         of  decimals 

38 

Arc  of  a  circle     .... 

.     247 

"          "  denominate  numbers 

65 

Archimedes,  Principle  of 

•     375 

"          "  fractions         .        .       2 

8,  156 

Arcs,  Measure  of        .        .        . 

.       61 

"          "  monomials     . 

121 

Area  of  circle      .... 

•     277 

"          "  polynomials  . 

122 

"       "  cone.  Convex 

■     287. 

"           "  radicals 

177 

"       "  ellipse    .... 

.     280 

Proof  of       .        .        . 

8 

"       "  frustum 

.     288 

Rule  for      ...        . 

8 

"      "  parallelogram 

.     276 

table 

5 

"       "  plane  figure  . 

.     281 

"         To  eliminate  by 

208 

"       "  pyramid.  Convex 

.     286 

Adjacent  angles          .        .        .        . 

236 

"       "  sector     .... 

.     278 

"         sides 

258 

"       "  segment 

.     278 

Aeriform  bodies          .        .        .        . 

298 

"       "  sphere    .... 

.     290 

Affected  quadratic  equations  . 

19s 

"       "  trapezoid 

.     276 

Aggregation,  Symbols  of          49,  11 

3,  126 

"       "  triangle 

•     274 

Air 

403 

Arm  of  lever       .... 

.     336 

"    chamber 

442 

Atom 

•     297 

"    compressors          .        .        .        . 

427 

Attraction,  Capillary 

.     381 

"    Pressure  of,  per  square  inch 

405 

Avoirdupois  weight  . 

•       S9 

"    Properties  of        ...        . 

403 

Axis  of  symmetry 

•     294 

"   pump 

421 

"     Neutral       .... 

•     49S 

"        "     Sprengel's. 

423 

"    Weight  of  a  cubic  inch  of 

403 

B. 

PAGE 

Algebra        

109 

Ball 

.     290 

Algebraic  expressions,  Reading 

114 

Barometer 

406 

Altitude  of  cone          .        .        .        . 

286 

Baroscope    

427 

"  cylinder 

28s 

Base  (percentage) 

52 

"          "  frustum  .        .        .        . 

288 

"     of  system  of  logarithms 

215 

"          "  parallelogram 

275 

"       "  triangle 

242 

"          "  prism       .        .        .        . 

28s 

Bases  of  frustum 

2S8 

"          "  pyramid 

286 

Baume's  hydrometers 

379 

"          "  triangle  .        .         .        . 

242 

Beams 

479 

Amount  (percentage) 

. 

52 

"       Cantilever 

479 

INDEX. 


Beams,  Continuous    . 
"        Deflection  of 
"        Restrained  or  fixed 
"        Simple    .... 
"        Strength  and  stiffne.ss  of 
"        under  concentrated  loads 
"  "       under  uniform  loads 

Bell  jar  receiver 

Bending  moment 

"  "  diagram 

Bends  and  elbows,  Effect  of 

Bessemer  steel    . 

Binomial 

Blast,  Forced 

"      Locomotive 

Block,  Pulley 

Blow,  Force  of  a 

Bodies,  Composition  of 

Body,  Gaseous    . 
"       Liquid 
"       Solid 

Brace     . 

Brackets 

Brittleness 

Broken  line 

Buoyant  effects  of  water 


C. 

Cancelation  of   terms   of  an 
tion    . 
"  Rule  for 

Cantilever   . 
Capacity,  Measures  of 
Capillary  attraction 
Cartesian  diver 
Cast  iron 
Cause  and  effect 
Cementation 
Center  of  circle 

"         "  gravity 

"        "  moments 
Centrifugal  force 
"  pump 

Centripetal  force 
Chain,  Gunter's 

"       Engineer's 
Chains 

Chamber,  Air 
Characteristic  of  logarithm 
Chord  of  circle    . 
Cipher 
Circle 

"     Area  of 

"      Circumference  of 

"      Diameter  of 
'     Tangent  to 


PAGE 

479  Circles,  Concentric     . 

502  Circumference  of  circle 

479  Clearing  equations  of  fraction 

479  Coefficient    . 

505  "  of  efflux     . 

481  "  "  elasticity 

485  Column 

422  Combination  of  pulleys 

483  Common  denominator 

485  Completing  the  square 

400  Coinplex  fractions 

454  Composite  number     . 

114  Composition  of  forces 

435  "  "  moments 

435  Compound  lever 

341  "  numbers 

357  "  proportion 

297  Compressibility 

298  "  of  water 
298  Compression 
298  Compressor,  Air 
113  Concentric  circles 
113  Concrete  number 
300  Conditions  of  equilibrium 
235  Cone,  Altitude  of 
375             "      Area  of 

"      Frustum  of 
PAGE  "      Slant  height  of 

equa-  "      Vertex  of 

"     Volume  of 
Consequent 

Conservation  of  energy 
Contracted  vein 
Cosine  of  angle 
Cotangent  of  angle     . 
Couple 
Couplet  of  a  proportion 

"  "     ratio 

Cross-section  of  solid 
Cube     .... 
of  a  number 
"    quantity 
Perfect 
root 
"    Proof  of 
"    Rule  for      . 
Cubic  measure 
Curved  line 
Cylinder 

Air 
"        Altitude  of 
"        Area  of 

"        Pressure  of  liquid  in 
"        Volume  of   . 
Cylinders,  Strength  of 
Cylindrical  ring 


182 

21 

479 
60 

381 
429 

449 
104 

454 
246 

330 
329 
327 
444 
328 

59 
59 
517 
442 
216 
247 
2.  3 
246 
277 
246 
246 
250 


46: 


PAGE 
250 
246 
182 
112 
382 

459 
2,  506 

342 

26 

198 

162 

20 

307 

474 

337 

58 

loS 

300 

361 

457i  461 
427 
250 

I 

334 
286 
286 
288 
286 
286 
287 
93 
357 
388 

255 

2SS 

329 
96 

93 
291 
284 

73 
139 

139 

75i  82 

88 

88 

59 

235 

28s 

427 

285 

285 

373 
285  ■ 
468 
391 


INDEX. 


XI 


D. 

PAGE 

PAGE 

Decagon       

.    240 

Efflux,  Coefficient  of 

3S9 

Decimal  point      .... 

.      36 

"       Velocity  of 

384 

Decimals 

35 

Elastic  limit 

458 

"         Addition  of 

•        38 

Elasticity     .... 

.       300 

.  459 

"         Division  of 

.        42 

"          Coefficient  of     . 

459 

"          Multiplication  of 

40 

Elbows  and  bends.  Effect  of 

400 

"         Reduction  of 

.        46 

Elimination 

206 

"         Subtraction  of    . 

■        39 

"            by    addition    and 

sub- 

Deflection  of  beams   . 

.      502 

traction 

208 

Degree  of  a  radical    . 

17s 

"            by  comparison 

207 

Delivery  pipe       .... 

438 

"             "    substitution 

206 

Denominate  numbers 

57 

Ellipse           .... 

279 

Denominator       .... 

22 

"       Area  of    . 

280 

Denominator,  Common     .         .        2 

6,  1 55 

Perimeter  of  . 

280 

Density 

358 

Elongation,  Ultimate 

460 

"        and  volume  of  a  gas,  Law  0 

f     412 

Energy,  Conservation  of 

357 

Diagram,  Force 

472 

"        Kinetic 

354 

Diameter  of  circle 

246 

"        Potential 

356 

"          "  pipe,  how  calculated 

399 

Engineer's  chain 

59 

Difference 

9 

Equality,  Sign  of 

4 

"           (percentage)     . 

52 

Equation      .... 

110 

,  180 

Differential  pulley 

343 

"         Members  of 

180 

Digits 

2 

Equations  containing  two  unk 

nown 

Direct  ratio          .... 

93 

quantities 

205 

"      proportion       .        .        .        . 

97 

"          Independent     . 

206 

Direction,  Line  of       .        .        . 

334 

"           in  quadratic  form 

202 

Discharge  from  pipes 

396 

Literal       . 

184 

"           Mean  velocity  of 

395 

"          of  first  degree 

184 

Diver,  Cartesian          .         .         .         . 

429 

"            "  second  degree 

19s 

Dividend 

16 

"          Quadratic 

19s 

Divisibility 

299 

"                   "          containin 

If  two 

Division 

i5 

u  n  k  n 

own 

"         Algebraic     . 

135 

quantit 

es     . 

210 

"         Explanation  of    . 

t6 

"                  "         Problems 

lead- 

"         of  decimals 

42 

ing  to 

203 

"           "  denominate  numbers    . 

70 

"          Satisfied    . 

184 

"          "  fractions          .        .        3 

2,  160 

Simple       . 

184 

"          "'  monomials 

136 

"                 "       containing 

radi- 

"           "  polynomials    . 

136 

cals  . 

189 

"           "  radicals  .         .         .         . 

178 

"          with  two  unknown  c 

luan- 

Proof  of        ...         . 

19 

tities,  Problems  le£ 

iding 

Rule  for        ...         . 

18 

to      .        .        . 

213 

Sign  of          .         .         .         . 

16 

Equiangular  polj'gon 

240 

Dodecagon           

240 

Equilateral             " 

240 

Double-acting  pump 

441 

"            triangle  . 

241 

Downward  pressure  of  a  liquid 

3f^3 

Equilibrium 

334 

Draft,  Forced 

435 

"             Conditions  of 

334 

475 

Dry  measure 

60 

"            polygon 

472 

Ductility 

301 

Static    . 

329 

Duplex  pump 

444 

Equivalent  head 

385 

Dynamics 30 

4.317 

Evolution 

"          of  radicals 

75, 

i6t 
180 

E.                         1 

=AGE 

Expansibility       .         .         .         . 

300 

Edges  of  a  solid           .         .         .         . 

283 

E.Kponent 

73. 

112 

Effects,  Causes  and    .        .        .        . 

104 

Exponents,  Fractional 

172 

Efficiency 

351 

Literal     . 

171 

xii 

INDEX, 

PAGE 

PAGE 

Exponents,  Negative 

172 

Fractions,  Subtraction  of 

29 

Extension 

299 

Friction,  Coefficient  of 

•     348 

"         Measures  of 

S8 

"          Laws  of 

•     349 

Extremes  of  a  proportion 

97 

Frustum  of  pyramid  or  cone 

.      288 

Fulcrum       .... 

•      335 

F. 

PAGE 

Functions,  Trigonometric 

•      254 

Faces  of  a  solid  .... 

283 

Fundamental    processes    of 

arith- 

Factor  of  safety 

464 

metic          .... 

4 

Prime       .... 

19 

Factoring 

138 

G. 

PAGE 

Factors i 

9,  112 

Gain  or  loss 

.           .        56 

Falling  bodies 

326 

Gallon,  British  imperial    . 

.        61 

"            "      Formulas  for    . 

323 

U.  S.  Standard       . 

.        61 

Figure,  Value  of  a      . 

2. 

Gas,  Permanent 

.      298 

Fixed  pulley        .... 

341 

"    Tension  of  . 

403,  409 

Flexure        

457 

Gaseous  body 

.      298 

Flow,  Mean  velocity  of      .        .        . 

383 

Gay-Lussac's  law 

•      4M 

"     of  water  in  pipes 

394 

Geometric  ratio 

.      117 

Foci  of  ellipse      .... 

279 

Geometry     .... 

•      23s 

Foot-pound 

352 

General  properties  of  matter 

.      298 

Force    . 

303 

Graphical  expression  for  moments      475 

"      Accelerating 

•      3° 

3.321 

"          statics 

•      471 

"      Centrifugal 

327 

Gravitation 

■      317 

"     diagram    . 

472 

"           Law  of    . 

.      318 

"      EflCects  of  a 

474 

Gravity,  Center  of     . 

•      330 

"      of  a  blow 

357 

"         Force  of 

.           .      318 

"       "  gravity 

318 

"         problems,  Formulas 

:or    .     319 

"      pump 

439 

"         Specific 

•       358,  377 

"      Retarding 

•      30 

3!  321 

Gunter's  chain     . 

•       59 

"      Unit  of 

304 

Gyration,  Radius  of  . 

.     498 

Forced  draft  or  blast 

435 

Forces,  Components  of 

316 

H. 

PAGE 

"       Composition  of      . 

307 

Hardness     .... 

.      300 

"       Parallelogram  of 

309 

Head  due  to  velocity 

.          .     385 

"       Polygon  of     . 

312 

"      Equivalent 

.          ■     38s 

"       Representation  of 

3°7 

"      on  an  orifice 

.          .      384 

"       Resolution  of 

315 

"      required  for  given  discharge    396 

Resultant  of 

308 

Heptagon     .        .        .        . 

.      240 

"       Triangle  of    . 

3" 

Hero's  fountain 

.     430 

Formula 

III 

Hexagon       .... 

.     240 

Fraction,  Complex     . 

i6s 

Horizontal  line 

•      235 

"        Improper    . 

23 

Horsepower 

•     354 

"         Lowest  terms  of 

24 

Hydraulic  press 

•      370 

■      "         Proper 

23 

ram    . 

.          .     446 

"         Signs  of       .        .        . 

152 

Hydraulics 

.          .     383 

Terms  of     .        .        . 

•       23 

Hydrodynamics 

.          .     383 

"         To  invert    . 

•        33 

Hydrokinetics    . 

•       304.  383 

"         To  reduce  to  a  decimal 

.       46 

Hydrometers 

•     379 

"         Value  of      .        .        . 

•        23 

Hydrostatics 

304,  361 

Fractional  exponents 

.      172 

Hypotenuse 

.     242 

Fractions,  Addition  of 

.        28 

"            Square  describee 

on    .     243 

"           Clearing  of 

.      182 

"           Division  of 

•        32 

I. 

PAGE 

"           Multiplication  of     . 

•        31 

Impenetrability 

•    299 

"           Reduction  of    . 

23 

Improper  fraction 

•     23 

Roots  of 

. 

.       90 

Inclined  plane    . 

■      344 

INDEX. 


XIU 


Independent  equations 

Indestructibility 

Index  of  root 

Inertia 

Initial  velocity    . 

Injector 

Inscribed  angle 
"  polygon 

Integer 

Intercept  (in  equilibrium 

Intermittent  springs 

Intersection,  Point  of 

Inverse  proportion 
"        ratio 

Involution   . 

"  of  polynomials 

"  "  radicals 

Iron,  Cast    . 
"     Pig       .        .        . 
"     Wrought    . 

Isosceles  triangle 


polygon) 


Jacket,  Water 


J. 


K. 


Kinetic  energy    . 
Kinetics        .... 
Known  quantities 

L. 

Lateral  pressure  of  a  liquid 
Law,  Gay-Lussac's    . 
"     Mariotte's 
"     of  gravitation    . 
"     Pascal's 
Laws  of  friction 

"     "  motion,  Newton's 
"      "  stress  and  strain 
"     "  weight 
Least  common  denominator 
Lever 
"      Bent 
'*     Compound 
Lifting  pump 
Like  numbers 

"     terms 
Limit,  Elastic 
Line,  Broken 
"      Curved 
"      Horizontal 
"      of  direction 
"      Perpendicular 
"      Straight     . 
"      Vertical 
Linear  measure,  Surveyor's 
"       measures 


97: 


72^ 


PAGE 

206 
.   300 

•  75 
299i  305 

•  324 

•  433 
.  248 

•  249 

2 
476 
432 
236 
100 

93 
164 
.  166 
.  180 
.  449 

•  449 

•  451 
241 

PAGE 

•  429 

PAGE 

•  354 

•  304 
.      180 

PAGE 

366 
414 
410 
318 
362 
349- 
304 
458 
318 
26 
335 
337 
337 
437  ■ 

I 
114 
458 
235 
235 
23s 
334 
235 
23s 
235 

58 
58 


PAGE 

Lines,  Parallel 235 

Liquid  body 298 

"        measure          ....  60 

Literal  equation          ....  184 

"       exponents       .        .        .        .171 

Locomotive  blast        ....  435 

Logarithms 215 

"           Briggs'  or  common       .  215 

"           Division  by    .        .        .  226 

"           Evolution  by          .        .  231 

"           Hyperbolic  or  natural  215 

"           Involution  by         .        .  229 

"           Multiplication  by           .  225 

"           Napierian       .        .        .  215 
"           Rules  for  use  of  table 

of .        .        .        .      218,  224 

"           Table  of          .        .        .  218 

Long  ton  table 60 


M, 

PAGE 

Machines,  Simple 

•     335 

Magdeburg  hemispheres  . 

•     425 

Major  axis  of  ellipse 

.     280 

Malleability         .... 

•     300 

Manometer          .... 

.     412 

Mantissa  of  logarithm 

.     216 

Mariotte's  law     .... 

.     410 

Mass  of  a  body    .... 

.     318 

Materials  used  in  construction 

•     449 

Weight  of  . 

•      449 

Matter 

297 

Mean  velocity  of  discharge 

•     395 

"  flow 

•     383 

Means  of  a  proportion 

•       97 

Measure,  Cubic  .... 

■       59 

Dry      .... 

60 

"          Linear 

58 

"          Liquid 

60 

"          of  angles  or  arcs 

61 

"           "  money     . 

61 

"  time 

61 

Square 

59 

"          Surveyor's  linear 

58 

"                    "           square     . 

59 

Measurement  of  angles     . 

252 

Measures  of  capacity 

60 

"          "  extension 

58 

"  weight  . 

59 

Mechanics 

301 

Members  of  equation 

180 

Mensuration 

274 

"             of  plane  surfaces 

274 

"  solids 

283 

Mercurial  barometer 

406 

Minor  axis  of  ellipse 

280 

Minuend      

9 

XIV 


INDEX, 


PAGE 


Minus 

9 

Miscellaneous  tables 

6i 

Mixed  number    . 

23 

"      quantity 

161 

Mixtures  of  gases 

419 

Mobility       .... 

299 

Molecule      .... 

297 

Moment,  Bending 

483 

"          of  inertia     . 

498 

"         Resisting     . 

498 

Moments,  Center  of   . 

329 

"          Composition  of 

474 

"          Graphical  expressio 

n  for 

475 

Money,  Measure  of    . 

61 

Monomial 

114 

Monomials,  Addition  of    . 

121 

"            Division  of     . 

136 

"           Multiplication  of  . 

130 

"            Subtraction  of 

124 

Motion          .... 

301 

"      Newton's  laws  of   . 

3°4 

Movable  pulley  . 

341 

Multiple,  Least  common  . 

148 

Multiplicand 

II 

Multiplication 

11 

"               Algebraic  . 

128 

"               of  decimals 

40 

"              •'  denominate 

num 

bers    . 

69 

"               "  fractions 

I,  158 

"               "   monomials 

130 

"               "   polynomials 

131 

"              "  radicals 

178 

Proof  of     . 

15 

Rule  for     . 

14 

"               Sign  of 

II 

table  . 

12 

Multiplier    .... 

II 

N.                                  PAGE 

Naught         2 

Negative  exponents 

.      172 

"■         quantities  . 

.     116 

Neutral  axis 

•     495 

"        equilibrium 

•     334 

line 

•     496 

"        surface  . 

•     497 

Newton's  laws  of  motion 

•     304 

Nicholson's  hydrometer 

.     380 

Notation 

.     I,  4 

"          Arabic 

2 

Notch,  Rectangular  . 

•     393 

Number,  Abstract 

1 

"          Concrete 

I 

Mixed  . 

.       23 

"         Prime  . 

•       19 

Number,  Unit  of  a 
Numbers,  Denominate 

•'         how  expressed 

"  Like    . 

Unlike 
Numeration 
Numerator .        .         .        . 


PAGE 

I 
57 
2 
I 
I 

I.  4 
22 


O.  PAGE 

Oblique  angled  triangles  .        .        .  242 

"             "               "        Solution  of  269 
"        surfaces.  Pressure  of  liquid 

upon   .....  371 

Obtuse  angle 237 

Octagon        ......  240 

Opposite  angles 237 

Order  in  use  of  signs         ...  49 

Orifice,  Flow  fiom     ....  387 


49 


Parallel  lines 
Parallelogram     . 

"  Area  of 

Altitude  of 
"  Diagonal  of 

Parallel  opipedon 
Parenthesis 
Partial  vacuum  . 
Pascal's  law 
Path  of  a  body    . 
Pentagon 
Per  cent. 

"        "     Sign  of 
Percentage  . 
Perimeter  of  polygon 
Perpendicular  line 
Pig  iron 
Pillars  . 
Pipe,  Delivery     . 

"      Suction 
Pipes  and  cylinders.  Strength  of 

"     Calculation  of  diameter  of 

"     Flow  of  water  in 

"     Quantity  of  water  discharged 
from        .... 
Pitch  of  screw     .... 
Plane  figure         .... 

"  "      Area  of  . 

"      Inclined    .... 

"      section  of  solid 

"      surface      .... 

"      surfaces,  Mensuration  of 

Plunger        

"        pump     .... 
Pneumatic  machines 
Pneumatics  .... 


PAGE 

235 

275 
276 

275 

276 

384 

"3 

405 

362 

301 

240 

51 

51 

5I1  52 

240 

23s 
449 
506 

438 
438 
467 
399 
394 


396 
347 
239 
281 

344 
391 

239 
274 
440 
440 
421 
403 


INDEX. 

XV 

PAGE 

PAGE 

Point 

235 

Proportion,  Direct 

•       97 

"      Decimal     .... 

36 

"            Inverse   ...       97,  100 

"      of  contact  .... 

.      250 

"             Powers  and  roots  in 

102 

"       "  intersection  . 

236 

Pulley 

341 

"      *'  tangency 

250 

Differential     . 

343 

Pole  distance  (in  equilibrium  pol}' 

- 

Pulleys,  Combination  of   . 

•     342 

gon) 

•      476 

Pump,  Air 

421 

"    of  force  polygon 

472 

"       Centrifugal     . 

444 

Polygon 

240 

"       Double-acting 

441 

"         Angles  of     .        .        . 

240 

"       Duplex    .... 

444 

"         Equiangular 

.      240 

"       Force       .... 

•     439 

"          Equilateral 

240 

"       Lifting     .... 

437 

472 

"       Plunger  .... 

•     440 

"         Inscribed    . 

249 

"       Power  necessary  to  work 

447 

"         of  forces 

312 

"       Steam      .... 

•     443 

"         Perimeter  of 

240 

"       Suction    .... 

•     436 

Regular 

240 

Pyramid 

.     286 

Polynomial 

114 

"         Altitude  of  . 

.     286 

Polynomials,  Addition  of 

122 

Area  of         .        .        . 

286 

"             Division  of  . 

136 

"         Frustum  of  . 

.     288 

"             Involution  of 

166 

Slant  height  of    . 

286 

"             Multiplication  of 

•      131 

"         Vertex  of 

.     286 

"             Square  root  of    . 

168 

"         Volume  of  . 

.     287 

"             Subtraction  of    . 

125 

Porosity 

•   299 

Q. 

PAGE 

Positive  quantities     . 

.    116 

Quadrant     

247 

Potential  energy  . 

356 

Quadratic  equations  . 

'95 

Power 

353 

"                  "         containing  two 

"      arm  of  lever    . 

336 

unknown  quantities 

210 

"      necessary  to  work  pump 

447 

Quadratic  form.  Equations  in  . 

202 

"      of  a  number    . 

72 

Quadrilateral     ....       240,  275 

"       "  "  quantity  . 

H2 

Quantities,  Known  and  unknown 

180 

"      Unit  of     .... 

353 

"           Positive  and  negative 

116 

Powers  and  roots  in  proportion 

102 

Quantity 

III 

Press,  Hydraulic 

370 

Mixed  .... 

i6i 

Pressure  and  volume  of  a  gas,  Law 

"         Rational 

174 

of        ...        . 

410 

Quotient 

16 

"         due  to  weight  of  air  . 

404 

"      "        "         "  liquid 

363 

R. 

PAGE 

"        Transmission  of,  by  liquid 

S    362 

Radical  sign        ....       75,  113 

Prime  factor         .               .        .        . 

20 

Radicals 

174 

"       number    . 

19 

"        Addition  and  subtraction  of    177 

Principle  of  Archimedes 

375 

"        Involution  and  evolution  0: 

180 

"          "  moments 

329 

"        Multiplication  and  division 

Prism    .... 

284 

of 

178 

"      Area  of 

28s 

"       Simple  equations  contain 

"      "Volume  of 

285 

ing 

189 

Product 

11 

Radius  of  circle 

247 

"         of  sum  and  difference  o 

"        "  gyration     .... 

498 

two  quantities 

133 

Ram,  Hydraulic         .... 

446 

Projectiles 

325 

Range  of  jet  of  water 

386 

Projections 

293 

"        "  projectile    .... 

325 

Proper  fraction  . 

23 

Rate  (percentage)       .... 

52 

Properties  of  matter . 

298 

Ratio 

92 

Proportion  . 

96 

"     Arithmetic        .... 

117 

"          Compound 

105 

'•     Direct. 

93 

XVI 

INDEX. 

PAGE 

PAGE 

Ratio,  Geometric 

•      "7 

Semicircle 

248 

"       Inverse     .... 

•       93 

Semicircumference    . 

248 

"       Reciprocal 

•       93 

Set         ...        , 

458 

"       Terms  of  . 

•       93 

Shafts,  Torsion  of 

S" 

"       Value  of  . 

•       93 

Shear    .... 

45 

7.  463 

"       Velocity  .... 

.     348 

"      axis    . 

483 

Rays  of  force  polygon 

•     472 

"      diagram    . 

483 

Reactions  of  supports 

•     479 

"      line    . 

■a 

483 

Reading  decimals 

•        36 

"      Vertical    . 

481 

"         figures  .... 

3 

Sign  of  addition 

4 

Receiver  of  an  air  pump  . 

.     421 

"      "    division 

16 

Reciprocal  of  a  number    . 

•       93 

"      "    equality 

4 

"            "  "  quantity  . 

•      151 

"      "    multiplication 

II 

"            ratio 

•       93 

"      "    per  cent. 

SI 

Rectangle 

•     275 

"     Radical 

75 

Rectangular  notch     . 

•      393 

"      of  subtraction    . 

9 

Reduction  of  denominate  numbers      62 

Signs,  Changing  of     . 

182 

"•            "   fractions 

23.  153 

"       of  a  h-acJ.\on     . 

iSa 

Regular  polygons 

.     240 

"       Use  and  order  of 

49 

Remainder  .         .         .         .     •    . 

9 

Similar  figures    . 

294 

Resisting  moment 

.     498 

"        solids      . 

29s 

Resultant  force  .... 

.     308 

Simple  equations 

184 

Retarding  force 

303,  321 

"                "           containing 

radi 

Rhomboid 

•     275 

cals    . 

189 

Rhombus 

•     27s 

Solution  of 

184 

Right  angle          .... 

•     237 

""             "           vifithoneur 

i- 

"      angled  triangle 

.     242 

known  quantity.  Problems  lead 

Solution  of 

.     266 

ing  to 

191 

"      cylinder    .... 

.     285 

Simultaneous  equations    . 

206 

"      line 

•     235 

Sine  of  an  angle 

254 

"      prism         .... 

.     285 

Siphon  

431 

Ring,  Cylindrical       .        .        # 

2gi 

Slant  height  of  pyramid  or  cone 

286 

Root,  Cube 

75,82 

Solid 

283 

"       Index  of    . 

75 

"      body  

298 

"      of  a  number 

•        73 

Solids,  Mensuration  of 

283 

'•        "  "  quantity    . 

•     "3 

"       Similar    .... 

295 

"       Square       .... 

■       75 

Solution  of  simple  equations    . 

184 

Roots  of  fractions 

90 

"          "  triangles  . 

286 

"     other  than  square  and  cube  .      91 

Special  properties  of  matter     . 

299 

Ropes   .        

•     515 

Specific  gravity   .         .         .         .35 

8,377 

Rules  for  use  of  trigonometric  func- 

Sphere   

290 

tions           

.     258 

"        Area  of    . 

290 

"       Pressure  of  liquid  in     . 

374 

S. 

PAGE 

"       Volume  of       .        .        . 

290 

Safety,  Factor  of        .        .        . 

•      464 

Sprengel's  air  pump  . 

423 

Satisfied  equation 

.      184 

Springs,  Intermittent 

432 

Scalene  triangle 

.      242 

Square 

275 

Screw   .... 

•     347 

"        Completing  the     . 

198 

"       pitch  of     . 

•     347 

"        described    on    the    hypote 

"       thread 

•     347 

nuse 

243 

Second  degree  equations 

•     195 

"        measure 

59 

Section  of  solid  . 

.     291 

Perfect   .... 

139 

Sector  of  circle    . 

■     247 

root         .... 

75 

"       "       "      Area  of 

.     278 

"    Proof  of. 

80 

Segment  of  circle 

•     247 

"    Rule  for 

8a 

"          "       "      Area  of 

.     278 

"    Short  method  for 

81 

INDEX. 


xvu 


Square,  Unit 
Stable  equilibrium 
Static  " 

Statics 304 

"       Graphical 
Steam  pump 
Steel     . 

"     Annealing  o£ 
"     Bessemer   . 
"     Blister 
"     Cast    . 
"     Crucible 
"     Hardening  of 
"     Manganese 
'      Mushet's     . 
"     Open-hearth 
"     Tempering  of 
Stiffness   and    strength    of   beams 

compared 
Stone    . 
Straight  line 
Strain  . 

"      Unit  . 
Strength    and    stiffness   of    beams 
compared 
"         Ultimate    . 
Stress   .        .        .        • 
"      Unit  of 

"      and  strain,  Laws  of 
Strings  of  force  polygon 
Substitution,  Elimination  by- 
Subtraction 

"  Algebraic 

"  Elimination  by 

"  Explanation  of 

"  of  decimals    . 

"  "  denominate    num 

bers 
"  "  fractions   . 

"  "  monomials 

"  "  polynomials 

"  '•  radicals 

"  Proof  of. 

"  Rule  for 

"  Sign  of  . 

Subtrahend 
Suction  pipe 

"        pump 
Sum,  Algebraic  . 
'•      of  two  quantities,  Square  of 
'•       and  difference  of  two  quanti 
ties.  Product  of 
Supports,  Reactions  of 

Surd 

Surface,  Area  of         .        .        • 


PAGE  PAGE 

274       Surface,  Plane 239 

334  Surfaces,  Mensuration  of .        .        .     274 

32g  Surveyor's  linear  measure       .        .      58 

329  "           square        "             .         •      59 

471  Symbols  of  aggregation     .       49,  113,  126 

443  Symmetrical  figures  ....    294 

452  Symmetry,  Axis  of  .  .  .  .294 
454  T.  PAGE 
454  Tangency,  Point  of    .         .         .         .250 

454        Tangent  circles 250 

454  "         of  an  angle  .         .         .         -255 

454  "         to  a  circle     ....     250 

453  Temperature,  Absolute     .        .        .415 

455  "  and  volume  of   gas, 

455  Law  of     .         .         .     414 

454  Tenacity 3°° 

453        Tension 457 

"        of  gas 409 

505  Terms,  Cancelation  of       .        .        .    182 

449  "        Like  and  unlike     .         .         .114 

235  "        of  algebraic  expression       .     113 

456  "        "  equation.  Changing  signs 

457  of     .         .         .     182 
"        "         "          Transposition 

505  of     .         .         .     i8i 

460  "        "  fraction      ....      23 

456  "        "  ratio            ....      93 

456  Thermodynamics       ....    304 

458  Thread  of  screw  .         .         .         -347 

472        Timber 449 

206  Time,  Measure  of       .         .         .         .61 

9  Torricellian  vacuum  ....     425 

123  Torsion 457 

20S  ".      of  shafts        .         .        .        .512 

9  Transformation  of  an  equation        .     i8r 

39  Transmission      of      pressure      by 

liquids 362 

67  Transposition  of  terms  of  an  equa- 

■56  tion 181 

124  Trapezium 275 

'25        Trapezoid 275 

177  "           Area  of      .         .         .         .276 

1°  Trial  divisor        .         .         .         •          76,  84 

1°  Triangle,  Area  of       ...        •    274 

9  "•          of  forces      ....     311 

9        Triangles 241 

438  "          Equilateral         .         .         .241 

436  ■•'         Isosceles     .        .        .        .241 

120  "•         Oblique-angled         .        .     243 

133  "         Right-angled     .        .        .242 
"          Scalene       .         .         -         .242 

133  "          Solution  of          .         .         .     266 

479  Trigonometric  functions  .        .        .254 

175  "                      "           Rules  for 

274  use  of 258,  260 


29, 


XVIU 


INDEX. 


PAGE 

PAGE 

Trigonometric  tables,  Directions  for 

Velocity,  Unit  of 

•     302 

using 

.      261 

'•          Variable 

.      301 

Trigonometry     . 

.     251 

Vertex  of  angle  . 

•      236 

Trinomial     . 

.      114 

"  cone    . 

.      286 

Troy  weight 

.        60 

"        "  pyramid 

.      286 

Tube,  Flow  from 

•      390 

Vertical  line 

"        shear    . 

•  235 
.      481 

U. 

PAGE 

Vinculum     . 

49.  "3 

Ultimate  elongation  . 

.          .     460 

Volume  and  density  of  gas, 

Law 

of     412 

"         strength 

.      460 

"          "    pressure  of  gas, 

Law 

of     410 

"                "         of  comp 

ression    .    462 

"        of  cylindrical  ring 

.    292 

"                "          "  flexu 

re      .         .     499 

"        "  frustum   of  pyramid 

or 

"                 "          '•  shear 

ing  .         .     463 

cone 

. 

.     289 

"                "         "  tensi( 

)n     .         .    460 

"        "  irregular-shaped 

body, 

Uniform  velocity 

.    301 

To  find  by  Archimedes' 

Unit      . 

I 

principle 

.     381 

"    of  a  number 

I 

"         "  prism  or  cylinder 

.     285 

"     "  power 

•     353 

"        "  pyramid  or  cone 

.    287 

"    "  work 

•     352 

"  solid  . 

.    284 

"    square 

.     274 

"  sphere 

.    zgo 

"    strain   . 

.     457 

"    stress   . 

•     456 

W, 

PAGE 

Unknown  quantities 

.      180 

Water,  Buoyant  effects  of 

•     375 

Unlike  numbers 

I 

"        Com.pressibility  of 

.     36' 

"       terms 

.      114 

jacket      . 

•     429 

Unstable  equilibrium 

•     334 

Wedge 

•     347 

Upward  pressure  of  liquic 

i       .        .365 

Weight 

"        arm  of  a  lever 

•  299 
.     33^ 

V. 

PAGE 

"        Avoirdupois . 

.      59 

Vacuum 

•      405 

"        Laws  of  . 

.     318 

Torricellian 

•      425 

"        of  air 

•     403 

Value  of  a  figure 

2 

"        "  materials  . 

•     449 

"      "   "  fraction     . 

•          23 

Troy 

.       60 

"      "   "  ratio 

•       93 

Weirs  .... 

•     392 

Vapor  .... 

.     298 

Wheel  and  axle  . 

•     339 

Variable  velocity 

•     301 

"       work 

•     340 

Vein,  Contracted 

.     388 

Work    .... 

•     352 

/elocity  .     . 

.     3°i 

"      Unit  of       . 

•     352 

"         Formulas  for 

.     3'52 

Wrought  iron 

•     451 

"         of  efflux 

.     384 

"         "  flow,  Mean 

.         .     383 

Z. 

PAGE 

"         ratio 

.         .     348 

Zero 

, 

2 

"        Uniform 

.     301 

"     Absolute     . 

. 

•     415 

f^^g^^^^ 


m^>  ^:s>y''mmT> 


^^isryy^y^ 


^'SP  ^^5^m<''m'm^^^^:y>mxx 


HJ  ^^'c^^  1  M^^<fccxc.  « 


ceo '(    ' 


(Tec     <KaC<^(S«I   CCCC' 

cgc   W((im<i  Cera 

met 

"(fCCCC  < 

:cccc< 


Uccgx 


cc 


f«CCC^^'' 


^CCCCC-r(CC|CC  CC( 

cc(  (c  cc\c      c  cc  ex  cc 
f    C((  (((■  cc  cc      c  cc.  cc  .  c 


